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We establish the relationship between the Dirac algebra and the six-dimensional Lorentz group. By
considering in an appropriate way the fifteen excentrical basis elements of the Dirac algebra as the
components of an antisymmetrical tensor in six dimensions, the commutation as well as the anti-
commutation rules of the algebra can be written in a six-covariant way. The group of automorphisms of
the real Dirac algebra turns out to be isomorphic to the proper six-dimensional Lorentz group. However,
this resuit is very sensitive to the specific choice of Lorentz metric.

INTRODUCTION

The Dirac algebra has been the object of many
investigations. These investigations have two impor-
tant physical results. First, a unified description of
boson and fermion fields can be given in terms of this
algebra,! and second, traces of unitary symmetry are
found in its ideal structure.? On the other hand the
higher-dimensional Lorentz groups grow more and
more important in group-theoretical physics.

Therefore it may be important to point out the
relationship between the Dirac algebra and the six-
dimensional Lorentz group, that is, the group of
linear homogeneous transformations of a six-dimen-
sional space which preserves the invariant diagonal
metric (+1, —1, —1, —~1, —1, —1). An extensive
review of the mathematical properties of the algebra
has been given by Rashevskij.® The present paper
adds some new mathematical properties to our
knowledge of the algebra.

In Sec. I, we give the definition of the algebra and

* This work was supported by the Foundation for Fundamental
Research on Matter (FOM).

1 8. Teitler, Nuovo Cimento, Suppl. 3, 1 (1965).

* S. Teitler, J. Math. Phys., 7, 1739 (1966).
3 P. K. Rashevskij, Am. Math. Soc. 6, 1 (1957).

a short review of its most important features. Section
IT is devoted to the six-dimensional Lorentz group.
A definition is given, and its local and global structure
is specified. Then, in Sec. III, we put forward the six-
dimensional aspects of the algebra, while, in Sec. IV,
the automorphism group of the real algebra is proved
to be isomorphic to the proper six-dimensional
Lorentz group. The full four-dimensional group is a
subgroup of this proper six-dimensional group. In
the first four sections we use a Lorentz metric g+*
with diagonal elements (1, —1, —1, —1). In Sec. V
we state similar results for the Dirac algebra belonging
to the metric g"#" with (—1, 41, 41, 41).

I. DIRAC ALGEBRA

Let us start with a four-dimensional space with
coordinates x* and a Lorentz metric g (u,v=0,1,
2, 3) with diagonal elements (1, —1, —1, —1), the
other elements vanishing. The Clifford algebra corre-
sponding to this metric is called the Dirac algebra.
It has sixteen basis elements, namely a scalar element
I, four vector elements y*, six tensor elements y** =
1(y*y” — y'¥), four pseudovector elements p*5 =
y*¥%, and a pseudoscalar element 5 = %123, To
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avoid confusion with the usual convention y* = i)®
we omit the index 4. The four vector elements satisfy
the relation

YT+ yy = 28" M

All the other elements can be obtained from the four
vector elements by multiplication, as indicated above.
As a consequence, relation (1) fixes the multiplication
of the algebra. All linear combinations of these
basis elements with complex coefficients define the
complex algebra. However, we restrict ourselves in
the present paper to the real algebra, that is, to linear
combinations: with real coefficients. Only in Sec. IV
will we need the complex extension of the algebra.
There we use the important fact that the complex
Dirac algebra is isomorphic to the algebra of complex
4 x 4 matrices. In that isomorphism all the basis
elements of the algebra except the scalar one corre-
spond to traceless matrices.!

Relation (1) is covariant under Lorentz transforma-
tions, If x'* = w* x" defines a Lorentz transformation
(that is, o*, 0" g =g, then p'* = w*,p* also
satisfies (1). Now we can construct an automorphism
of the real algebra by means of the correspondence

IR A
eyt = oty 2
P oy = oty

etc.

It is easily verified that this correspondence preserves
all the algebraic operations. Thus it is an automor-
phism. Now every Lorentz transformation w implies
such an automorphism A(w). On the other hand we
can ask ourselves the question: Can every automor-
phism of the algebra be generated by an w or is the
correspondence between automorphisms and Lorentz
transformations one-to-one? The answer must be no.
The group of automorphisms is much larger than the
four-dimensional Lorentz group. This is shown in
Secs. IIT and 1V.

II. SIX-DIMENSIONAL LORENTZ GROUP

Now we consider a six-dimensional space with
coordinates X* and a metric GKL (K, L =0,1,2,3,
5, 6) with diagonal elements (1, —1, -1, —1, —1,
—1) and vanishing off-diagonal elements. A six-
dimensional coordinate transformation X'X = QX X
is called a Lorentz transformation if

QKJMQLNGMN = GKL, (3)

4 A. Messiah, Mécanique quantique (Dunod et Cie., Paris, 1960),
p- 774.
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These transformations form a Lie group (we call it
the six group). The local structure of such a group is
characterized by the commutation rules of its gener-
ators. The six group has fifteen generators, which may
be considered to be the components of an antisym-
metrical tensor MXL, They satisfy the commutation
rules

[MKL, MMN]_ = GKNMLM - GKMMLN
+ GLMMKN — GLNMKM. (4)

The global structure is specified by the conneciivity
of the parameter space. This manifold consists of
four disjoint parts. Two of them have det Q = +1
and the other two detQ = —1. One of the parts
with det Q = +1 contains the identity transforma-
tion. It has Q4 > 0 and will be called the proper six
group.
1. SIX-DIMENSIONAL ASPECTS OF THE
ALGEBRA

To clarify the six-dimensional aspects of the
algebra, we write the fifteen excentrical basis elements,
i.e., all the basis elements except the scalar one, as the
elements of an antisymmetrical 6 X 6 matrix. Let us
define this matrix I'KZ to be

XL = J%y" — p5y%) for (K,L=0,1,2,3,5),
DK = —I‘GK = %yK for (K = 0, 1, 2, 3, 5). (5)

The matrix elements of I are not numbers, but they
are clements of the real Dirac algebra. The arrange-
ment (5) will prove to be very convenient. For if we.
compute the commutation rules of the elements 'L,
we find

[I‘KL, PM'N]_ = GENTLM _ GEMPLN
+ GLMFKN _ GLNPKM. (6)

Equation (6) may be verified in a straightforward
manner by using the definition of I'KL (5) and the
multiplication rules for the basis elements (1). Equa-
tion (6) is identical to Eq. (4), so that the real Dirac
algebra can be used to represent the six group. In
addition, if we let the matrix 'YL transform as a tensor
of rank two under six-dimensional Lorentz trans-
formations, then relation (6) is “six covariant”; i.e.,
if TKZL satisfies (6), then [VKL = QX, QL T'MN does
also.

In the same way, the anticommutation rules of the
I’XL’s may be calculated and found to be

[I‘KL, I‘JMN]+ = _&(GKNGLIII — GKJIGLN)

+ 3N g T, (D)
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where eXLMNST g a completely antisymmetrical
tensor with €23% = 1. Because of the odd number
of negative signs in the metric, this implies that
€012356 = — 1. Note that (1) may be obtained from (7)
by setting L = N = 6. Equation (7) is only covariant
under six-dimensional Lorentz transformations with
det Q = +1 since the € tensor changes sign if det Q =
—1. Addition of Eqs. (6) and (7) for the multiplication
of two I"s gives

PELMYN _ (GENPLM _ GRMPLN | GLMPKN
— GLNI‘KM) + i(GKNGLM
— GKMGLN) + iGKLMNSTFST. (8a)
The multiplication in the algebra is completely speci-
fied if we add one more relation to (8a):

ITKL — PKL] — KL, (8b)

Considering I as a six-scalar, Eqs. (8a) and (8b) turn
out to be covariant under all Lorentz transformations
QX with det Q = +1.

As a consequence of the covariance of Eqgs. (8a)
and (8b), we can construct with every (det + 1)
an automorphism A(Q) of the real algebra:

IR=VR
FKL P F'KL = QKMQLNFMN-

€))

However, we can imagine that two different Q’s
generate one and the same automorphism.

Theorem 1: If Q and Q' generate the same automor-
phism, then Q" = Q.

Proof: If A(Q) = A(Q'), then

QKMQLN — QKNQLM = Q/KMQ;LN _ Q’KNQ’LM-
(10)

Now multiplying Eq. (10) by (Q)5.(Q)%, and
summing over K and L, we find that the matrix
elements of ) = Q-1Q’ must satisfy

QSMQTN - QSNQTM = GSMGTN - GSNGTM-
(11

This condition is nontrivial only for S # T and
M # N. In that case the left-hand side of Eq. (11) is
just the determinant of the 2 X 2 submatrix obtained
from the matrix Q by crossing the rows S and T with
the columns M and N. Equation (11) tells us that all
these 2 x 2 submatrices are singular, except those
which contain two diagonal elements. In the last case
the so-called *“principal minors’’ equal one.
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Now, we consider the matrix Q2. This matrix can
be constructed from Q in the usual way. Q1K = +
minor of QX because det & = 1.If X # L, the minor
of QK, is zero. This can be seen by expanding this
minor in the subminors of two rows, one of which
must be the Lth, Thus the off-diagonal elements of
Q-1 are all zero, and the same is valid for Q itself.
Because the principal minors equal 1, the diagonal
elements of O must be all +1 or all —1. But that means
that Q' = +Q. Q.E.D. Now if detQ is +1, then
det (—Q) is also +1. Thus both transformations +Q
and —QQ belong to the subgroup with det +1. This
subgroup consists of two disjoint parts, one of which
is the proper six group. If Q belongs to one of the
parts, then —{2 belongs to the other. That means that
one and only one of the two transformations +€ and
—{Q belongs to the proper six group. Consequently,
all automorphisms of the type (9) are generated by one
and only one element of the proper six group.

The automorphisms (2) are also of type (9). Hence
the full four-dimensional Lorentz group is a subgroup
of the proper six group. The proper four transforma-
tions correspond to those transformations of the
proper six group which leave the 5 and 6 axes un-
changed. In our arrangement (S), space and time
inversion correspond, respectively, to inversion of
the 1,2,3,5and 1, 2, 3, 6 axes.

IV. AUTOMORPHISM GROUP

To complete the picture we need to prove that
every automorphism A is generated by an Q.

Theorem 2: Every automorphism can be written in
the form (9). The proof of this theorem is divided in
five steps.

Step 1. Every automorphism A(I'«» I') of the real
algebra implies an automorphism of the complex al-
gebra and every automorphism of the complex algebra
is inner; i.e., there exists an S in the complex
algebra so that IV = ST'S-1.5 The automorphism
fixes the S up to a complex factor = 0.8

Step 2. Now we use the isomorphism of the complex
Dirac algebra on the algebra of complex 4 x 4
matrices. Stating the result of step 1 in terms of
matrices, we may say that every automorphism is
generated by a nonsingular matrix S. Since S is fixed up
to a complex factor, we may choose an S with

5 Reference 3, p. 33ff.
¢ Reference 3, p. 25.
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det S = +1 without loss of generality. Now every
nonsingular matrix can be written as the exponent of
another matrix’:

S=expT. (12)

The matrix T corresponds to an element of the com-
plex algebra. Thus it can always be written as

T=al — ax,I'KL

(13)

with complex @ and ag;, the latter being anti-
symmetrical in K and L. However, since det S =
exp (trace T) and all excentrical basis elements corre-
spond to traceless matrices, we may choose a = 0.
Finally, every automorphism A(I'«<»T") may be
written as

I\IDIN = e—axLl'”PJIIN e+a"r~'"

(14)

with complex ak .

Step 3. We expand (14) in a series by means of the
general matrix identity

(exp A)B(exp —4) = 3 — A{B),  (15)

where
AY{B} = B
and

A(n){B} = [4,[4,---,[4,B.-- |-

(n commutators).

Inourcase A = —ax 'L and B = T'M Using the
commutation rules for the I's (6), we find

A(l){B} = [A, B] = 2(aMKFKN - F“IKaKN).

Considering aX; and T'X; as 6 x 6 matrices and
suppressing the matrix indices, we get

AWMT} = 2(al’ — Ta).

And, in general,

(16a)

A™T} = 2(aA" I} — AV {I'}a). (16b)
Step 4. Now we define a complex six-dimensional
Lorentz transformation Q by

Q = exp (axD¥D),

(17
where DK are the fifteen 6 x 6 matrices which
represent the generators of the six group in the
defining representation

(DKL)ST = GKSGLT _ GLSGKT.

(18)

?F. R. Gantmacher, Matrix Theory (Chelsea Publishing
Company, New York, 1959), Vol. 1, p. 239.
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Using the antisymmetry of the (DXL)ST = — (DKL)ST,
we can see immediately that  is a Lorentz trans-
formation:

QST = [exp (aKLDKL)]sT
= G'WGTW[CXP ("‘aKLDKL)]WV
- GSVGTWQ—-IWV s
and from this we get
QSTQUVGTV = GSU.

Thus Q is a complex Lorentz transformation and
det Q = +1 because of its definition and the trace-
lessness of the DXL’s, Now we consider the tensor
transformation

IwJIN - QJ[SQ NTPST .

(19)

(20)
We prove that this transformation is identical to
transformation (14). To do this we use (19):

W
N>

2n
and, suppressing the index summation, we write in
terms of 6 X 6 matrices

"My = (exp aKLDKL)MSF S exp (—agrD®T)

I = (exp ag DX (exp —agrD5T). (21%)

This is an expression of the type (15), and it can be
reduced along similar lines. Now, A = ag; DKL and
B =T. Using (18), we find the commutation rules
between 4 and B:

AY{B} = [4, B] = 2(al’ — Ta) (22a)
and, in general,
A™M{B} = 2(aA*V{B} — A" {Bla). (22b)

Comparing this result with (16), we conclude that
every term of the series (21) is equal to the corre-
sponding term of (14). Hence MY = [MN, But
that means that we have found a complex Lorentz
transformation which generates our automorphism 4
of the real algebra. We still prove that such a real
automorphism can only be generated by real ’s.
This will complete the proof of Theorem 2.

Step 5. Although Q may be complex, we know that
QS,.QU, — QS QT . is real because 4 is an auto-
morphism of the real algebra. Now if {2 is a complex
Lorentz transformation, then the complex conjugate
Q* is also. But then Q and Q* generate the same auto-
morphism, and we are left with two possibilities,
QFf = 4+Q and Q* = —Q, since Theorem 1 holds
also for complex Q. In the first case Q* = +Q, the
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Lorentz transformation is real and that is just what
we want. In the second case Q* = —(), the Lorentz
transformation would be purely imaginary, and we
show that purely imaginary six-dimensional Lorentz
transformations do not exist. Suppose 2 is a purely
imaginary Lorentz transformation,

QKMQLNGMN —= GKL.

Because Q is imaginary, the matrix Z5, = iQS,, is
real. This real matrix satisfies the equality

ZEyZE\GHMN = —GKL, (23)

Now let us consider the rows of this matrix to be
vectors. Then (23) asserts that the first row is a space-
like vector, while the other five rows are timelike.
Moreover, all the vectors are orthogonal to each
other. But five orthogonal, timelike, real vectors do
not exist. Thus a real matrix Z satisfying (23) does
not exist; so that the case Q* = —(Q may be excluded.
But then the proof is given because Q = Q* is real.
Consequently, the group of automorphisms of the real
Dirac algebra is isomorphic to the proper six group.

V. INVERSE METRIC

If we start with a metric g'*" (—1, +1, +1, +1)
instead of g** (+1, —1, —1, —1), we do not find the
same results. Although the complex Clifford algebras
belonging to the two metrics g** and g’*" are isomorphic
to each other, the real algebras are not. Nevertheless,
all the preceding results will still hold if we replace
GEKL (41, —1, -1, —1, =1, =) by G'KL (-1, +1,
+1, +1, —1, —=1). All formulas and statements
remain valid if we substitute g"** for g#* and G'X for
GE L. However, we must make one important excep-
tion. Because of the change of signature in the six-
dimensional Lorentz group, the last statement of
Step 5 in the proof of Theorem 2 is not valid. Indeed,
the new six group, which leaves G'K L invariant, con-
tains purely imaginary elements in its complex
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extension. Consider, for example, the matrix

0 i 0000

i 000O00O

000O0 i O
E =

00000

00 i 00O

000 i 00

This is a purely imaginary element of the new six
group. As a consequence, Theorem 2 breaks down.
It is readily verified that E generates an automorphism
of the real algebra, and this automorphism is not of
type (9) because (2 is not real. However, if we modify
Theorem 2 in such a way that purely imaginary s
are also admitted, then Theorem 2 remains valid.

Theorem 2': All automorphisms of the real Dirac
algebra belonging to g’** can be written in the form

F'KL — QKMQLNFMNa (24)

where (Q is a real or purely imaginary element of the
new six group. Now every purely imaginary Q2 can be
written as the product of a real Q; the E, and the
product of two imaginary Q’s, is a real Q. Hence,
the parameter space of the group of automorphisms
of the new algebra splits up into two disjoint parts.
One of these parts contains the identity and is an
invariant subgroup of index 2. This subgroup is
isomorphic to the proper six group which leaves
G'KZL jnvariant.

It is remarkable how sensitive these considerations
are to the specific choice of the metric.
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There are two main results in this paper. First, it is shown that we can develop a theory of classes in close
analogy to the usual theory of representations. We can introduce concepts, such as reducible and irre-
ducible classes, sum and product of classes, reduction of a class when going from a group to a subgroup,
etc. Second, it is shown that it is possible to associate a “magic square” to each group. It is related to the
numbers of pairs of commuting elements between classes and it can be used immediately to find the

structure of the “tensor operators™ of the group.

1. INTRODUCTION

The whole physical literature about the theory of
representations of groups of finite order amounts
essentially to a few standard procedures. One sets up
the table of characters of the irreducible representa-
tions—a square table with representations as column
entries and classes as row entries. Then, using the
orthonormal properties of characters, one can easily
perform such mathematical operations as the reduc-
tion of a representation into irreducible ones, the
reduction of a representation from a group to a
subgroup, etc. This amounts to using only one-half
of the orthonormal properties of characters. It is well
known that orthonormal properties similar to those
obtained by multiplying columns of the table of
characters also hold when multiplying rows.! In
Sec. 3 we study the row equivalent of the usual
column theory. It will therefore be a theory of classes,
in close analogy to the usual theory of represen-
tations.

The second part of this paper (Sec. 4) shows that,
to each group of finite order, one can associate a
“magic square” related to the numbers of pairs of

commuting elements between classes. This magic
square can be immediately translated into a table of
characters that shows clearly the structure of the
“tensor operators” of the group.

2. NOTATION

In order to simplify the reading of this paper, each
step will be illustrated with examples taken from the
two groups my and =y (the symmetric permutation
group on four and three variables, respectively). The
tables of characters of these groups are given in
Tables I and II. Whenever we speak of a group, the
reader can always refer to Table I for an explanation
of symbols and notation. Whenever we speak of a
subgroup, Table II is to be consulted. This procedure
eliminates the need of a lengthy and cumbersome list
of symbols and notation. By simply looking at the
two tables, for example, the reader can easily see that
columns refer to representations and rows to classes,
that an irreducible representation of a group is indi-
cated by R, and an irreducible representation of a
subgroup by p,, etc. In short, the notation used in
this paper becomes self-explanatory.

TasLE L. Table of characters of the group , of order N = 24,

No. of group Irreducible

elements in Irreduc- \ representa-

each class  ible classes\ tions R, R, R, R, R
N=1 Cy n, = ny = nyg=2 ng=3 n; =
Ny=6 C, 1 1 0 -1 -1
Nyg=8 Cs 1 0 -1 0 1
N,=6 C, 1 -1 0 1 -1
Ny=13 Cs 1 -1 2 -1 1

1 Only the basic concepts of group theory (found in almost any book on the subject) are necessary to read the present paper. There-
fore, we give only two general references, one for mathematicians and one for physicists: W. Burnside, Theory of Groups of Finite
Order (Dover Publications, Inc., New York, 1955), 2nd ed.; J. S. Lomont, Applications of Finite Groups (Academic Press Inc., New

York, 1959).
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TasLE II. Table of characters of the group =5 of order m = 6.

No. of group Irreducible
elements in  Irreduc- \ representa-
each class  ible classes\_tions 1 P2 Pa
my =1 Y1 =1 vy =2 vy =1
my = 3 Y 1 0 -1
mg =2 Vs 1 —1 1

3. DUALITY BETWEEN REPRESENTATIONS AND CLASSES

Let us call “irreducible class” a set of group elements, ordinarily called a class of conjugate elements. For
example, in m,, there are five irreducible classes (Cy, C;, C;, Cy, C; of Table I). We can then establish the
following ““dual” properties: at left we have written the well-known properties of representations (sometimes
only indicating them in a sketchy form) for the purpose of comparison with the dual properties of classes

written at the right.

To every irreducible representation R,, we can

associate a column of the table of characters. For
example, to R, in m,, we can associate

3

1

Xp(Co=| o0

-1

-1

C, variable.

(Ir)

X g.(Cy) is the character of the irreducible representa-
tion R,. The characters of irreducible representations
are orthonormal, i.e.,

1
5 g N X% (COXp(Ch) = Oy (2r)

The sum R, + R, of two irreducible representations
s,
Through the operation of the sum, we can define

(reducible) representations. For example,
R = > «R,. (30
k

The character of the representation R is defined as

XR(C) = ZkakXR,‘(C 2)- (4r)

For example, the representation R = R, 4+ 3R; has
the character

Xp(Cy) = 3 (5r)

To every irreducible class C;, we can associate a row
of the table of characters. For example to C, in =,
We can associate

Xg(C) = (1,1,0, —1, —1) R, variable. (lc)

Xg,(Cy) is the character of the irreducible class C,.
The characters of irreducible classes are orthonormal,
ie.,

1
(legn) gx:ﬁ(cm)ka(C") = 6"‘"' (2C)

The sum C, + C, of two irreducible classes is the set
of group elements belonging to both C, and C,.

Through the operation of the sum, we can define
(reducible) classes. For example,

C= % BiC. (3¢)
The character of the class C is defined as
1
Xp(C) = — 3 BN Xg(Ch), (40)
NC k

where N is the number of group elements in class
C(N, = Ek BiNy)-

For example, the class C = C; + 3C; has the char-
acter

ka(C) = (1’ _%s %’ _19 %) (NC = 15). (SC)



188

Using (2r), one can easily compute how many times
(o) the irreducible representation R, is contained in
the representation R:

o = %;mx;.,(coxn(c,). 1)

For example, with (5r), one gets
g =94[3:6 +6(—1)(—2)+8:0-3+6"1
(=4 +3(=D-21 =0,
=716+ 6(—1)(—2)+8-1-3
+ 6(—1)(—4) + 3-1-2] =3, etc.

The product R x R’ of two representations is « - «

(71)

The product representation has for character the
product of its characters:

Xrxr(Cr) = Xr(Cy) - Xp(Cp) (8r)

For example, the product representation R x R

[R being given by (5r)] has for its character
12
0
-3
0
4

It is, of course, easy to decompose the product

representation into irreducible representations using
formula (6r). In our example (9r), one obtains

RXR3=R2+3R3+R4‘.

Xrx R,(Ck) = (9r)

(10r)

Reduction of a representation R into irreducible

representations of a subgroup.
Knowing which classes of the group contain
irreducible classes of the subgroup

(11r)

C,> y, (> means “contains”),

one can write for the character in the subgroup

Xk(yt) = XR(Ca ’ (121‘)

and then proceed to the reduction using (6r).

The order of the subgroup is the number of matrices
of the representation R which are carried over into
the subgroup.

A. GAMBA

Using (2c), one can easily compute how many times
(B;) the irreducible class C, is contained in the class C:

ch X z{C)X(C). (6c)
For example, with (5¢), one gets
Ba=H0 1+ (=DHD+0-2+1-(-D)
+(=D-4 =0,
Bs=21 14+ (=D(=D+2-2+ (—1(-D
+1:-3]=3, etc. (70

The product, C x C’ of two classes is the class obtained
by taking all the group elements obtained through
multiplication of one element of class C by one
element of class C’. (It is easily seen that C x C’' =
C'xC)
The product class has for its character
’ 1 ’
Xp(C x C) = = Xg(C)* X (C).  (8¢)
k

For example, the product class C x C; [C being
given by (5c)] has for its character

Xp(Cx Cy)=(1,0,-3%,0,%). (%)

It is, of course, easy to decompose the product class
into irreducible classes using formula (6¢). In our
example (9¢), one obtains

C xCy=4C, + 9C; + 4C,: (10c)

Reduction of a class C into irreducible classes of a
subgroup.

Knowing the decomposition of the representations
R, into irreducible representations p, of the subgroup

R, = ;“MP:’ (11c)

one can write for the character in the subgroup

X,(C) = 3 0, Xp,(C) /z 0aXp(C), (12)

and then proceed to the reduction using (6c).
The number of elements of class C which are carried
over into the subgroup is given by

m '
m,= N N¢ Z walxR,(C)' (12¢")
8



GROUPS OF FINITE ORDER

For example, in order to reduce the representation
of m, [given in (9r)] with respect to the subgroup =,
one first observes that

Cl > 715
C: > vs,
CS = Vs>
C, 2 no classes of =,

(13r)

C; © no classes of 3;
then one writes for the character in m,
12

XRxR,('}’t) = 0].
-3

(14r)

Finally, using (6r), one obtains
R x Ry=p,+ 5p2+ ps-

Algebra of representations. In a group with n irre-
ducible representations, we can associate to every
representation R, an n X n matrix, such that the
sum and the product of representations become the
sum and the product of the corresponding matrices.
Since the product of representations is commutative,
all the corresponding matrices commute with one
another. One association is as follows: The matrix
element (R,);; on the ith row and /th column of the
matrix R is given by

(15r)

(Rus = % 3 N X (COXE(CIXrdCD). (16r)

For example, with 7, we obtain (all missing elements
are equal to zero)

1
1
R, = 1 ,
1
1
1111\
R, = 1 1 ,
1111}
1
1
)
Rg=1]1 1 11,
11/
1 (17r)
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For example, in order to reduce the class of =,
given in (9c) with respect to the subgroup 7, one
first observes that

R, = py,
Ry = p1 + pa>
Ry = ps, (130
Ry = p; + ps,
R; = ps;
then one writes for the character in g
X, (Cx Cy) = (1, -, 3. (14c)
Finally, using (6¢), one obtains
Cx C; 2 4y, + ;. (15¢)

Algebra of classes. In a group with n irreducible
classes, we can associate to every class C, ann X n
matrix, such that the sum and the product of classes
become the sum and the product of the corresponding
matrices.

Since the product of classes is commutative, all the
corresponding matrices commute with one another.
One association is as follows: The matrix element
(Cy),; on the ith row and /th column of the matrix
C, is given by

NN, s Xp(CHXE(CIXR,(C)
N 8 n N )

For example, with 7y we obtain (all missing elements
are equal to zero)

(Ck)il = (160)

1
1
C, = 1 ,
1
1
6
1 4 1
C, = 3 3 ,
4 2
2 4
8
4 4
CG=1]1 4 31},
4 4

8 (17¢)
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(Eq. 17r cont.)

1
1111
Ry = 1 1 ,
1111
1
1
1
R5= 1 (171‘)
1
1

The set of matrices (16r) is obtained as follows.
Write each irreducible representation as an n-dimen-
sional unit vector:

1 0
0 1
0 0
R, = 0 , Ry= 0 ,
0
0
1
Ry = 0 , - etc. (18r)

Then, knowing the result of the products R, X R,
R, X Ry, Ry X Ry, -, from the table of characters,
one can immediately write down the matrix elements
of R, . Since all the matrices (17r) commute with one
another, they have the same set of n eigenvectors in
common. It is easily seen that the eigenvectors of the
matrices (17r) are the following ones:

1 1 1
3 1 0
a=121], = 0f, ;=] —-11],
3 -1 0
1 -1 1
1 1
-1 -1
= 0], = 21, (19r)
1 -1
-1 1

A. GAMBA

(Eq. 17c cont.)

6
A
C, = 3 3 |,
1 4 1
4 2/
3
)
C, = 3 (17¢)

The set of matrices (16¢) is obtained as follows.
Write each irreducible class as an n-dimensional unit
vector:

1 0
0 1
0 0
C,= 0 , Cp= 0 s
0
0
1
C; = 0 , etc. (18¢)

Then, knowing the result of the products C, x C,,
G, X Cy, C, X Cy, - - -, from the table of characters,
one can immediately write down the matrix elements
of C;. Since all the matrices (17c) commute with one
another, they have the same set of n eigenvectors in
common. It is easily seen that the eigenvectors of the
matrices (17c) are the following ones:

1 3 2
1 1 0
n=111 rn= of, =1 -11,
1 -1 0
1 -1 2
3 1
-1 -1
ry= 0f, rs= 11, (19¢c)
1 -1
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i.e., vectors having the class characters as components.
The eigenvalue of the matrix R, , corresponding to the
eigenvector ¢;, is X (C)). Thus, for example,

Rycy, =0, Rgyc; = 2c¢5, etc. (20r)

This result holds in general; i.e.,

Theorem: The eigenvectors of R; are the vectors ¢;:

X#(C)
X7(C)
a=f Xz(C) (21r)
and
Rie, = X (Cey. (22r)

The proof is easily obtained by writing Eq. (22r),
explicitly using (16r) and (21r), and simplifying the
resulting expression with formula (2c).
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i.e., vectors having the representation characters as
components. The eigenvalue of the matrix Cp,
corresponding to the eigenvector r;, is (Ny/n,)Xgi(Cy).
Thus, for example,

Cyry =0, Cyry = 8rg, etc.

(20c)

This result holds in general, i.e.,

Theorem: The eigenvectors of C, are the vectors r;:

Xz (C))
Xz(Co)
= X;l(cs) (21c)
and
Cory = ’}1’— X (Cor. (22¢)

The proof is easily obtained by writing Eq. (22c¢),
explicitly using (16c) and (2lc), and simplifying the
resulting expression with formula (2r).

4. A “MAGIC SQUARE” ASSOCIATED
TO ANY FINITE GROUP

Consider the N, group elements belonging to an
irreducible class Cy . Call them CV,C®, - - - , C9, - - -,
C®¥. Let U be an arbitrary element of the group.
From the definition of class, we see that

ucy'uTt = ¢y, (23)

i.e., the elements of a class are transformed into
themselves. Expressing each element C;® as a unit
vector in an N,-dimensional space, we have

i 0 0
0 1 0
0 0 1
C;cl) = 0 C;CZ) — 0 s C;c:i) — 0 ,
etc. (24)
We can write Eq. (23) in the form
MU)CY = Ci¥, (25)

where M(U) is a matrix. We have thus obtained an N,-
dimensional representation of the group. We call it a
Cj-class representation of the group R, and we pro-
ceed to reduce it into irreducible representations. It is
casily seen from Eq. (23) that the value of the char-
acter of the representation R, corresponding to the
element U is the number of elements in class C, that
commute with U, i.e., Xp ck(C,) is equal to the number
of elements of class C, that commute with a fixed
element of class C,.

For example, the characters for the class representa-
tions of , are given in Table III. If we multiply each
row of the table of characters of class representations
by the corresponding number of group elements in
that class, we obtain a “magic square” where the sum
of each row and of each column is always equal to the
order of the group. See Table IV for an example.

The number at the intersection of the kth row with
the /th column in the magic square is the number of
pairs of commuting elements, one from class C,
and one from class C,. The close relation between
“class commutators” and characters of class repre-
sentations is thus made transparent.

Having the characters, we can reduce the class
representations in the usual fashion. For example,
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TasLE III. Characters of the class representations of ,.

No. of group
elements in  Irreduc- \ Class repre-
each class ible classes \ sentations Ry, Ry, Ro, Re, Ry

1 G, 1 6 8 6 3

6 Cs 1 2 0 0 1

8 Cs 1 0 2 0 0

6 C, 1 0 0 2 1

3 Cy 1 2 0 2 3
with 74 we obtain operators are contributed by the elements of each
class. An explicit construction can be obtained by the
Ro, = Ry, usual “‘projection operator” technique: The part of
Ro,= Ry + Ry + Ry, the operator C{® that belongs to the irreducible

Ro, = Ri+ Ry + R, + Ry, (26) representation R, is given by

Ro, = Ry + Ry + Ry,
Rcs = R1 + Ra.

Let us note in passing that the number of times («;)
each irreducible representation R, appears in the
whole set of (irreducible) class representations is
simply

| % = 3 Xp(C). e2))
For example, in 4
=14+14+14+141=5,
o +1+14+14+ 28)

ag=3+1+0—1—1=2etc

What is the meaning of the class representation and
its reduction? It is easily seen that our definition
(23)-(25) is equivalent to the definition of a “tensor
operator” in the physical literature.?

The tensor belonging to R, (one and only one
for each class representation) is the sum of all group
elements in a class; it is the “class operator.” The
entire set of class operators constitutes “the complete
set of commuting observable in the group” in the
language of quantum mechanics. The formulas of
this section show how many (and which) tensor

TasLe 1V, Class commutators in the
group =, (Magic square).

Cl Cg C; C4 CB

C, 1 6 8 6 3
Cs 6 12 0 0 6
Cs 8 0 16 0 0
C. 6 0 (1] 12 6
Cs 3 6 0 6 9

2 See J. S. Lomont, Ref. 1, p. 85.

n v, v 8, v\
=3 XR (€M) et

N2 29)

Since an example in 7, would require too much space,
we give an example in ;. Writing for simplicity

B = Pu3)9),
C =Puyas> D =Pus, E=Pys, (30)

1= Payyayas A= Puaya,

we obtain for A4, using formula (29),

44+ B+ C), belongstop,, o)
324 — B — C), belongs to p,.
For D we obtain
D + E), belongs to p,,
!%( ) g P1 62)
3#(D — E), belongs to ps,

and so on. The tensor operators of the group m,
are the following:
1,4+ B+ C, D+ E, belongto p,,
A—B, A—-C,
D —E,

belong to p,, (33)

belongs to ps.

We have seen in this section that a magic square is
associated with each finite group, one which gives the
number of pairs of commuting elements between two
irreducible classes. This magic square can be immedi-
ately interpreted as a table of characters for the class
representations, which, in turn, gives the structure
of the tensor operators of the group.

It is easy to surmise that it should be possible to
write down the *“magic square” immediately—or very
simply—from the table of characters of the irreducible
representations. However, so far I have not succeeded
in finding such a connection.
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The Poincaré generators for an open system augmented by the interaction parts of the full Poincaré
generators are shown to satisfy a closed set of coupled differential equations having a form which is
independent of the nature of the interaction parts. The differential equations are formulated in the
hyperplane formalism, the differentiation being with respect to the hyperplane parameters. The general
solutions of the equations are studied, yielding relations among the augmented generators that must be
preserved in the limit of zero interaction, i.e., for a closed system. Introducing a hyperplane-dependent
Hamiltonian density in a manner not implying local field theory, the obtained relations are shown to
yield expressions for all the generators of a closed system in terms of the Hamiltonian density and its

derivatives alone.

1. INTRODUCTION

The principle of relativity along with the Lorentz
transformation rules demand that if one inertial
observer can measure a particular observable at an
instant then any other inertial observer can measure
the “same” observable on an arbitrary spacelike
hyperplane. In particular, the concept of a time-
dependent observable must always be generalizable
to a concept of a hyperplane-dependent observable.!

These statements are almost academic when one is
concerned only with observables like the Poincaré
generators of a closed system which are time, and
hence hyperplane, independent. However, considera-
tion of physical systems which are not closed, on the
one hand, or of the structure of the Poincaré genera-
tors in terms of dynamical variables which may be
regarded as more fundamental, on the other hand,
does require the general point of view of the hyperplane
formalism if all the facets of a Poincaré invariant
theory are to be explored.?

In this article the problem of the relations between
the Poincaré generators of open systems and the
structure of the Poincaré generators for closed systems
in terms of a hyperplane-dependent Hamiltonian
density are studied in the framework of the hyperplane
formalism. In particular, it is shown that the latter
problem has a complete solution, without any appeal
to quantum field theory of the Lagrangian form or
otherwise, via the consideration of the former problem.

In spirit this investigation stands somewhere
between those going under the heading of axiomatic

1 G. N. Fleming, J. Math. Phys. 7, 1959 (1967).

2 Examples of the use of the hyperplane formalism in the analysis
of particular physical problems are given in G. N. Fleming, Phys.
Rev. 137, B188 (1965); 154, 1475 (1967). A restricted use of the

notation and ideas of the hyperplane formalism in conventional
quantum field theory occurs in the classic book by J. M. Jauch and’

F. Rohrlich, Theory of Photons and Electrons (Addison-Wesley
Publishing Company, Inc., Reading, Mass., 1955).

or asymptotic field theory® and those commonly
referred to as Lagrangian field theory.* The concern
for some details of the internal structure of the Poin-
caré generators, as well as the modest rigor of some
of the subsequent manipulations, reflects sympathy
for the more conventional forms of relativistic quan-
tum theory. At the same time, the attempt to extract
the information from a small set of seemingly very
general principles, rather than assuming a very power-
ful but possibly internally inconsistent starting point
such as an all-encompassing action principle, reflects
admiration for the caution of the more modern school.

In Sec. 2 the Poincaré generators for a composite
system are considered and are assumed to be separable
into contributions from the constituent subsystems
and the interaction between them. Arguments are
presented for the circumstances under which the
interaction parts of the generators acquire an especially
simple form, viz., the choice of a fundamental set
of dynamical variables with interaction-independent
equal hyperplane commutators. The simple form of
the interaction parts provokes the introduction of the
hyperplane generators.! In Sec. 3 it is shown that the
generators of any one of the subsystems, augmented
by the interaction parts, satisfy a closed set of coupled
differential equations among themselves. Furthermore,
the form of these differential equations is completely
independent of the nature or strength of the interaction
between the subsystems or of the nature of the other
subsystem. Consequently the differential equations
can be used to study properties of the generators of a
system which must hold regardless of whether the

3 R. F. Streater and A. S. Wightman, PCT, Spin and Statistics,

and All That (W. A. Benjamin, Inc., New York 1964); R. Jost,
The General Theory of Quantized Fields (American Mathematical
Society, 1966).

% For a modern rendition of the general theory see B. S. DeWitt,
Dynamical Theory of Groups and Fields (Gordon and Breach
Science Publishers, New York, 1965).
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system is open or closed. In Sec. 4 the general solutions
of the coupled differential equations are sought and,
to a considerable extent, found without making
simplifying assumptions concerning the details of the
interaction. The limiting case of zero interaction is
then considered to obtain further results. The results
of this section are explicit expressions for the hyper-
plane generators of reorientations of the hyperplane
and rotations within the hyperplane, i.e., the N, (7, 7)
and J,(7, 7), for all values of the hyperplane param-
eters (,, 7) in terms of the hyperplane Hamiltonian
H(n, ) and the generator of reorientation at a
particular 7 value, N,(9, 7o).! The final discussion of
the generator K, (7, 7)isalready implied in the author’s
earlier paper on the hyperplane formalism. Finally, in
Sec. 5, after introducing the hyperplane Hamiltonian
density via a familiar trick® that is independent of
field theory in the usual sense, the expressions obtained
in Sec. 4 are applied to a closed system to yield
expressions for all the generators in terms of the
hyperplane Hamiltonian density and its hyperplane
derivatives. In these last manipulations a principle
of maximal causality is invoked which demands that
the generators be expressible as functionals of dynami-
cal variables defined on only one hyperplane.® A
summary in Sec. 6 briefly recapitulates the final
results and compares them to the corresponding
equations that follow from a Lagrangian theory of
local quantized fields.

2. PARTITIONING THE GENERATORS

Let P, and M,, be the Hermitian generators of the
Poincaré group defined in the quantum-mechanical
state space of a closed physical system. The generators
then have no time dependence. If the physical system
can be regarded as composed of two interacting
subsystems, then one may expect to be able to
decompose the generators for the entire system into
contributions from each subsystem and from the
interaction. A ‘“contribution from a subsystem”
means a part depending only on dynamical variables

5 In general, if (4, B] = 0 and

(B'|A|B"y = 2n6(B’ — B"XB'|a|B",
then

[ o]
A= f da(2),
—
where
a(A) = eiBige~iBA,

¢ In Lagrangian field theory this assumption is a consequence of
the stronger assertion that the basic field operators defined on a
single spacelike hypersurface are sufficient to construct a complete
set of commuting observables. Interesting observations on the
feasability of relaxing this requirement are provided by W. C.
Davidon and H. Ekstein, J. Math. Phys. §, 1588 (1964); R. Haag
and D. Kastler, J. Math. Phys. §, 848 (1964).
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referring or “belonging” to the subsystem of interest.
The contribution from the interaction is a part in
which dynamical variables from both subsystems are
combined in a nonadditive way. These characteriza-
tions are a long way from uniquely determining the
individual contributions, and it is, in fact, not clear
that such a decomposition can be effected in a
meaningful way in all interesting cases. Nevertheless,
one’s physical intuition indicates that the partitioning
makes sense for “weak™ coupling between the sub-
systems and such coupling will suffice for present
purposes. The more precise delineation of the contri-
butions to the full generators is taken up after
considering the time dependence of the contributions.

The various parts of the full generators do depend
on the time, providing there is some coupling between
the subsystems, and one may write

P, = POt + PP(1) + V1), (2.1a)
M,, = M0 + M1 + U, (), (2.1b)

where the superscripts denote the parts referring to
the individual subsystems and ¥, and U,, are the
interaction parts. This notation, however, already
destroys the manifest covariance of the formalism by
introducing the time variable of a particular inertial
frame. Manifest covariance is highly desirable in the
type of investigation intended here, where one wants
as many as possible of the demands of the principle of
Poincaré invariance to be satisfied automatically.
This difficulty is easily bypassed by realizing that
Poincaré invariance itself demands that if the decom-
position of the full generators can be carried out at
any definite time in any inertial frame, then it can also
be carried out on any spacelike hyperplane in any
definite inertial frame! Otherwise one could not
translate the decomposition, carried out in one frame,
into the language of any other frame.” Thus the parts
of the full generators become operators defined on
arbitrary spacelike hyperplanes (7,,7), and one
writes

P, = PO(y,7) + PP(n,7) + V,(,7),  (22a)
M,, = MP@,7 + M2, 7) + U,y 7). (2.2b)

Notice that in the preceding discussion no reference,
and therefore no commitment, to quantum field
theory has been made.

Now suppose that the basic dynamical variables, in
terms of which the parts of the generators and all
other dynamical variables are expressed, are chosen
to have fixed equal-hyperplane commutation relations

? R. M. F. Houtappel, H. Van Dam, and E. P. Wigner, Rev. Mod.
Phys. 37, 595 (1965). See also E. P. Wigner, Nuovo Cimento 3, 517
(1956).
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among themselves. The phrase “equal-hyperplane”
refers to the fact that the basic dynamical variables
can also be defined on arbitrary spacelike hyperplanes
and that any dynamical variable A(#, ) is to be
expressed in terms of the basic dynamical variables
on the (7, 7) hyperplane. The choice of fixed com-
mutators corresponds to the use of generalized
coordinates and canonical momenta, rather than
generalized coordinates and their time derivatives, as
basic variables in classical mechanics or nonrelativistic
quantum mechanics. The virtue of the choice is that
many important dynamical variables acquire a form
which is independent of the presence or nature of
interactions.®

For example, in the quantum theory of local fields,
if the Poincaré generators are expressed as spatial
integrals of functions of the fields and their derivatives,
then, in the presence of derivative coupling, al/l the
generators acquire interaction parts.# On the other
hand, if the generators are expressed in terms of the
fields, their spatial derivatives, and their canonically
conjugate fields, then the generators of spatial
translations and rotations do not acquire interaction
parts—even when the canonically conjugate fields
appear in the interaction part of the Hamiltonian.
The crucial feature of the canonically conjugate fields
is that they have fixed equal-time commutators with
the original fields, while the time derivatives of the
original fields have equal-time commutators depending
on the presence or absence of derivative coupling.

On the basis of this choice of basic dynamical
variables then, one can conclude that the interaction
parts in (2.2) have the form

Vi, ) = n,V(n, 7), (2.32)

U,(n, 7) = n,Uu(n, 7) — n,U,(n, 7), (2.3b)
where

7*U,(n,7) = 0. (2.3¢)

The reason is that the projections of P, and M,
orthogonal to 7,, i.e.,

P, — n,nP = K,(n) (2.4a)

and
- %EyaﬂyMaﬁny = Ju("): (24b)

are generators of translations and “‘rotations” within
the hyperplane! As such their commutators with
arbitrary dynamical variables do not involve the

8 H. Ekstein, Phys. Rev. 153, 1397 (1967). This very interesting
paper on the nature of, and relations among, observables for open
systems adopts a pessimistic view towards the application of its
main ideas to Poincaré invariant theories. The pessimism is not
shared by the present author, who believes that the consideration of
the generalization of Ekstein’s group G, to the group G(, 1), which
leaves the arbitrary (), 7) hyperplane invariant, would yield all the
desired results.
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dynamical dependence of the variables on the hyper-
plane parameters (7, 7), but only the kinematical
transformation properties of the dynamical variables
under the Poincaré group. The commutation relations,
then, must not depend on the presence or nature of
interactions.® Therefore, if the dynamical variables
and the generators are expressed in terms of basic
variables with fixed commutators, the projections of
the generators orthogonal to 7, cannot be dependent.

The preceding comments justify (2.3a,b). Equation
(2.3c) then simply removes an ambiguity in the
definition of U, (%, 7) with no loss in generality.

Upon introducing the projections of the Poincaré
generators parallel to 7,, i.e.,

nP = H(n) (2.4¢)

and
MM" = Nn(n)’

to obtain the complete set of hyperplane generators
one can rewrite (2.2) in the form

(2.4d)

K, =K (m,») + K27,  (2.52)
Jm) = I @, 7) + IP(,7), (2.5b)
H() = H(,7) + H2(@,7) + V(n,7), (2.50)
N, = NP@,7) + NP, 7) + U,(n,7), (2.5d)

explicitly displaying the appearance of the interaction
terms in the generators which induce changes in the
hyperplane parameters, (%, 7).

From the familiar commutation relations of the
full Poincaré generators among themselves one can
deduce the commutation relations among the hyper-
plane generators. They are used later, and so are put
down herel:

K,.K,)=[K,,H]=[H,J,]=0, (26a)
[Jus Kyl = ihie,,0KonP, (2.6b)
Uus Il = ihiey g0, (2.6¢)
[y Ny] = ifie,qN7, (2.6d)

[Ny, Nyl = —ilieyop ™, (2.6¢)

[K,, N,] = if(g,, — n,m)H, (2.6)
[N,,H] = iliK,. (2.6g)

Inthe absence of interaction between the subsystems,
the parts K, H®, Ji, N®, (i =1,2) become the
hyperplane generators for closed systems. Since the
equal-hyperplane commutation relations of these

* P. A. M. Dirac, Rev. Mod. Phys. 34, 592 (1962). See also
Lectures on Quantum Mechanics (Belfer Graduate School of Science,
Yeshiva University, 1964), Chap. 4.
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parts among themselves cannot be interaction-
dependent, it follows that any two parts with different
superscripts commute, while the parts with a fixed
superscript satisfy (2.6) among themselves.

3. FUNDAMENTAL DIFFERENTIAL EQUATIONS

If the transformation properties of an arbitrary
dynamical variable under the Poincaré group are
known, then the commutation relations of the
dynamical variable with the hyperplane generators
can immediately be written down. The transformation
equations for the full Poincaré generators are well
known:

P, = AP, (3.1a)
and
M,, = ANM;, + a NoP, —

where the transformation is

a,ALP,, (3.1b)
x,=Ax, +a,. (3.1¢)

Consequently the full hyperplane generators transform
according to

K.(n") = A K, (n), (3.2a)
H'(n’) = H(n), (3.2b)
Ju,('r/,) = A;Jv(n) - %enaﬂyaEK,p(n,)nyg (32C)

N.(n') = A;N,(n) + (a, — n,n'a)H'(n)
— 'K ("), (3.2d)
where
N = A, (3.2¢)

Since the transformation properties of the subsystem
hyperplane generators must be interaction-inde-
pendent, they must have the same form as (3.2), with
the proviso that the prime refers to the parameter +
as well as 7, , where

(3.2f)

The transformation properties of the interaction
parts follow from the substitution of (2.5) into (3.2)
and the application of the transformation rules for
the subsystem generators. The results are

o 'y
T =7+ an".

Vi(n', ) = V(n, 1) (3.32)
and
Uiy, ") = AU (n, ) + (a, — nin'a)V'(n, 7).
(3.3b)

From the preceding transformation rules the com-
mutation relations of the subsystem generators and
the interaction parts with the full generators can be
obtained as special cases of the general commutation
relations appearing as Eqs. (6.19-22) in the author’s
earlier article setting forth the hyperplane formalism.!
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Some of the equations are the hyperplane analogs
of the Heisenberg equations of motion for the sub-
system generators and interaction parts. The equations
are:

[K,, HY = [K,K¥ = [K,,V]=0, (3.42)
[K,, J¥ = ihe,,,KVP, (3.4b)
[K,, N1 = ik(g,, — n,m,)H?, (3.40)
(K., Ul = ik(g,, — n,m)V; (3.4d)
[H, HY] = —ikdH"/or, (3.53)
[H, K] = —ihoKP(or, (3.5b)
[H,JP) = —ihJ o, (3.5¢)
[H, N = —in(K$ + oN¥/or), (3.5d)
[H, V] = —ikoV/or, (3.5¢)
[H, U,) = —ihdU,[or; (3.5f)
V,, H = [J,, V] =0, (3.6a)
U, K\ = ikie,,,,K V%P, (3.6b)
[, I = ikie, 000 PP, (3.6¢0)
[y, N9 = ihe,, yNPomP, (3.6d)
., U,] = ikie,, s Un"; (3.6e)
[N,, HY] = irndH"on", (3.7a)
[N, K] = ik(n, K + 9K [on"), (3.7b)
[N, J1 = ih(n,J + 0T on®), 3.7c
[N, N = ih(n, N + ON|onP), (3.7d)
[N,, V] = ihoV/on", (3.7¢)
[N,, U] = ik(n,U, + U, [on". 3.79)

In using Eqs. (3.7) one must handle the partial
derivative with respect to #* with care. Being a unit
vector, the four components of 7* are not independent.
The consistent application of the rule

all
a—sz Y= nn,

guarantees the correct result,

Now suppose that the physical system of interest is
the subsystem (i = 2), and that subsystem (i = 1) is
to be varied, as well as the coupling between the
subsystems, in order to probe the structure of sub-
system (i = 2). At the outset of such a study it is
natural to seek relations between quantities of interest,
i.e., quantities referring to the system of interest, which
have a form independent of the nature of, or the
coupling to, the probing system. It would make very
little sense to tamper with such relations in any
approximation method applied to the study of the

(3.8)



STRUCTURE OF THE POINCARE GENERATORS

structure of the system of interest. Furthermore, such
relations would themselves illuminate the structure of
all systems possessing the quantities appearing in the
relations. In this spirit one may now proceed to
demonstrate a set of such relations between the parts
of the full generators that involve dynamical variables
associated with subsystem (i = 2), and, in a certain
sense, the set of relations is complete.
The parts of the generators concerned are

K, =K?, (3.9a)

H =H® +vV, (3.9b)

J, =72, (3.9¢)
and

N,=NP+U,. (3.9d)

The obvious and trivial coupling-independent rela-
tions among these quantities are

K., Ki]=0, (3.10a)
., K} = ilie s K" 7", (3.10b)

and
[, J)) = iheyuapd P (3.10c)

Equally obvious, but not quite so trivial, are the
equations of motion for K and J:

[H', K] = —maK,;/ar, (3.11a)

[H', J,] = —ikdJ,[oT, (3.11b)

[N,, K] = ihk(n,K, + 0K [on"), (3.11c)
and

[N, J,] = ik(n,J, + oJ,[on"). (3.11d)

Finally, the truly surprising relations (proofs below)
are

[N, H'] = ik(dN}[or + 0H'[n*)  (3.12a)

and
[N, NI = ih{@N,jan* — ON,/an’
+ ﬂvNL - nuN\Ir + euvaBJmnﬂ}' (312b)

Thus, regardless of the nature of subsystem (i = 1)
or of the coupling between the two subsystems, the
commutators of the primed generators can be ex-
pressed linearly in terms of the primed generators and
their hyperplane derivatives alone. For reasons to be
described below, the equations (3.12) regarded as
differential equations are referred to as the fundamental
differential equations.
The proofs of (3.12a, b) are as follows:

ihK, = [N,,H] = [N,, H'l + [N,, H"]
= [N,, H'] + [N, HY"1 + [N}, H"]
= [N,,H'l + ihK" + [N,, H] — [N,, H'].
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Therefore,

ihK, = [N,,H'1 + [N,;, H] — [N, H']
— ih@H'|on* + K], + ON,Jo) — [N, H']
(3.13)

and (3.12a) is obtained. The last steps in (3.13)
employed (3.7a, e) and (3.5d,f) For (3.12b) consider

— ilieyyqgt®f = [N,, N,J=[N,,N;]1+ [N,, N
= [N,, N1 + [N,", NP1 + [N, NV
= [N,, Ni] — ikie,upJ"7 + [N, N,] — [N}, N;].
Therefore,

—_ ihG”vaﬂJ,a"]ﬂ
= ili(n,N,, + ON;[on* — 7, N, — ON,/on’)
— [N, N, (3.14)

and (3.12b) is obtained, where (3.7d,f) were used.

4. SOLUTIONS OF THE
FUNDAMENTAL EQUATIONS

For the remainder of this paper the operator
H’(n, ), which becomes the hyperplane Hamiltonian
of the system of interest in the limit of no interaction,
is regarded as given for all (%, 7). The problem, then,
is to deduce the remaining generators N, J,, and
K, from H' using (3.10-12). Such an approach places
the hyperplane Hamiltonian in a preferred role among
the generators, and it is indeed the intention of the
author to investigate how far one may go in extracting
physically relevant information from the hyperplane
Hamiltonian alone. Conceivably one may be able to
bypass the customary Lagrangian origins of the
canonical approach to relativistic quantum theory,
which are characterized by ill-defined functional
derivatives of operators with respect to operators.1
Regardless of one’s attitude towards such a program,
however, the display of all the generators as functionals
of the hyperplane Hamiltonian remains interesting.
(To keep the notation simple, the primes are hereafter
dropped from the generators of interest.)

The procedure will be as follows: Firstly, the
general solution of (3.12a) is obtained yielding the
possible N,; secondly, (3.12b) is used to define a J,
for each N,; thirdly, the equations of motion for J,,
(3.11b, d), is considered for obtaining constraints on
the general expressions for N, and J,; fourthly, it is
demonstrated that dH/d%*, while not equal to K, in

19 In some of the modern approaches to quantum field theory these
concepts have been sharpened by restriction to functional differ-
entiation with respect to free asymptotic fields. See F. Rohrlich, J.
Math. Phys. 5, 324 (1964).
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the presence of interaction, behaves exactly as K,
under commutation in the limit of zero interaction.l!

A. General Solution of (3.12a)
First consider the solution of the equation

—a—G(T; ;7o) =

=Hp, G ;) (4D)
or /)
subject to the boundary condition
G(rg; n; 79) = L 4.2)

The formal expression of the solution is well known?2:
G(r; 73 70) = Gexp {‘% f dr'H(1, 7')}, @3)
o

where G denotes r-ordered products in the power
series expansion of the exponential for = > 7, and
anti-t-ordered products for v < 7,. More precisely,
the solution may be defined by

G(7;m;70)
= lim H{I+ H(n,'r-‘—(‘f“"'o))

N n=0

, (4.4)

with the understanding that the nth factor stands in
the nth position to the right of the n = 0 factor.
From (4.4) one may easily infer the familiar results

G(7; n; 70)' = G(7o; 15 7) (4.5)
and J
G(r; 1; 7)G(E'5 95 7") = G(+'5 n; "),  (4.6)
for 27 21" or <1 £ 7". More difficult to
infer, but equally valid, is

G(r; ;7o) = G(7; 75 79)7%, 4.7

thereby justifying (4.6) for any finite 7, 7/, and 7".
Finally, the relation
9G(7; 13 7o)

on*

, OH(n,

——fd'rG('r n;7) a(:]?“ )

which also follows directly from (4.4), will be useful.
A particular solution of (3.12a) is given by

G(r';m;57), (4.8)

N, 7370) = zha—Gi’a;’—”QG( imi ), (49)
where
Nn(n’ To; To) = 0. (4.10)

11 This last result was already obtained in Ref. 1 by direct
differentiation of H(#), and the discussion presented here may be
regarded as a demonstration of internal consistency.

12 Equations (4.3) and (4.4) are very reminiscent of equations
commonly derived in the interaction picture which, by Haag’s
theorem, may not exist. See, however, M. Guenin, Commun. Math.
Phys. 3, 120 (1966) for an interesting reevaluation of Haag's
theorem.
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If the previous statement is valid, then the general
solution of (3.12a) is

oG ;
—%L") G(ro3m;7)

+ G(7; 15 7N, (1, 70)G(70 515 7). (4.11)

where N,(#, 7o) is an arbitrary Hermitian operator.
This follows because the second term on the right is
the general solution of the homogeneous equation
corresponding to (3.12a). To verify that (4.9) is indeed
a particular solution of (3.12a) it is convenient to use
(4.8) to obtain

u(ns T) =

N, 7;7) = —f dr'G(r; n,T)aH(n’ )G(‘T s 95T
4.12

Then (*12)
ON,(n,7;7)

or

__O0H(y,7) _]’d_r,ﬁ

3H s ,
{G( E/Hy ;:77" 7)o G(-r;n;f)},
_ _ %@,
on*
oH(n, ')

i ’ Y . .

+ h[H(ﬂ’ ), '[0 dr'G(r;n; 7o) o
X G(T’;n;-r)],
T

- aHa("; )+ (1,
by direct differentiation.

One immediately objectionable feature of the most
general solution (4.11) is that it appears to express
N,(n, 7) in terms of dynamical variables on an entire
family of hyperplanes parallel to (%, 7). Much of the
discussion in Sec. 2 was based on the assumption that
the generators on a hyperplane can be expressed in
terms of basic dynamical variables defined on that
hyperplane alone. This physical requirement restricts
the general solution somewhat, and the restriction
will be incorporated in Sec. 5.

n(na 7'; TO)]’ (4'13)

B. Definition of J,
Consider the 7, derivative of (4.11). It is (in
abbreviated notation)

oN,(1 %G 0G,, 0G G
a:,(v) ih va:;" Go + ik ar,l: a;j+ —2N,0)Gy
AN (0
+ Gy ul )Gm + GyN,(0) aG“‘. (4.14)

on’
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But G4, = G, Hence

Qgﬂ = ai‘ = —Gp aGto Gio = —Gn: aleo Gor -
on’ on' on on
4.15)
Therefore (4.14) becomes
oN, — 15900 Gy G aGm Gmac;m
o’ o " et oy
N, (0
+ [ 222 6o, G (0| + Goo T2 G, (416
on’ on’
and, consequently,
N _ N _ ., { G 9*Guo } G
on’ o' on'on*  onton’
0G G
5] o Gons 12 Gu |

+ 1[G OGu, 15226, |
h oy

+ -; [m % G, GIONV(O)GM]

on*
aN,(0) ON,(0)
+ Glo{-——a;;v o }

4.17)
From (3.12b), however, the left-hand side of (4.17)
must be

2 NA(D) = N, (1) + L [N,(D, ND] + a1

. oG oG
= ik {m o 1,0 Nu 31]1‘? Gm}
+ Gm{’?v (0) - nqu(O)}GOI

+ h[ ih % G + GuN,(0)Gor

GOI

ih aa% Gor + GloNv(O)Gm]

+ €uragd (. (4.18)

The equating of the right-hand sides of (4.17) and
(4.18) yields

Gy  9Gw Gy . 3Gy,
ih ~ T _ G
{3n“an ooy Mo T oy } "
INJ0) 9N,
= — Gy [ a“f’ aﬁ’+mN (0) — n,N,(0)

- El [N,0), N,(O)l}cm + g, (4.19)

The left-hand side of (4.19) can be shown to vanish

evaﬂy[N a
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upon using the prescription
0 _ (p PN

where [0/0%*] indicates differentiating as though the
n* were independent variables. Thus

%G _ 0 ;o4 _ 1[0_@:]}
oot 2 v{(gu 7,1°) o

= —(8uw — M { C; } G )[aafzm]

G
+ (g8 — nn"g — nml)[ ,,a‘;; ]
0G
= -1, on — +F, (4.21)
where F,, = F,,, provided that

9%Gyo %Gy,
= , 4.22
[an"an‘} [377*317”] 422

which shall be assumed. Substituting (4.21) into the
left-hand side of (4.19) for both second derivatives
yields, finally,
{aN,,(O) _ON,©)
on’ on*

- ;; [N,(0), Nv<0)1}cm = e (D, (423)

+ 71qu(0) - nvNu(O)

This last equation yields J,(1) explicitly in terms of the
G, operator and the arbitrary N,(0).

C. Equations of Motion for J,

A comparison of (3.21b) for + = 7, with (4.23)
yields
G/, (0)Gy, = J, (1), (4.24)

and this is precisely the requirement that J,(1) must
satisfy in order for (3.11b) to hold. Therefore no
constraint is placed on N,(0) by (3.11b).

To investigate (3.11d), first solve (3.12b) for J, in
the form

ON* i
J, = —€apy— — = N°N*y".
" €u ﬁy{ a,% A }77
Upon substitution into (3.11d) this yields

oON*

(4.25)

]7] - ;i'evaﬂy[N‘u NaNp]’?T

ON i
= ih??ve af {— - N’Nﬂ}’)]y
napy anp h

PN i (aN“

+ ihEvaﬁ {_"‘—
4 a"]uanﬂ

oN?#
B N ——
B\ on* * on* )}n

(4.26)
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1 have not been able to determine the detailed
nature of this constraint on N, . It is possible to show,
however, that it does not constrain H or the relation
between H and the (hitherto) arbitrary N,(0) in any
way. To see this, substitute (4.11) and (4.24) into
(3.11d) to obtain

.. 0G
I:zh 31;‘0 Go1 + GoN,(0)Gyy, Glo"v(O)G(u:I

. d
= ’h{ﬂmaJ u(O)GOI + 5’7—" (G v(o)Gm)},

Gy
on*
2J,(0 9G
2 Gor = Gl (000 52 ). (427
on o
Hence (3.11d) is identical to

= ih{’?leoJ n(O)G(ll + G G10J,(0)Gyy

+ Gy

GoulN,(0), J,(O)]Go; = Gmm{w,,(O) + agn—(—"’}c

and, consequently, equivalent to

[N,(0), J,(0)] = ih{w,,«» + %@} (4.28)
where ‘

J,(0) = —evaﬂy{aNa(O) i

o ’;i N“(O)N’(O):. (4.29)
B

Thus (4.26) is equivalent to the corresponding equa-
tion obtained by replacing N by N(0) everywhere.

D. K, and the Role of 3H/on#

Equations (3.10a, b) and (3.11a, ¢) do not enable
one to get much of a hold on K,,. All that is determined
by these equations is that K, is a translationally
invariant (3.10a), hyperplane four-vector (3.10b,
3.11¢), not explicitly dependent on 7 (3.11a). I do not,
at present, know whether or not it is possible to
express K, in terms of H and N,(0) alone in the
presence of interactions. In the limit of zero inter-
action, however, the matter is easily resolved.

Let A®®(n, 7) be an arbitrary dynamical variable
belonging to the subsystem (2) of Sec. 2, the physical
system of interest. Let the transformation properties
of this dynamical variable under arbitrary infinitesimal
translations da, be described by?

A7) = AP, 7) + T Mba,  (430)

where the primes here refer to transformed variables.
This relation determines the commutator of 4 with
Hy, the total hyperplane Hamiltonian, and hence
with the partial hyperplane Hamiltonian H = H® + V
as

[H, A®) = iH{TPy, — 0407} (431)
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Taking the derivative of both sides with respect to
n* yields

[0H/on*, AP) + [H, 042 [on*]

(2)v
= il(g,, — 7 )T + ih{ CLY

on*

az ALZ)
(o an"af}'

(4.32)
But from (4.30)

04, P (m,7') _ AP, 7)
o
so that

aA(z) aT(z)v aZA(E)
[, 287 - I, 2
on* on* 9r0n"*
Hence, if the order of differentiation is immaterial for
the second-order derivatives on the right-hand sides

of (4.32) and (4.34), (and in a closed system this is
demanded for consistency) then (4.32) becomes

[0H/on", AZ
= ih(g,, — nm) T — [HY, 04% (o). (4.35)

The commutator involving H® cannot be set equal to
zero so long as there is coupling between the sub-
systems. The hyperplane derivatives of quantities
expressed entirely in terms of the basic dynamical
variables of one subsystem acquire contributions from
the other subsystems interacting with the first,
Nevertheless, when the interaction does vanish, the
commutator with H™ disappears from (4.35) and

[0H/|on*, AP] = ih(g,, — mun )T, (4.36)

results. But, with or without interaction, K, must
satisfy

T, 7)
o

+ da,, (4.33)

}. (4.34)

(K., A2 = ik(g,, — nm )T,
and hence

(4.37)

oH[on" — K, (4.38)
as the interaction between the systems is turned off.1?
5. FIELDLIKE EXPRESSIONS FOR THE
GENERATORS OF CLOSED SYSTEMS

Let {lk,, (%, 7))} be a complete orthonormal set
of basis vectors such that

K, (M lkys @(n, 7)) = Ky |5 a(n, 7)), (5.1)

where K,(n)r is the total hyperplane momentum
operator, and where « denotes the eigenvalues of a
set of other observables which, along with K, (#)p,
form a complete commuting set on the hyperplane

13 It may occur to the reader that 0H/0n# 4+ ONyu/0r = Kuis the
appropriate generalization of the zero-interaction result. Alas, no!
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(9, 7). Then

(ks o' (g, )| Hn, 7) K5 o, 7))
= (2mhy*8j(k' — kXk,; «'(n, )| h(n, 7) |k, aln, 7))
(5.2)
defines the operator h(n,7) on the hyperplane
momentum shell, where 83(k" — k) satisfies

gk’ — 'r)k)éf,(k' — k)= 64(k' — k).
Defining J¢(x; #) by™
Je(x; ,'7) = e—i/hKy(ﬂ)Tz"h(,r]’ nx)ei/hKu(n)Tx“ (5.4)
yields
<k:n “'(77, 7)| H(7, ) ]ku; “(77= 7))

= (k) a/(, D) f dxd(nx — T)I(x; ) [k aln, 7))
(5.5)

(5.3)

or
H(y,7) = f dxdnx — DR, (56)
since the eigenvectors form a complete basis, and

f dxd(x — T MBI — (2mRYSYK' — k),
(5.7
for nk = nk’ = 0.

The foregoing construction of the fieldlike expres-
sion (5.6) is, in perhaps slightly modified form,
familiar to many.® It has been reproduced here to
emphasize the independence of expressions like (5.6)
and the assumptions that are generally regarded as
comprising a bona fide field theory of relativistic
quantum physics. For the remainder of this section,
expressions similar to (5.6) are sought for the re-
maining hyperplane generators, and J(x; 7) is seen
to play a fundamental role in these expressions.
Nevertheless, a field theory of quantum phenomena
is not implied by these considerations (at least not the
usval kind of field theory),!® although the results
certainly sit well in a field-theoretic context.

A. Generator N,(n, 7)
Substituting (5.6) into (4.12) yields
N u("]s 75 70)

= —f dT'G(T;ﬂ;T’)fd4X
To

X {6'(nx — 7Y%, — 7 X)IeCx; )
~ 0FC(x; ,
+ 80rx =) =X )
Y]

4 p(n, 1) is deliberately left unspecified off the hyperplane
momentum shell, since none of the subsequent results depend on
such a specification.

15 The present author is, at the time of writing, uncertain as to the
exact relationship between the formalism recently proposed by J.
Schwinger, Phys. Rev. 152, 1219 (1966) and the results obtained
here.
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=fr dr'G(r;n;7) f d'x
0 , .
X G(t';m;7)
——f dr'G(r;m;7') f d*xo(nx — ') 0J(x; 1)
To anﬂ
X G(7';m; 7). (5.8)

But

frrG(r; 7; r’)fd“x :% 8px — =) — ) R(x; m)

0

X G(7';m;7)

= f :dT' % {G(r; 7;7) f d*xd(nx — 7')(x, — ,mx)
X Je(x; ()G’ m; T)}
-1 f :df'c(f; n;7) f d*x8(x — )%, — 0%)
X [Hx; n), H(n, 7)IG("5 15 7),

- f d*xd(nx — T)(x, — 7,m0R(xe; 1) — G373 70)

x f d*x3(nx — 7o)X, — NI(x; MG (o3 75 7)

[

— l;i f dr'G(r; n; T')fd4x6(77x — 7Nx, — nmx

X [3(x; ), H(p, 7)] x G(x'; 75 7). (5.9

At this point in the calculation it is judicious to
turn off the coupling between the physical system of
interest and the subsystem H. Since the relevant
expressions of the previous sections hold for arbitrary
nonvanishing coupling, it will be assumed that they
hold in the limit of no coupling. The interaction-
augmented generators then become the generators
of a closed system, and since J¢(x; %) is invariant
under translations (passive), it follows that

[¥e(x; m), H(n, 7)] = [K(x; n), H)] = ik 5% (x5 7).

(5.10)
Hence

d ,
G(r;n; ') P. F(x;n)G(r';n;7)

=17 —BQJE(x +n(r—7);n) (5.11)
X
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and

G(m;m;7') an—a;,Je(x; NG5 9;7)
d . ,
=a—nuJ€(x +nE—7)n —(—17)

0 F N
X {ﬁ /] ax}Je(x +9(r—7)m). (5.12)

We substitute (5.10), and then (5.11), into (5.9), and
(5.12) into the last term of (5.8) and note that, for
any F,

f dxd(x — )%, — nm)FCx + 10 — 7);7)

= f d*x0(nx — 7)(x, — 7mx)F(x;n). (5.13)

This yields, finally, upon discarding surface terms,
N, 3 7) = [ dtxdlps = ) s = mape) s
0 0
+ G = 7005 = mordn - o) — o5 )|
Ox on*

— G(r37; To)fd‘xé(nx — 70)(Xu — 7,7X)
X K(x;7)G(70; 73 7)- (5.14)
The general solution for N,(%) now appears as'

N,(m) = N,(n,7;79) + G(r;7; 79N, (1, )G (70515 7),
- f d*x8(nx — r){(xu — (3 m) + (7 = 70

x (6o = marom 2 e(xin) - -a—f?— sece; )|
+ G(rym; To){N,,(n, 70)

- f d*xd(nx — 7p)(x, — n,mx)(x; n)}

X G(7o;71; 7). (5.15)

With this expression we can answer the objection
raised just after Eq. (4.13) concerning the expres-
sion of N,(n,7) in terms of dynamical variables
defined on the hyperplane (7, 7) alone. Clearly such
a form is possible for N (5 ) if and only if

N,(n,79) = f d*xd(nx — T)(x, — NMx)I(x; 7).
(5.16)

This latter expression must then be tested for con-
sistency in (4.26). One notes that since the hyperplane

16 The + dependence of Nu(z) is absent because the interaction has
been turned off. The 7, dependence of Nu(1, 7o) is retained since
Nu(1, 7o) can be chosen arbitrarily in this approach. In particular,
the ‘‘causal”’ choice (5.16) is , dependent.
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parameter T does not appear explicitly anywhere in
(4.26), (5.16) may not satisfy (4.26) for any 7, # 0
(see note added in proof). This possibility will be
anticipated in the final form for N,(7):

N,(m) =fd‘x6(nx - T){(x,. — n,mx)¥(x; )

a%‘ J€(x;n))}. (.17

The demand that the generators be expressible in
terms of dynamical variables on one hyperplane may,
in the fashion of the times, be called the principle of
maximal causality.

)
+7 ((xu — X ™ H(x; ) —

B. Generator J (1)

The expression (4.25) is nonlinear in N,. It can
easily be replaced by a linear expression for the special
case of a closed system. The point is that for a closed
system the analog of (2.6¢)

[Ny, NJ) = —ikie,y,pn" (5.18)
must hold, and, upon substitution into (3.12b), yields

_euvaﬂ"anp = %{an/a"]u - aNu/anv + nvNu - "7pNv}

(5.19)
or

Jll = %epaﬁy a" 777. (520)

Direct substitution of (5.17) into (5.20) yields

Ju = %Guaﬂyfd‘lx{d(nx _ .r)xﬁ M
Oy
+ "'[6(77" — )xPp 2 M
ox  on,
]

— & (x — )x°

= %smrﬂvj.d4 xd(nx — 7)x* aia(_x;n)nv
Na
I 4 0X(x;n)
+ Eeuaﬂvfd4x"7 a_x{(s(ﬂx — )xf ——a_n}nv

= fd‘xé(nx - 'r)‘}en.p,xﬁ ___5366(;; m 7’

where, in obtaining the first integral expression, the
relations

a
e

(5.21)

= M,,fd‘xd(’r]x —7) 5‘6; {xP3e(x; )y

=0 (5.22)
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and
°R(x;7)
€uapy a a’lp n
— e {8236(36;77) _ azﬂﬁ(x;n)}nv
RO\ ondm,  Onydn,
< b T BNy (529

have been used.

C. Generator K, ()
The relation (4.38) yields immediately

K (n) = f d“X{ﬁ’(nx — )(x, — 7,mx)(x; 1)

+ dgx =0 )

on*
=fd‘x6(nx - 17)

[P

0
o (X — X F™ J(x; n)}~

(5.24)

Comparing (5.24) with (5.17), one obtains the familiar-
looking result

N,(n) = f d*xd(nx — 7)(x, — nmx)F(x; 1) — 7K, ().

(5.25)
Similarly, if one defines
, 0 0 1 0%(x; o0K(x; m)
1n) = n— K(x;
JCxsm) i (x r/)+{a i }2 o,
(5.26)
and
1 9%(x; .
Ky (xim) = 5—7(;—") — (% = maixs ), (5.27)

then, after integration by parts,

K, () = J dxdx — DK, (3m) (5.28)
and

100 = = @586 = eyup Ko . (529)
Again, these are familiar-looking results.

D. Constraint on N,

The relation (5.16) must be tested for consistency
with (4.26). For a closed system, however, (4.26) is a
direct consequence of the much simpler relation

[N, N,] = zh(mN + s )

o (5.30)
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which must also hold. This, in turn, must be consistent
with the hyperplane equation of motion (see note added
in proof)
[N (), K(x; )]
_ a2
{ on
which is a direct consequence of the scalar transforma-

tion properties of the hyperplane Hamiltonian density.
From (5.16) applied to (5.31), we get

IN,() Nl
- [Nm f b — To)(x, — mX)ECe; n)]

— (5, = man)n - :fe(x n)} (5:31)

= ih f Pxd(nx — m{@ %, — 7,7%)
— (%, = R)CE — W)x)n - 5e(x; n)} (5.32)
Applying (5.16) to (5.30) yields
[N.(m), N,(m)]
= if f d"x{a(nx — M, — 1 Ax)RCx; )

+ 8'(nx — To)(x, — nmx)(x, — nmx)R(x; )
— O(nx — To)(guy — N, M IMXIE(x;7)
— 8(nx — Toy(x, — nx)HE(x; 1)
+ 8(nx — 7)(x, ~ 7% a"e(" ’7’}
= lhfd“xé(nx — To)l(x ~ x) ——22 aJG(x )
~ (x, = nmx)(x, — n,mx)m 5— J(x; n)}
X
~ To(8uv — M H(). (5.33)

Clearly (5.32) and (5.33) are consistent if and only if
7o = 0, as was suspected earlier.

6. SUMMARY

The principal results may be conveniently and
briefly summarized as follows. For a closed system the
hyperplane generators K, and J, are related to H and
N, , respectively, via the equations

K, = 0H[an» (6.1)

and (5.20). If the system is allowed to interact in an
arbitrary way with some other arbitrary system,
then (3.12a) holds for the system generators augmented
by the interaction terms and has (4.11) as its most
general solution. In the limit of zero interaction
between the systems, the general solution can be
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written as (5.15) in terms of a hyperplane Hamiltonian
density J(x; #), and the particular solution (5.17) is
the only one satisfying maximal causality and con-
sistent with (5.30, 31), both of which are demanded
for a closed system. With the expressions (5.6) and
(5.17) then, for H and N, in terms of the hyperplane
Hamiltonian density, one can use (6.1) and (5.20) to
express K, and J,, in terms of the hyperplane Hamil-
tonian density. Thus, independently of a Lagrangian
or field-theoretic approach, the hyperplane Hamil-
tonian density achieves a fundamental status, at
least with respect to the Poincaré generators. The
final expressions of the generators are given here for
convenience:

H(y) = f Pxdx — DX y),  (6.2a)

K, () = f dxd(nx — 7)

(.
8 {Q_a(:':“n) = (% = 0¥ 56; H(x; n)}, (6.2b)

N(n) = f d'x8(nx — D(x, — N )} — 7K, (),
(6.2¢)

1) = } €uapy f dxd(mx — I QJ%T"”” 7. (62d)

It should be noticed that these latter expressions
are not in terms of dynamical variables with fixed
equal-hyperplane commutators—the single exception
being H(#) if X(x; n) is expressed in terms of such
variables. Thus the hyperplane derivatives of J(x; #)
appearing in N,,, K, and J, involve the corresponding
derivatives of the basic dynamical variables, and these
derivatives possess interaction-dependent equal-hyper-
plane commutators among themselves and with
undifferentiated dynamical variables. Of course, once
the basic dynamical variables have been chosen and
their transformation properties determined, the
specification of J(x; 5) enables one to replace the
hyperplane derivatives by functions of the basic
dynamical variables. Only after this is done, however,
do K, and J, assume a form independent of the
presence or nature of interactions within the system.

It is instructive to compare the results (6.2) with
the corresponding relations that follow from Lagran-
gian field theory. Denoting the conventional sym-
metric stress—energy-momentum tensor density by

GORDON FLEMING

6,,(x), one recalls

P, =fd4x6(77x = )0, (x)m". (6.3)

Hence, since
Hn) = 1P, = f d*xd(nx — T, (64)
it follows that one can choose

J(x; 1) = 7*0,(x)m".

Now with this choice we have

(6.5

0X(x; ) v v
o Ou =m0
+ 7*0;,.(x) — 7%0,,(x)n"n,
= 2{gy — 7,,*}0,,(x)" (6.6)
and

Kﬂ(’?) =P '’ "7,;H(77)
= f d*xd(nx — 1){0,,(xm" — n0*0,,(x)n"}
=fd“x6(77x -7 L 9%(x; 7) .
2 opf

This last result does not look much like (6.2b). But
if (5.28), which is equivalent to (6.2b), is considered,
it is seen that (6.7) would follow from

(6.7)

Jxs ) =0. (6.8)

But
, 2
Jxsp =9 P {n"0,,(x)"}
X
+ {i S —a-}(g“ — B
ox* w1 ox Ay

d v
= 55 Owx” =0

u

(6.9)

for a closed system. In a similar manner the expressions
(6.2¢c, d), which should now be almost obvious, can
be derived.

Note Added in Proof: Equation (5.31) is in error.
One should add to the right side the term,

ihnx(0/0x* — n,(nd{0x)1H (x; n).

This would yield an extra term on the right side of
(5.32) making (5.32) consistent with (5.33) for all 7,.
Thus the discussion between (5.16) and (5.17) is
misleading and (5.17) is slightly restrictive.
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In the phase integral WKB method, a solution #,(z) of a second-order linear differential equation is
represented in terms of its logarithmic derivative fy(z) which satisfies a simple nonlinear first-order
equation. This representation does not in general lead directly to an independent second solution of
the original equation. However, if y(z) is expressed in the form ¢(z) + ig’(2)/24(z), where ¢(2) satisfies
a nonlinear second-order equation, then ¢(z) can be used to determine a second solution to the original
equation. These two solutions remain linearly independent throughout their domain of definition. It is
shown that ¢(2) is given by the sum of alternate terms in the well-known asymptotic expansion of y(2).
Any two linearly independent solutions of the original equation, normalized so that the Wronskian is

—2i, give q(2) in the form (u,u;)~2.

The phase integral WKB method! is concerned
with differential equations of the form

d?u

Z; + Qzu = 0, (1)

where Q2 is a function of z. Zeros of Q2 are referred
to as transition points, corresponding to classical
turning points in a one-dimensional Schrddinger
equation.

A solution u,(z) of Eq. (1) can be expressed in
terms of its logarithmic derivative iy(z) in the form!

w(@ =exp [i[ v ar) @
where y(z) satisfies the equation
iyt =y — Q" €)

In order to match given boundary conditions, it is
necessary to find a second solution to Eq. (1) that is
linearly independent of #,(z). An obvious choice, if
Q% is real on the real axis, is the complex conjugate
of u;, but this is a solution of Eq. (1) only on the real
axis and is not always independent of u,. Reversing
the sign of i in Eq. (2) does not in general give a
solution of Eq. (1).

Another approach to Eq. (1) is to find a function
g(z) such that the transformation of variables?

u(z) = g4, (4a)
w(z) = f ‘@z, (4b)

converts Eq. (1) into the form
% + ¢ =0 e

! N. Froman and P. O. Fréman, JWKB Approximation, Contri-
butions to the Theory (North-Holland Publishing Co., Amsterdam,
1965); J. Heading, An Introduction to Phase-Integral Methods
(John Wiley & Sons, Inc., New York, 1962). The extensive literature
on this subject is reviewed in these two references.

Two linearly independent solutions of Eq. (1) are
then

u(z) = q(2y Fexp i f qOd,  (6a)
uy(z) = a() Fexp —i f gOdl. (6b)

The Wronskian for these functions is
Uy — uguy = —2i, )

so that they are linearly independent throughout their
domain of definition. The function g(z) must satisfy
the equation

y 4t 4 2 2

- =q°— Q" 8

54 -0 (8

If Eqs. (2) and (6a) are compared, it is clear that
the functions y and ¢ must be related by

(@) = q(2) + ig'(2)/29(2), ©

iq" = 29(y — 9). (10)
The two first-order equations, Eqs. (3) and (10),
together imply Eq. (8).
It follows from Egs. (6) and (9) that

or

u(z) = exp i f WO —2q@)dt ()

is a solution of Eq. (1), linearly independent of u,(z),
given by Eq. (2), throughout the domain of definition
of g(z).

If Q% in Eq. (1) is replaced by 2202, where 4 is a
large real parameter, then Eq. (3) leads to a well-
known asymptotic expansion of y in decreasing
powers of 1,

W) =3 yi,

n=—1

(12)
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where

ya=£0, (13a)

n+1

i.V;;=zl.Vv.Vn—va n=_170a 1""

v=—

(13b)

It follows immediately from Eq. (10) that g(z) is
given by the terms of odd index in Eq. (12),

4(z) = éﬂyn_lrw (14)

This can be seen by writing Eq. (12) as separate sums
of odd and even terms,

(1)

Then since AQ? is even, the even part of Eq. (3) is

Y = Yoaa + JYeven -

iyeven = Yaven + Yoaa — A°Q%, (16)
and the odd part is
i Yoda = 2 Yodd Yeven. an

If g(2) is set equal to yoaa this equation is identical

JOURNAL OF MATHEMATICAL PHYSICS
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to Eq. (10). Equation (14) gives an asymptotic expan-
sion of g(z) about transition points of Eq. (1).

If u; and u, are any two independent solutions of
Eq. (1), normalized so that the Wronskian is —2i, as
in Eq. (7), then Eqgs. (6) imply that

q(2) = ()™ (18)

This result can be checked by substitution in Eq. (8),
using Eqgs. (1) and (7). Since the Wronskian is invari-
ant under unimodular linear transformations of the
functions u; and u,, a more general solution of Eq.
(8) is given by

9(z) = [(auy + bus)(cuy + duy) ™, (19)
where the constant coefficients a, b, ¢, d satisfy
ad — bc = 1. (20)

Let z, be a transition point of Eq. (1). Because of
the so-called Stokes phenomenon,! the asymptotic
series of Eq. (14), for different values of arg (z — z,),
can represent functions ¢(z) that correspond to
different unimodular transformations in Eq. (19).
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The unitary representations of the affine group, or the group of linear transformations without
reflections on the real line, have been found previously by Gel'fand and Naimark. The present paper gives
an alternate proof, and presents several properties of the representations which will be used in a later
application of this group to continuous representations of Hilbert space. The development follows
closely that used by von Neumann to prove the uniqueness of the Schrédinger operators.

1. INTRODUCTION

In several previous papers a theory of continuous
representations of Hilbert space has been developed.?
Central to this theory is the concept of an over-
complete family of states (OFS). For mechanical
systems whose dynamics can be described by two

* Present Address: Department of Physics, Syracuse University,

Syracuse, N.Y.
1J. R. Klauder, J. Math. Phys. 4, 1055 (1963); 5, 177 (1964).

canonical variables p, ¢, the OFS takes on the form

{@lp. g1} = {Ulp, 910},

where @, is a suitable unit vector in Hilbert space,
and Ulp,q] is a two-parameter family of unitary
operators. This family and its parametrization are
chosen so as to be consonant with the dynamics of
the system under consideration; e.g., the parameters
P4 are interpreted as the classical dynamical variables.



206

where

ya=£0, (13a)

n+1

i.V;;=zl.Vv.Vn—va n=_170a 1""

v=—

(13b)

It follows immediately from Eq. (10) that g(z) is
given by the terms of odd index in Eq. (12),

4(z) = éﬂyn_lrw (14)

This can be seen by writing Eq. (12) as separate sums
of odd and even terms,

(1)

Then since AQ? is even, the even part of Eq. (3) is

Y = Yoaa + JYeven -

iyeven = Yaven + Yoaa — A°Q%, (16)
and the odd part is
i Yoda = 2 Yodd Yeven. an

If g(2) is set equal to yoaa this equation is identical

JOURNAL OF MATHEMATICAL PHYSICS

R. K. NESBET

to Eq. (10). Equation (14) gives an asymptotic expan-
sion of g(z) about transition points of Eq. (1).

If u; and u, are any two independent solutions of
Eq. (1), normalized so that the Wronskian is —2i, as
in Eq. (7), then Eqgs. (6) imply that

q(2) = ()™ (18)

This result can be checked by substitution in Eq. (8),
using Eqgs. (1) and (7). Since the Wronskian is invari-
ant under unimodular linear transformations of the
functions u; and u,, a more general solution of Eq.
(8) is given by

9(z) = [(auy + bus)(cuy + duy) ™, (19)
where the constant coefficients a, b, ¢, d satisfy
ad — bc = 1. (20)

Let z, be a transition point of Eq. (1). Because of
the so-called Stokes phenomenon,! the asymptotic
series of Eq. (14), for different values of arg (z — z,),
can represent functions ¢(z) that correspond to
different unimodular transformations in Eq. (19).

VOLUME 9, NUMBER 2 FEBRUARY 1968

Unitary Representations of the Affine Group

Erik W. ASLAKSEN
Department of Physics, Lehigh University, Bethlehem, Pennsylvania

and

Bell Telephone Laboratories Inc., Allentown, Pennsylvania
AND
JouN R. KrAUDER
Bell Telephone Laboratories Inc., Murray Hill, New Jersey*

(Received 26 July 1967)

The unitary representations of the affine group, or the group of linear transformations without
reflections on the real line, have been found previously by Gel'fand and Naimark. The present paper gives
an alternate proof, and presents several properties of the representations which will be used in a later
application of this group to continuous representations of Hilbert space. The development follows
closely that used by von Neumann to prove the uniqueness of the Schrédinger operators.

1. INTRODUCTION

In several previous papers a theory of continuous
representations of Hilbert space has been developed.?
Central to this theory is the concept of an over-
complete family of states (OFS). For mechanical
systems whose dynamics can be described by two

* Present Address: Department of Physics, Syracuse University,

Syracuse, N.Y.
1J. R. Klauder, J. Math. Phys. 4, 1055 (1963); 5, 177 (1964).

canonical variables p, ¢, the OFS takes on the form

{@lp. g1} = {Ulp, 910},

where @, is a suitable unit vector in Hilbert space,
and Ulp,q] is a two-parameter family of unitary
operators. This family and its parametrization are
chosen so as to be consonant with the dynamics of
the system under consideration; e.g., the parameters
P4 are interpreted as the classical dynamical variables.



THE UNITARY REPRESENTATIONS OF THE AFFINE GROUP

It is our aim to utilize the continuous-representation
theory for unusual classical systems, as for instance
systems whose dynamical variables are constrained
in one or another way so as, e.g., to lie on the surface
of a sphere, or in a half-plane, say p > 0.

The gravitational theory is known to be of this
particular kind since the metric-tensor variables must
of necessity satisfy certain positivity requirements.
This suggests the study of systems in which the param-
eters or dynamical variables are constrained to be
positive. Consequently we look for a suitable group to
define our OFS. Of particular interest is what may be
called the affine group, the group of linear transforma-
tions without reflections on the real line: x - p~ix — g,
a two-parameter, non-Abelian group which we
contend embodies many of the features sought for in
an ultimate quantization of the gravitational field.

The unitary representations of the affine group have
been previously found by Gel’fand and Naimark.? In
the present paper we give a different treatment of the
problem, one which follows closely the classical
treatment given by von Neumann® for the canonical
group, and which exposes the properties of the group
in the same mathematical language as we use in
applying the group to dynamical problems.

2. PROPERTIES OF THE AFFINE GROUP
In our particular parametrization the elements of
the two-parameter Lie group are given by
U[_p’ q] = e—iquz' In pB, (1)
where —0 < g < 0,0 < p < o, and P, B are self-
adjoint operators on the abstract Hilbert space J.

Their commutation relation, which determines the

Lie algebra, is given by
[P, Bl = ~iP. @

The elements of the group can conveniently be written
as

Ulp, q1 = VigIw1pl,
where

Vigl = e Wlp] = """~
From the commutation relation (2) we can deduce
¢ Bpe=t38 = g0 p,
This, together with the operator identity
eBePe P = exp (ePPeB),

allows us to write down the group multiplication law
Ulr, s]Ulp, q] = Ulrp, s + r7g). 3
2 1. M. Gel'fand and M. A. Naimark, Dokl. Akad. Nauk SSSR,

55, 570 (1947).
§J. von Neumann, Math. Ann. 104, 570 (1931).
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The commutation relation (2) can also be re-expressed
in terms of the operators ¥{g] and W{p] as

Vigiwipl = WiplVipql. @

We now want to find the representations of this
group, that is, a correspondence between the operators
Ulp, q] and a two-parameter group of linear, unitary
transformations on a separable Hilbert space. This
space R may be realized as the space of all functions
f (k) such that

f (R dk <

or in other words the linear space L? on the whole
real line. The operators on this space are again
denoted by Ulp, q}.

Following von Neumann,® we seek an integral
operator of the form

£ = [ 0. a1ap da, )
with the following properties:
E'=E;, E*=E, (6)

i.., E is a projection operator. The domain of
integration in Eq. (5)is —0 <g< wand 0 <p <
. We say that b(p, q) is the kernel of the operator E,
and we assume that b(p, g) is square integrable, which
is sufficient for E to be defined on all of R.

Note here the close connection with the work of
Peter and Weyl*; Ulp, g] is the Weyl canonical form,
and E is analogous to the “group numbers” used by
them.

3. PROPERTIES OF THE PROJECTION
OPERATOR E

We now calculate several properties of the operator
E which are consequences of the group property.
(a) Let

E= f j b(p, PUIp, 4] dp dg.
Then

Ulr, sIE = f b(p, )U[r, 51U, 4] dp dg

= [[s0. 00D, 5 + a1 ap .
With a change of variables we find that
Ulr,51E = [ [br~, rta = HUIp. aldpda, (7

so the kernel of Ulr, s]E is b(pr, r(g — s)).

4 F. Peter and H. Weyl, Math. Ann. 96, 737 (1926).
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In the same way we find

Emnﬂfﬁfwﬂ%q—wﬂm%ﬂ@@.w)

(b) Let E; have the kernel b,(p,q) and E, the
kernel by(p, ). Then the kernel of E,E, is, from (7),

f by, ba(pr=, 1(q — ) dr ds. ©
(c) We now consider
E'= f f b*(p, 9)U'[p, q] dp dg,
where
U'lp, g1 = e*1*Be%P = Wp IV [~q),
= V[—pqlW[p~"},
= Ulp™, —qp), (10)

as follows from Eq. (4).
After relabeling, we find

E'= f f po*(p7Y, —pq)Ulp, q1 dp dq,

and as a general requirement on b(p, q) for E to be
Hermitian we obtain

Po*(pt, —pg) = b(p, ). (11

(d) The kernet of EE follows from (9), and to
satisfy EE = E we require

f f b(r, s)b(pr~, r(g — s)) drds = b(p, q). (12)

We want to consider the integration over s in Eq.
(12), and for simplicity we assume that b(r,s) is a
rational function. Let us extend s to a complex variable
z, and introduce the notation b(r, 5) = b(r, z) = b(2),
with r as an implicit parameter, b(pr2, r(g — s)) =
b(pr,r(g — 2)) = b'(z) with r, p, q as implicit
parameters.

We further assume that b(z)b'(z) — 0 as |z| — o
such that the integral along a semicircle in the upper
or lower complex z plane goes to zero as the radius of
the circle goes to infinity. There is no essential loss of
generality in these assumptions since, as is quite
evident, there exists a set of such functions which is
dense in L2

The fact that Eq. (12) holds assures us that the
integral exists for all values of r, p, ¢; in particular the
poles in the z plane never lic on the real axis. Let
z = zy(r) be a pole for b(z), then z = g — rizy(pr?)
is a pole for 5'(z); thus, there is a one-to-one corre-
spondence between the poles of 5(z) and 4'(z). Since
p»> r > 0, such “corresponding™ poles lie on opposite
sides of the real axis.

E. W. ASLAKSEN AND J. R. KLAUDER

Furthermore, we assert that the residues at two
corresponding poles are of opposite sign and equal
magnitude. Assume that b(z) has n poles, and that the
assertion is true for n — 1 of the distinct poles, in the
sense of a partial-fraction expansion. The value of
the integral

f b(z2)b'(z) dz
c

is the same whether we close the integration path C in
the upper or lower half-plane, thus the sum of the
residues in the upper half-plane, >* | R¥, is equal to
the negative sum of the residues in the lower half
plane, —3* . R!. But by assumption

n—1 n—1
SR!+Ry=—-3R—R,
=1 =1

implies R% = —R!. The assertion is obviously true

for n = 1, thus for all n.

Let E, be an arbitrary operator with kernel
b.(p,q). Then there exists a unique associated
operator E_ with kernel b_(p,q) = b,(p, —¢), such
that E, E_ = 0, i.e., the two operators are orthogonal.
This follows from the preceding conclusion about the
residues, since the kernel of E,_E_ will have its
corresponding poles in the same half-plane, so that
the integration over s in (9) already gives zero. In
particular this is true when E, and E_ are projection
operators, so that the corresponding subspaces are
orthogonal.

(e) We now calculate the kernel of the operator
E, U[l, m]E,. Since

Ull, mlE, = f f b.(pI™, i(g — m)U[p, q] dp da,

E U[l, mlE, = f f f f b,(r, UIr, s]

x by(pl™, l(q — m)U[p, q) dr ds dp dg.

After using Eq. (7) and making a change of variables,
we get for the kernel of ELU[/, m]E,

f f ba(r, s)bs (TI: (g — s) — m)) drds. (13)

Adopting the notation of (d), we can write the
integral over s as

f b.(2)bl(2) dz.
If z = z4(r) is a pole for b.(z), then

z=qg—mr—(rl “lzo(i)

is the corresponding pole for b.(z), and again we see
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that, since p, r, I > 0, the corresponding poles lie on
opposite sides of the real axis. Thus the discussion
given in (d) holds for this case also, and we immedi-
ately get the additional result that

E,Ull, mlE, = 0. (14)

4. A SPECIFIC KERNEL

In order to proceed further, and also as an illustra-
tion of the foregoing arguments, we introduce a
specific function for b,(p, g). From the general theory
of continuous representations, which will be detailed
in a subsequent paper, we find that a projection
operator will have the form

oyl = f f (&, PULp, al9)Ulp, g d—‘;—f‘ .

Choosing ¢ = 2k¥e* for k>0 and ¢ =0 for
k < 0, where ¢ is the element of R corresponding to
v, and using the representation of Gel'fand and
Naimark® for U,, we get for the kernel

ba(p, q) = 4 f ke et p2ke ™ gk
0

=8p* (1 + p ' Fig) (15)

which is of the rational type assumed. It should be
noted that using one particular representation as a
guide to finding a suitable kernel does not impair the
generality of our argument, since the representation of
Ulp, q]) in E, is left completely open.

(a) Using Eq. (9), E.E, has the kernel

64ffr“2(1 +rtFis)®
X p P+ rpt Fir(g — S))_adL@
2
32 L7 4 ® 3 +\—38
=<p r2dr| (s @) (s — ¢ ds,

Tr
where

a=i(l+r1), cc=qxi(*+ph).
After the integration over s the kernel is
584p‘2f 2 + dY P dr,
0

where
da=31+pt 1 ig),

and integrating over r gives 8p72(1 4+ p* F ig)3. In
summary, we note that

d
E, =38 f j 7+ p F )g)Ulp, d ‘%w—" .

Furthermore, E, and E_are Hermitian,and ELE_ =0,
since the integration over s gives zero, as expected.
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(b) Using Eq. (13), the kernel of E U[l, m]E, is
given by

32 p f r3 er~ (s £ w3 — vH) 2 ds,
0 —w

ko
where
u=1il+r),

vE=g —mrt £ i((IN +p™).

The result of the integration over s is
384ip~ 1 (m F i(1 + 1)~ f PR + B dr,
0
where
pr o 4 xid+p™

—_m+i(l + I’

The integrand has a pole at r = — (#*)2, but this pole
never lies on the positive real axis, as is seen from the
following calculation:

[—m &+ i(1 + Mg F il + p Y]
g*+ 1+ p ™ ’

( h:L-)—l —
For the pole to lie on the real axis, Im (4%)~! = 0, or

gl + 1) =—-m(1 + p™),

14+ p?
141

g=—m
But then
Re (k)
m(L+p YA+ I+ A+ I+ p7Y
= 2 132 > 0.
e+ 1 +p7)
Thus, the pole can never lie on the positive real axis,

and the integral exists for all p, ¢, /, and m.
The result of the integration over r is

—=32p7 2 m F i(1 + )21 + p* F ig)2.
With E U[l, m]E, = C.(I, m)E,, we get

Co(l,m) = =411 [m F il + 192 (16)

Since Ufl, 0] =1, we must obtain C.(1,0) =1,
which is evidently satisfied by Eq. (16).

5. THE INVARIANT SUBSPACES OF R

Consider the solutions to the equation E,.f= f,
f€R. Since E, is bounded as a projection operator,
the solutions form a closed linear subspace of R,
denoted by A, . The subspace orthogonal to M is
N, defined by E, g =0 foreachge N°,.
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Iff, g € M., then
(Ule, B1f, Uly, 81g) = (Ulx, BIE.f, Uly, 1E.g)
= (Eof, U'lw, BIULy, S)E.g)
= (f, ELU[yx?, —af + d]E,g)
= Cy(ya, —af + 2)(f,8), (17)
where we have used Eqs. (9) and (16). From Eq. (14)
we see that, if fe M, and ge M_,
(UL, 61, Uly, 81g)
= (f, E_.Ulya!, —af + «d]E_g) = 0.
The space R is separable, so we can introduce an

orthonormal basis {¢i,i=1,2,--} for M . It
then follows that

(Ul, Blg, Uly, 81g3) = Culya™, —af + 2d)d, .

Let $%= [Ulp, q1¢%], the closed subspace spanned by
vectors of the form U[p, qlg? for all p, ¢ such that
0<p< o, —0 <g < o The subspaces J% and
J7 are orthogonal for m 7 n, and 9% and % are
orthogonal for all m, n. We can therefore form the
following direct sum:

20f=38,,

and denote by J the complement of §, @ 8_in R.

The transformation Ulp,q] generates an auto-
morphism on $7, and since U~[p,q] = U'[p,q] =
Ulp™, —gp), 9% is invariant under {U[p, q]}. 8.. and
J are then also invariant.

That 8, = Y, @ 97 implies that ¢% € 8, for each n,
which further implies that 8, > M 5 since {¢i} is a
basis for M.. Thus 3= N, N N_, and E f=
E_f=0 for each f€J. The invariance of J under
Ulp, q] can then be written as
f € 3implies E, Ulr, slf

= E_Ulr,slf=0, forallr,s. (18)

Consider the expression E_ Ulr, s]f. Using Eq. (8),

we write it as

f f r b (pr, g — sp)U[p, q1f dp dg,

and if we apply Stone’s theorem?® to the commutative
subgroup V[gl, we find

f f b, (pr, g — sp™)e " *Wplf (k) dp dg

- f 1B (prt, ke Wiglf(k) dp, (19)
with

b.(prt, ke = b.(pr, q — sp™He“* dp.
=+

5 F. Riesz and B. Sz-Nagy, Functional Analysis (Frederick Ungar
Publishing Company, New York, 1965).
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The integral over q is just the Fourier transform of &,
on the second argument, and the transformed function
b, is therefore identically zero only if b, = 0.

However, we see that if b,(p,q) has poles (as
discussed in Sec. 3) in the lower half-plane only, then
b, actually vanishes for k <0, hence E, f=0 if
S(k) =0 for k > 0. Likewise, E_f=0 if f(k) =0
for k < 0. Consequently, after the integration over ¢
we may restrict k to have either only positive values
or only negative values. The kernel given by Eq. (15)
is of the above mentioned type, since it has one pole
only, and henceforth we shall interpret the + sign in
b.(p, q) to mean that b,(p, g) has poles in the lower
half-plane only. In the case of a more general kernel
b(p, g) with poles in both half-planes we may decom-
pose it into two such simple kernels:

b(p, 9) = b(p, @) + b®(p, 9),
b(p, —q) = b®(p, @) + bP(p, 9).

For completeness we also remark that, if the kernel
of a projection operator is found by using an arbitrary
representation of U, this kernel will have poles in the
one half-plane if and only if the representation is
irreducible.

To investigate the integration over p, we note that r
and s are two independent, arbitrary parameters, so
we may write rs instead of s, thus Eq. (9) can be
written as

[Tt e wipls 0 dn
With p = ¢f and r = ¢, the integral is

f " eb (€ — m, ECE, k) dE,

-0

(20)
where

bo(& —m, k) = Bu(et ", k)™,
and

F(& k) = W f (k).

But Eq. (20) is the convolution of b.(7, k) with
F(n, k), which is identically zero if and only if the
product of the Fourier transforms of b,(#, k) and
F(n, k), say B.(«, k) and @(x, k), respectively, is
identically zero. Since b,(r,s) is assumed to be a
rational function, f,(«, k) is an analytic function of «
for each fixed k, as is seen by expanding b, (r, s)ina
partial fractions expansion and carrying out the two
transforms. Thus, for all fixed &, except for possibly a
set of measure zero, f, (x, k) does not vanish on any
interval a < « < b. Therefore, 8, @ = 0 implies
@ = 0, which further implies £ = 0 which finally
implies f(k) = 0 for all k except possibly a set of
measure Zero.
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We can now strengthen Eq. (18) and state the

Lemma: f €3 implies E, Ulr, slf = E_Ulr,s]1f =0
for all r, s, which further implies /= 0.

Define
Ry ={f(k): f(k) =0 for k <O}
R_={f(k): f(k)=0 for k >0},
then we have

:B» == :R».'_ @ :R'_,
and

R,=3@T, R =3ed.

From the definition of the subspaces §7 we see that
there is a one-to-one correspondence between any
two of them, and by Eq. (17) this correspondence is an
isometry, thus representations on these subspaces are
unitarily equivalent.

We can summarize our results as follows:

Theorem: The affine group admits, for each realiza-
tion of its elements as linear, unitary transformations
on a separable Hilbert space, two faithful, inequivalent
representations. Each of these reduces to finitely or
countably many equivalent, irreducible representa-
tions.

The number of equivalent representations will of
course depend upon the particular realization of the
elements U[p, q] as linear transformations.

6. A PARTICULAR REPRESENTATION

We now turn our attention to the particular
realization of U[p, q] given by Gel’fand and Naimark?:

Ulp, 41 (k) = "o~ (p7).
We seek the solutions to E, f = f; we carry through
the calculation in R, only, since it is identical in R_.

E,.f(k) =38 f f P+ pt — ig)
dpdq
27

=4 f " dp 54 (%)
mJo

x e p~de(p~lk)

x [T+ — i
= aie* [ e ap
0

= akde f Pe () dp.

The equation E, f = fhas one and only one solution
up to a scale factor ¢, namely f(k) = ckte®. This is
then the one and only normalized basis vector ¢, and

the corresponding subspace P = [U[p, qlg] = R,.
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7. EXTENSION TO N INDEPENDENT
DEGREES OF FREEDOM

Consider a system with N degrees of freedom,
described by 2N variables. The operators P, and B,,
where a = 1, 2, - -+ N, are defined by

[Pa > Bﬂ] = —iaaBPa >
[PasPﬂ] = [Ba!Bﬂ] = 0.
We define 2N one-parameter families of unitary oper-
ators by
Vilg.] = P, W[p,] = &'1"7aPe,
In terms of these operators the commutation relations
are

ValgdWelpa) = Velg(l — p)IW.lpalValgal,
(Valga)s Wplpsll =0 for o # B,
[Valg.1, Vp[‘]ﬂ]] = [Wa[pa]s Wﬂ[Pﬂ]] = 0.
We further define

N N
Vigl = [T Vilg.). el = [T Wilp.l,
where = =
4= {4} and p={p.}.
The elements of the 2N-parameter group are then

Ulp, q] = Ulq]W(p].

As a representation space, consider the function
space R with elements f(k), where k = {k; , k,, -+, ky}
and { |f(K)[?dk < . Now, exactly as in the case of
the two-parameter group, we can find 2V operators

N
E,= T_[ EZ,
with

B = [ 120, a0 vlaaWtpd B,
where i
ESES = E3, ESE:=
(E)' = Et,
and w is an integer between one and 2V.

The whole proof proceeds just as before, and if the
operators V,[q,] and W,[p,] are given by

Volgolf (k) = e7f (k),

Wlpf00) = bt ks, Ko PR K+ o),
we find that there are 2V inequivalent, irreducible,
faithful, unitary representations.

These representations can be numbered as follows:
Consider the sequence b, , by, * - -, by . Let b, = 0(k,)
such that 0(k,) =1 if k>0, 6(k,) =0 if k <O0.
Then we have an ordered sequence of zeros and ones
which may be read as a binary number, the identifica-
tion number for this particular representation.
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It is shown that to find Clebsch-Gordan coefficients of space groups (both single and double), the
representations of the groups of k alone are required. This is another example demonstrating the well-
accepted fact that in applications of space groups it is sufficient to know the representations of the
groups of k. Final formulas are derived that enable the calculation of the Clebsch-Gordan coefficients
from the representations of the groups of k. As ah example the spin-orbit coupling in solids is considered.

I. INTRODUCTION

In applications of group theory in physics the
problem very often arises of decomposing a direct
product of two irreducible representations into a sum
of irreducible parts. A classical example is the addition
of angular momentum in quantum mechanics. In the
theory of solid-state physics such a decomposition is
required in defining selection rules in scattering
processes in crystals.! Sometimes more detailed
information is needed, as when one has to express a
product of two wavefunctions ¢y, which are
specified according to irreducible representations of
some symmetry group, « being the index of the
representation and 7 of the row, by means of functions
y{” that undergo transformations according to
irreducible representations of the same group. The
elements of the matrix that gives the connection
between W @p{# and " are called the Clebsch—
Gordan coefficients. These coefficients are of general
interest for each specific symmetry group. For example,
they are of very great use for the three-dimensional
rotation group and different kinds of SU groups.

In solids the symmetry groups are space groups,
and this paper deals with the question of finding the
Clebsch-Gordan coefficients for them. The method
used is one developed by Koster? for finite groups.
It is shown that the finding of Clebsch-Gordan
coefficients for space groups can be reduced to formulas
containing only the representations of groups of the
vector k. A similar result was obtained before, for
the decomposition of direct products of representa-
tions of space groups when one is interested in
selection rules in crystals.?

As an example, it is shown how the Clebsch~

* Based on a thesis submitted by D. B. Litvin to the Graduate
School of the Technion—Israel Institute of Technology, in partial
fulfilment of the requirements for the degree of Master of Science,
January 1967.

1 E. J. Elliott and R. Loudon, J. Phys. Chem. Solids 15, 146
(1960).

2 G. F. Koster, Phys. Rev. 109, 227 (1958).

3 J. Zak, J. Math. Phys. 3, 1278 (1962).

Gordan coefficients are obtained for the spin-orbit
coupling in solids.

II. GENERAL FORMALISM

Any space group G can be decomposed for a
specific k, a vector in the first Brillouin zone, into ¢
left cosets

G = (x| AKX + (ailAl)'K’+“°
+ (s | A DK,

where (x| Ag) = (¢ | 0) is the unit element and X,
the little group of the vector k, is the set of elements
{(8 | B)} with the property that fk = kor fk = k + K
where K is a lattice vector of k space. We will denote
these two relations by Sk == k. The set of elements
{(o; | A,)}, the representing elements, has the property
that o,k = k, where k; % k. The ¢q vectors k,, ie,
ko =k, Kk, -, k., form the star of the vector k
denoted by S;.
The elements of G can be written as

(@A) = (| v(® + a) = (¢ | a)(x | v()),

where a is a primitive translation and v(«) is either
Zero or a nonprimitive translation associated with the
operator . We note that v(e) = 0.

An irreducible representation of the space group G
is characterized by the vector k and its star, and the
irreducible representation of the group of the vector
k. We denote an irreducible representation of the
space group G by D7., where k* denotes the specific
vector k in the Brillouin zone and its star, and r
denotes the irreducible representation of the group
of the vector k. The irreducible representation Df,
is a n = dg dimensional irreducible representation,
g is the number of vectors in the star of k, and 4
the dimension of the rth irreducible representation of
the little group of the vector k.

We take the irreducible representation of G in the
standard form, i.e., the representation of the elements
of the invariant subgroup of translations is of the
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following form?*:

e—ik-a 'y
-—ikl'aI

D;t[el a] =
e—ikq_yal

The unit matrix 7 is of dimension d. For a general
element D7, (G) is divided into blocks of dimension 4.
There will be ¢ rows and columns of blocks. We say
then that D;.(G) has n = dgq rows (columns) and ¢
block rows (block columns).

The futh block of D7.(G), denoted by Di.,,(G),
is nonzero, when for all a

eiak‘pa — ezagk-av

We have for this nonzero block of dimension 4:

D;'Gu[a I v(oc) + a] = D;[ﬁo,‘ | v(ﬂf)u) + bﬂu]’ (1)
where DBy, | v(B,,) + bg,] is the d-dimensional
irreducible representation of the little group of the
vector k and (B, | v(Bs,) + bs,) is found from the
relation
(| w(@) + a)(x, | v(x,) + a,)

= (% | v(ag) + ao)(ﬂau I V(ﬂoy) + bau)- @

Hence (o, | v(x,) + a,) and (%, | v(o) + a,) are the
representing elements, such that «k =k, and
agk = Kkq; we assume thata, = a, = 0.

Defining the nonprimitive translation associated
with 8, as

v(B,,) = ag(av(x,) + v(d) — v(d,)),
we derive from Eq. (2) that

€)

aox, = ogPy,
and

bg“ = 0(9—13. (4)
Rewriting Eq. (1) and using Eq. (4), we have for the
nonzero blocks of Dj.

Die oo | v(@) + a] = DB, | W(Boy) + a5al
= e~ D}[B4, | (Bs)],  (5)
where 8y, and v(f,,) are given by Eqgs. (3) and (4),
respectively.

If the direct product of two irreducible representa-
tions of the space group G is reducible, we have

. . o
Die X Dijs = 3 CppDimoe,

mn

4 G. F. Koster, Space Groups and their Representations (Academic
Press Inc., New York, 1957).
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where ¢,,, is the number of times the irreducible
representation appears in the reduced form.
We calculate c,,, from

1 " i
Con = — 2 XIH(G)XL(G)Xm0(G),
gh'a

where X3.(G) is the character of DL.(G), and gh is
the order of the space group G; A is the order of the
invariant subgroup of translations T, and g the order
of the factor group G/T.

The direct product is put into reduced form by a
similarity transformation using a unitary matrix U:

~irpr, r a7 — (reduced form of the)
UTDp» X DU = ( direct product

We assume that the irreducible representation Djt..,
a n" = ¢"d” dimensional representation, appears ¢
times in the reduced form. (In general the dimension
of Di»’, is denoted as n,,, = ¢/, d,and its multiplicity
in the reduced form as c,,,; when referring to DjL.,
for typographical reasons only, we will drop the
indexes m and n from the dimensionality and multi-
plicity.) If these are the first irreducible representations
in the reduced form, i.e., the first irreducible rep-
resentations along the diagonal of the reduced form,
then the first cg"d” columns of U are calculated from

the equation?
© 3 IDIE) X DALl DO
= UperUnp + Uniararsrin Untararssn
+ Um(2d”q"+i”) U:(2d"¢1"+7’”)
(6)
This gives the elements of the first cg”d” columns of
U in terms of the known quantities
d'q"
gh
We also know that

+ Um([c—-l]d"a"+i") Un([c—l]d”q"+j") '

g [Di#(G) X Dys(G)lmal Dite(G))ivo-

[Di(G) X DEr(G)]ny = Dix(G)y; Di*(G)s s

where m and n are used as an abbreviation for the
double indices (i,i) and (j,j’), respectively. The
possible values of the indices are as follows:

mn=1,2,---,qdq'd,
i,j= 1,2,‘ o ’qd,

i,’j’ = ls 2: tte ’q'd,9

i”,j” = 1’2, « e ’q”d”.

gd is the dimension of the irreducible representation
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Dia, g'd’ of Dy, ¢"d" of Dit., and gdg'd’ of the
direct product Dju« X Dj..

Let us introduce a new indexation which will show
clearly the division of the irreducible representations
into blocks. Dj. is a gd-dimensional irreducible
representation which is divided into ¢ X g blocks of
dimension d X d. Let 0 be the index of the block rows,
and u be the index of the block columns. A specific
block of Di. is denoted by (6, u), the intersection of
the Oth block row and the uth block column.

The ith row of Dj. can be denoted as the #th row
of the Oth block row, and the jth column denoted as
the nth column of the uth block column, that is,

i=60d+ 7,
J=pd+m,

0,11'—‘-0,1,"',4'—1,
)]

Using this indexation, the (i, /)th element of D, is
denoted as the (6d + 7)(ud + m)th element. It is the
(nm)th element of the (Gu)th block of Di.. The rows
and columns of Dj.. and Dju. are denoted in 2
similar manner.

Recalling that G = {(« | v(«) + a)} and using Egs.
(1) and (5), we can write

nr=1,2,+,d

D;‘(G)(0d+n)(ud+v)
= e~ **DifB,, | v(Bo)10(eet, — %ef,)- (8)

The (Bu)th block of DI.(G) is nonzero only if «
fulfills the condition written in the delta function.
Two similar expressions can be written for elements
of the irreducible representations Dj.. and Dj...

Using the new indexation, and writing the sum on
the elements of the space group G as

G (e]|a) (alv(a)
we then rewrite Eq. (6) in the following form:

1 T &
= ¥ etok o en EL S Dy, | WBowe
h et g (ajvlan

, ” *
X D;’[ﬂé’u' l v(ﬂo"u’)]q'wr’D;:”[ﬁ:”u" I v(ﬂ:"[l")]ﬂ"ﬂ"
X 6(“'“;4 - aOﬁOu)
X (ol — oy B )O(tl — gy
*
= U(0d+n;0'd'+n’)(0”d”+n")U(ud+r;u'd'+1r')(u"a”+ar")
+ 0+ Utparnorarn)te-110ma"+67am+n")

)

The basis functions of the irreducible representation
Dy, are ko, and transform under elements of the
space group as follows:

(x| A)yko = “Z Di+[oe | Aluarmroarmyre.  (10)

*
X U(ud+wm'd’+zr')([c~1]d"a"+u"d”+w")'

D. B. LITVIN AND J. ZAK

The functions 1/:1‘,, 6 = 0, form the basis functions of
the irreducible representation Dj of the little group
X. The functions o are related to the functions vk

by the following relation?:

"P];o = (o I "’(“o))’/’:, 11

where (|ay V(xp)) are the representing elements of the
group G. Similar relations hold for the basis functions
ys@ and yki'e" of the irreducible representations Df..
and Dy .., respectively.

The basis functions of the direct product are ko
¥y . The elements of U give the coefficients of the
linear combinations of these functions, which form
the basis functions of the ¢ irreducible representations
Dy, appearing in the reduced form, that s, )

g Ko Kot
Yy O = ; U(9d+n;0’a’+n')(za"a"+0"d"+q")'l’na'l’u’o , (12)

’

kL

where | =0,1,---,c— 1.

The columns of U calculated in Eq. (9) can be
shown to be divided into blocks. The cg"d” columns
are divided into sections, and each section divided
into g¢” x ¢" blocks of dimension dd’ x d”. A specific
block is denoted by (86")(lg" + 6"), the (66")(6")th
block of the /th section.

Equation (9) facilitates the calculation of the set of
¢ blocks (60)(g" +6"), I=0,1,--+,c—1, for
each trio of values of 8, 6’, and 6”. Once we have chosen
a specific trio we may perform the first sum in the
equation, for

1

h <

0 if ky+Kkp —ky,#0
1 if kg + ko — Ky, =0
(13)

By choosing in Eq. (9) the indices up'u” and
nm'n", equal to 060" and 7nn’y", respectively, and
using Eq. (13), one finds that sums of the squares of
elements of the (06")(/g" + 6")th blocks are equal to
zero if K, + ki — k;,, # 0. Consequently, the ele-
ments of the blocks for which ko + ki — kj,. 30
are zero. In the following we assume that k, + kj —
kj,. = 0. We also note that in the second sum of
Eq. (9) we do not have to sum over all «, but only
over those that simultaneously fulfill the three delta
conditions.

Let us begin by calculating the first block column
of each section, that is, the (66)(Ig")th blocks, where
we have taken 0” = 0. We first choose 0 = 0" = 0" =
0 and calculate the (00)(/g")th blocks, using Eq. (9.)

We have assumed that k + k' — k] = 0, where k
is the first vector of the star of k, k’ the first vector of
the star of k', and kj , the first vector of the star of kj .

e““‘O'*'k'a"kl”gu)" _
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In our notation we have

ky=k, oy=c¢;

ke =k, og=c¢€;

ki, =kj, af=c
We choose u = u' = p” =0 and with this choice,
the three delta conditions in Eq. (9) are

a=p8 a=p, a=4".

Let us denote the elements of G which simulta-
neously fulfill the three delta conditions by §. We

have then: )
By =8y n {7y N {7} (14)

The set of elements {8} is the intersection of the point
groups associated with the three little groups X, X',
and X"

To find the elements B the following remark is
useful. One can define the direct product of two stars,
Sy x Sy, the star S, of the vector k times the star
S, of the vector k' as the aggregate of all vectors
formed by adding vectorally one vector of the star of k
and one vector of the star of k'.5 One may write

Sk X Skr = z SmSkmﬂ,
m

where ¢, is the number of times the star Sy , appears
in the direct product S, x S,.. Two types of stars
appear in the reduced form of the direct product of
the two stars. If €,, = 1 we speak of Sy . as a star of
the first kind, and if €,, > 1, as a star of the second
kind.

It is clear that the elements of G which simulta-
neously leave the vectors k and k' invariant also leave
k; invariant. Now, if S, . is a star of the first kind,
then the point group {#"} contains only these elements,
and relation (11) reduces to

{8y = ). (15)
However, if S, - is a star of the second kind, then
{B"} contains additional elements that, while leaving
k] invariant, do not leave k and k' invariant. Relation
(11) reduces in this case to (see Appendix A):

{8y =By N} (16)
We are now in a position to use Eq. (9) to calculate
the (00)(/g") blocks; this equation becomes

L0 3, DB MO | Pl DETA [

= U('m')(}]") U(rnr’)(n'”) + U(nn’)(d"a"+n")U(nr’)(d"a"+1r")
t 3
4 U(qn’)([c——l]d"a”+n")U(rr’)([c—lld"a"-f-’l")’ a7
where the elements {f} are given by Eq. (12) or (13).

5 J. L. Birman, Phys. Rev. 127, 1093 (1962).
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If the irreducible representation Dl"ll',. appears only
once in the reduced form of the direct product, i.e.,
¢ =1 then to calculate the (00)(0)th block of the
q"d" columns of U associated with D'lﬂ. we use Eq. (17)
for the case ¢ = 1. The right-hand s1de of (17) is then

Uty Uleanan - (18)
According to Koster! one finds specific values of
mr'w” and nn'n” such that the left-hand side of
Eq. (17) is nonzero, and then holds ##'#" to these
specific values and lets %%'%n” run over their possible
values. For each trio of values of %#n'%n" one uses
Eq. (17) with Eq. (18) to calculate U\, Uthryianys
and thereby one derives dd’'d” equations for the dd'd”
elements of the (00)(0)th block of the columns of the
matrix U. The general case for an arbitrary c is
obtained in a similar manner.?

Now we find the other blocks in the first block
columns of each section, the (60")(lg")th blocks, for
which ky + ki, — kj == 0.

At the beginning of this section, the space group G
was divided for a chosen vector k into g left cosets.
The vector k defined the aggregate of vectors ¢k = kg,
the star of the vector k. If we were to choose any
other of the vectors k, we could again divide the space
group G into q left cosets and define the star of the
vector kg . The stars of the vectors k and k, are iden-
tical, the star is defined by giving any one of itswectors;
but the division of the space group G is in general
different.

We redefine the first star by the vector k, instead
of k, and define the little group of the vector kg.
The functions yke, for the specific 8, form the basis
functions of Dj,, the irreducible representation of the
little group of the vector k,. The second star is
redefined by k. instead of k', and the star of the
vector k; remains defined by the vector k; .

The irreducible representation D;tl",. again appears
¢ times in the reduced form of the direct product of the
irreducible representations in the redefinition. To
solve for the (66")(/g")th blocks of U is equivalent to
finding the (00)(/g")th blocks of the matrix U, which
reduces the direct product of the irreducible representa-
tions in the redefinition (see Appendix B).

(19)

Unmraerar+ny = Utoasno armraearsn
holds for all values of the indexes %, %', %", and L

¢ If Sk,,” is defined by k 4+ k" — ki, = 0 and is a star of the first
kind, then the (00)(/g")th blocks are the only nonzero blocks of the
first block columns. If Sk,,” is a star of the second kind, thenadditional
nonzero blocks, (60")(lg” )for which kg 4+ kg — k;, = 0,areingeneral
such that @ = 0'.
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Following steps (1) to (17) we have in our redefini-
tion

";g' 3 Dib| v
o[ | VBl w DIZIB | vBlyrar

= (7(11'1’)("") U(rn’)(r”) + U(nn’)(d”q”+n”) U(rnr’)(d"q”+n’")
- 7%
+ -+ Uprte—riaver+n UGeyqe—n1aramsan - (20)
If the star of the vector k; is of the first kind, then
{8} = {8")
and if of the second kind,

{B} = {xeboia"} N {ogB'ug”™}. ()]

Again, by finding specific values of #='n" such that
the left-hand side of Eq. (20) is nonzero, the number
of trios of nn’n” depending on the value of ¢, we find
the elements of the (00)(/g") blocks of U, and therefore
by Eq. (19) the (86)(lg") blocks of U.

We have shown a method to calculate the blocks
in the first block column of each section, i.e., the
(06')(lg")th blocks, 8" =0, for which kg + kj —
k; = 0. In both Eqgs. (17) and (20) it is necessary to
know only the irreducible representations of the

factor group X/T, X'/T, and X'/T, where T is the-

invariant subgroup of translations.

Instead of using Eq. (9) to calculate the remaining
nonzero blocks of elements, it is advantageous to
review the structure of the basis functions of irreduc-
ible representations of space groups. Using properties
of this structure we derive an alternative method to
calculate the remaining blocks.

For the sake of simplicity we con31der only the
first of the ¢ sections which we are calculating. The
results are, of course, applicable to every section.

The basis functions of the direct product are
ykoyks'. The elements of U give the coefficients of the
linear combinations of these functions which form the
basis functions of the irreducible representation D'x.. ;
we rewrite Eq. (12) by

"= kg, k'g:
1/’,," v = % U(0d+n:9’d’+n')(0”d"+n")"/)no'/)n'a- (22)

'
The sum is not on all possible values of ¢ and §’, but
only on those values which fulfill the condition
ks + ki — ki = 0. To denote this, we replace the
sign of summation Y, with Y% 10, where k; - denotes
that 6 and 6’ take only those values for which the
condition is fulfilled.
In particular, for 8” = 0, we have
Ky
v = 020, Ueatmorasn 1o ¥ro¥n® (23)

LL
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The basis function of D'l.. must fulfill relation (11),
that is

Yt O = (g | Vg 24
For a specific 8" we have, using Eq. (22), that
kl"oﬂ
'P:"' v = Z U(ud+1r;n’d'+:r’)(0”d”+n")w:"w:’“s (25)
pp

where the values of x4 and u’ are constrained by the
condition k, + k' '1' = 0. On the other hand,

substltutmg (23) into (24), we have

Yo = ZU(WMH oy (@ | V(G pEopES . (26)

'm'
For Egs. (25) and (26) to be consistent, we must
have

lv(“ ))'/’no'/"]l‘:a
I(g o

=3 Djrlaj-
Hp'

v(ag")](ud+ﬂ)(0d+q)

L2
X Dixlag. | Woe)wa ranwasan ¥ 9

kl '
= Z (Dirlog- | v(2g-)]
>< D;"[‘Xo" | v(alol”)])(ud+w,u’d’+rr’)(0d+n;0’d’+n')w:“y)r‘r",“’
27
Substituting this into (26), we have
ky"9"
Yy = Z E(D"Ed | (o))
e rm
X Dyr[og V(“z")])(udw;u'd'+w')(od+n;9'd'+n')

X Utpgrnoa-smo Vet ver's
and comparing this to Eq. (25), we see that

U(ud+1r:u’d’+u’)(0”d"+n")
1
= 3 (Djrlog- | v(o)]
60’

m’
X D;:'[ag" | v(a'g")])(u:l+1r;u’d'+r')(0d+ﬂ)(9’d’+11')
X Uaimea+nrom - (28)
By this important relation the (8’d" 4 %")th
column of elements is related to the elements of the
(n")th column. Once the elements of the first block
column are known, the remaining elements of the
section are calculated using Eq. (28).
In the general case when Dji.. appears ¢ times in the
reduced form of the direct product, we can generalize
Eq. (28) as

U("d_”m,d,_”,,(ld,,q,,+a,,d,,+’,.,)
Ky
= (Dir[og | v(ag)]
74

m’

r " ”
X Diglogs | V(%9) Diparriwrar+ar0a+msa+en
X Ugaymorar+n)iaa"+n" -

(29)
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Once the first block column of each section has been
calculated, the remaining elements of each section
are derived, using Eq. (29), and thus the first ¢q"d”
columns of U are calculated.

If the c¢ irreducible representations D,fcii. are not
the only irreducible representations appearing in the
reduced form of the direct product Dj. X Dj.,
then there is a second one, Di*.., that appears c,,,
times. We assume these are the c,,, irreducible repre-
sentations following the ¢ irreducible representations
Dii.,. The dimension of Di.. is n,, =g, d,. We
divide the C,,,q..d, columns of U followmg the cq"d”
columns previously calculated into blocks of dimension
dd’ x d, and c,,, sections. The elements of the blocks
of these c,,,, sections are calculated in the same manner
as the blocks of the ¢ sections of the first cd”¢” column
of U.

If there are additional irreducible representations
appearing in the reduced form, we repeat the above
procedure until we have exhausted all the irreducible
representations that appear in the reduced form of the
direct product Dj. X Dj..

Thus we have obtained a method to calculate the
elements of the matrix U, the Clebsch-Gordan
coefficients: with each irreducible representation
Dy, that appears ¢,,, times in the reduced form of
the direct product D}, X DZ.., we associate C,,d.q.
columns of U. These columns are divided into blocks
of dimension dd’ x d, and into c,,, sections. The
nonzero blocks (80')(lg,, + 6”) must fulfill the
condition ke + ko — k. = 0. The nonzero blocks
in the first block column of each section are calculated,
using Eq. (17) or (20); and finally, the elements of
the remaining nonzero blocks are calculated, using
Eq. (29). In the calculation of the Clebsch-Gordan
coefficients it is not necessary to know the irreducible
representations of the space group G. In both Egs.
(17) and (20) only the irreducible representations of
the factor groups X/T, X'/T, and J"/T enter into the
calculations.

So far the formalism is quite general, applicable also
for nonsymmorphic space groups on the boundary of
the Brillouin zone. There are, however, simplifications
for symmorphic groups and nonsymmorphic groups
in the interior of the Brillouin zone.

Equation (5) for nonsymmorphic groups in the
interior of the Brillouin zone may be written as

Disg 0| w(@) + 2] = e~ Paue=kear(g, ), (30)
where we have used

D;[ﬁou l “(ﬂay)] = e_ik'\'(ﬁo”)r;(ﬂo‘z)'
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I'; is an irreducible representation of the point group
associated with the factor group X/T.

In subsequent calculations, for each irreducible
representation whose vector Kk is in the interior of the
Brillouin zone, instead of

Di[B [ v(B),s »

ik V(ﬁ)l'\r(ﬂ)
nw e
In the case where all three vectors k, k', and k”
are in the interior of the Brillouin zone, the left-hand
side of Eq. (17) will read
a9
g BIvien

we write

e—i(k+k’—km")-v(/§)l"}7c‘(13‘)
nr

B TN
V()W o)

(3D
This can further be simplified by noting that

1 if k+k —k’, =0,
_iK.v(ﬁ) lf k+k1_kflrn=K’

where K is a reciprocal lattice vector.
Therefore Eq. (31) becomes

dl/q/l

e—i(k+k’—k,,.”)-v(ﬁ) =
e

=3 LB Lo By TieBbes (32)
ifk+k'— k], =0,o0r
dll ” _i - " N r' - - " n
£L 5 e ®OruR), TLB) e DBk, (33)
g (Blv(B))
ifk +k — k! =K.

In the same manner, the left-hand side of (20)
becomes

d// ” . " R s
4 e 3 T BnlL, B T B (9
ifk+k'— m=0,or
d/l " _Z v , ,
L s O (B, Tr Bye TiBkrr, (39)
14 (ﬂlv(ﬁ))
ifk + kK —k, =K.

For symmorphic groups we know that v(x) =0
for all «. Equation (30) then reads

Di., [] a] = e %o*TL(B,,),
and denoting (B | 0) simply as (B), the left-hand side
of (17) reads

"""" S UOTE B T Bl 6)

The left-hand side of Eq. (20) for symmorphic
groups becomes

drr ” " s
£9 zr 00 W N O ) wIRSR 7))
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We see, therefore, that for symmorphic groups and
nonsymmorphic groups in the interior of the Brillouin
zone, the Clebsch—Gordan coefficients of space
groups can be obtained using only the irreducible
representations of point groups.

In conclusion of this section let us note that the
formalism developed here is applicable to both single
and double space groups.

II, SPIN-ORBIT COUPLING

As an example of the application of the general
theory developed in the previous section, let us treat
the spin-orbit coupling in solids. Although the
group-theoretical aspects of this problem have been
considered before,’ it is worthwhile to give an approach
to it from the point of view of Clebsch~Gordan
coefficients of the whole space group, which is the
subject of this paper.

The Schrodinger equation of an electron moving in
a crystal with a periodic potential ¥ is

P2
I:— + V:lzp = ey,
2m

(38)

The potential ¥ has both the point and translation
symmetry of the lattice, and the symmetry of the
space group G associated with the lattice.

The Schrédinger equation when spin-orbit inter-
action is taken into account is’

h
4m?c*
where o are the Pauli-spin matrices. With the inclusion
of spin, the symmetry group of the Hamiltonian is G,
the double group’ of G.

Consider now the problem that arises when one has
to find the eigenfunctions of Eq. (39) in the lowest
order of perturbation theory. Let us denote by y;°
the orbital eigenfunctions of Eq. (38), and by %)
the spin function of the electron. The superscript
k' = 0 of 9% is a consequence of the fact that spin
functions are invariant under translations. The
functions y}° and . can be looked upon as belonging
to bases of irreducible representations of the double
space group G. Assume that the orbital function
transforms according to a representation DL.(G).
The spin function 9 undergoes a transformation
according to D}(G). In the lowest order of perturba-
tion theory the eigenfunctions ® of Eq. (39), say yi¢’,
are linear combinations of the products w:ongl.
The correct eigenfunctions ¢% of Eq. (39) in the
lowest order of perturbation theory are those linear

2
[L+V+

- (VV x P)- c:l(b — EO, (39)

? R. J. Elliott, Phys. Rev. 96, 280 (1954).
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combinations of w:wf’,l that transform according to
irreducible representations of G. The problem of
finding the correct ;¢ is therefore the reduction of
direct products which was worked out in the previous
section of this paper.

The functions y}oy?. form the basis of the direct
product representation DZ.(G) x D}(G). Di. being
an irreducible representation of the group G is also an
irreducible representation of the double group G. If
the direct product is irreducible, the spin-orbit inter-
action causes no splitting, and eigenfunctions yje" are
equal to the product functions yhoyd,. If the direct
product is reducible, then

D}+(G) x D¥G) = 3 ¢, DF(G). (40)

Since k' = 0, the only star appearing in the reduced
form is the star of the vector k.
¢, is calculated from

1 , o
en = — 3 Xe(OXYOXFE(G)*,
2gh

where gh is the order of the single group G, A being the
order of the invariant subgroup of translations T,
and g the order of the factor group G/T. Following
Zak?®-8, this reduces to

=2 3 HO|vOIXI@E V| WO, @)
2g 3lv(a)
where X3(9) is the character of D}(d), £7[0 | v(8)] is the
character of Di(d | v(9)), and &+ [8 | v(9)] is the char-
acter of D" [6 | v(9)]; ¢ is the number of vectors in S,
the star of the vector k. All the representations in
Eqgs. (40) and (41) are now representations of double
space groups.
It is known? that
¥ = -Dk®

X3 = -xi), (42)
where § is the “barred” element of the double group.
Since DI.(G) is an irreducible representation of the
single group as well, one has

DB | w()] = DB | v(B)]
8| B = EIB| v (43)

This being the case, to obtain a nonzero c, it is
necessary that the irreducible representation Dz (G)
be such that

DB w(B)] = ~ D' [B] v(B)l,
o[ w(B)] = — & [8] B

8 J. Zak, Phys. Rev. 151, 464 (1966).

and

and

and
(44)
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By dividing the sum in Eq. (41) into two, the sum
on the elements [ | v(B)] and the sum on the elements
[8 ] v(®)] [both of which are equal by Egs. (42), (43),
and (44)], Eq. (41) reduces to

=23 gip| waIXEBE 18 VB @9)
g BV

Now let us use the results obtained in the preceding
sections: The blocks of U are denoted by (6)(lg + 0");
since D}(G) is not divided into blocks we have dropped
the index 6. The only nonzero blocks are those for
which 6 = 8", To calculate the (0)(/9)th blocks we
use Eq. (17), the left-hand side of this equation

being in our case

9 5 DI | w3)lye DE@)y s DI 18 | YOy
2g (s{van

Using Eqs. (42), (43), and (44), this becomes

d/t , o
L5 DYIB | Bl D3 DE I8 | V() (46)
g Blvpn

To calculate the remaining nonzero blocks we use
Egs. (10), (11), (27), and (28):

3
Uasnnoarsnn = Dg(af?)ﬂ'lU(n’x)(n") + Dg(2%9)yr2U g2y oy -
47

For an irreducible representation Dfz" appearing c,,
times in the reduced form of the direct produce, Eq.
(47) is used to calculate the (0)(/g)th blocks, and the
remaining nonzero blocks, the (6)(lg + 6)th blocks,
are calculated, using Eq. (48). This process is repeated
for all irreducible representations appearing in the
reduced form, and thus we calculate the matrix U,
which reduces the direct product DZ.(G) x D}(G).

As mentioned before, the eigenfunctions ® of Eq.
(39), in the lowest order of perturbation theory, are
the functions which form the basis functions of one of
the ¢, irreducible representations Dz which appear
in the reduced form of the direct product. The gd’
columns of U corresponding to this irreducible
representation give the linear combinations of the
product functions yyoy?. which form these functions,
that is,

ko Ko, 0
Y = E U(0d+n:n')(lqd,."+o"d,,"+r,")'l’q Yy s
m’

where [ =0,1,---,¢, — 1.

The method as given above is quite general,
applicable for symmorphic and nonsymmorphic
space groups with k on the boundary of or in the
interior of the Brillouin zone. But for symmorphic
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groups and for nonsymmorphic groups within the
interior of the Brillouin zone Egs. (45) and (46) can
be appreciatively simplified, using the results obtained
in the previous section.

For symmorphic groups and nonsymmorphic
groups with k in the interior of the Brillouin zone,
Eq. (45) reduces to

cn =23 HOXOR B, (“8)
where £[(f) is the character of I';(8), the irreducible
representation of the point group formed by the set of
elements {(B | 0)}.

It can be verified by inspection of the character
tables of the point groups,® that for any point group
excepting C, and C;, ¢, is either one or zero. For the
point groups C; and C;, ¢, is either two or zero.
Equation (17) will thus become [we have used Eq. (46)
and dropped d"]

i%F;'c‘(ﬂ),,,D(?(ﬂ),,f,fl‘i""(ﬂ)* = U Ubeanan (49)

for all point groups excepting C, and C;. For these
two latter point groups the right-hand side is
replaced by

sk *
U(rm’)(n") U(mr’)(rr”) + U(r;n’)(d”q+n”) U(1r1r')(d"q+1r”) .

In either case the sum is on the point group {(f I 0)},
the point group associated with the group of the
vector k, since the nonprimitive translations take no
part in the calculation.

We see then that only for nonsymmorphic space
groups with k on the boundary of the Brillouin zone
do the nonprimitive translations enter into the
calculations. For symmorphic groups and non-
symmorphic groups in the interior of the Brillouin
zone only the properties of the irreducible representa-
tions of the point group enter into the calculation.

Finally, let us point our that the matrix U is
completely determined by a matrix that reduces the
direct product of representations of point groups.
Indeed, we use Eq. (48) to calculate the number of
times the irreducible representation D7z'(G) appears
in the reduced form of the direct product Di.(G) x
D}(G). Equation (48) is also the equation neces-
sary to calculate the number of times the irre-
ducible representation I'73'(8) appears in the reduced
form of the direct product I';(8) x D%(ﬂ). In addi-
tion, since g/g is the order of the point group

® G. F. Koster, J. O. Dimmock, R. G. Wheeler, and H. Statz,
Properties of the Thirty-two Point Groups (Massachusetts Institute
of Technology Press, Cambridge, Mass., 1963).
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{8 | 0)}, Eq. (49) is also the equation for the elements
of the section associated with the irreducible represen-
tation I'""(8) of the unitary matrix ¥, which reduces
the direct product I'(8) x D¥(B). Therefore, each
section of ¥ associated with the irreducible represen-
tation I'7*'(8) of the point group is the (0)(0)th block
of the section of U association with D% (G). The cal-
culation of the unitary matrix V is a strictly point-group
problem.

If Dg(ﬂ) is an irreducible representation of the point
group {(8|0)}, Ti(®) x D§(B) is then the direct
product of two irreducible representations of the
point group, and the matrix is known.® When D§(8)
is irreducible,’® by inspection of the character tables
of the thirty-two point groups one finds that I';(5)
is a one-dimensional representation, and the matrix ¥
is then a two-dimensional unit matrix. In both cases
then the (0)(0)th block of each section of Uis known.
The remaining nonzero blocks of each section of U
are calculated using Eq. (47). Once U has been calcu-
lated, the eigenfunctions y}? of Eq. (39) can be
calculated.

APPENDIX A

Here we show that when S, - is a star of the first
or second kind, Eq. (14) reduces to Eq. (15) or (16),
respectively.

If A is an element such that

A< {8y n{B}

then from k + k" = k;, we have by multiplying from
the left by 4

Ak + k') = Ak,

Ak + Ak = K",

k + k' = k],
k! =k .
Therefore
A< {8}
and

{8y N {p'} < {8}
If A is an element such that
A< {87}

then from k + k' = k], again multiplying from the
left by 4,

(AD)

Ak + Ak’ = Jk”,,

A+ K =K. (A2)

10 Dg(ﬁ) is a reducible representation for the point groups C,, C;,
Cs, Cys Caps €45 Sqs Cap» Cs» C34, Cq, Cup, and Cyy; itis an irreduc-
ible representation for the remainder of the point groups.
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We have either
Ak # Kk,
&' # K,
or (A3)
Ak ==k,
K =K.
[We cannot have
k=k
& #K
for inserting this into (A2) we would have
k + ik’ = k;,,
k+A&k=k+K,
K =k,
which is a contradiction.]
We will then have, either
ko + kj = K,
or
k + k' = ik,
where Ak = kq and Ak’ = kg, .

For k”, which belongs to a star of the first kind, the
first possibility in (A3) is forbidden by definition of a
star of the first kind; the star S, . and consequently
the vector k;, defined by k + k' = k;, appears only
once in the direct product S, X S,.. Therefore we
have for stars of the first kind

k + k' =k,
This means that

A< {0 {f}

{8y <= {8 N {B} (A49)
From Eqs. (A1) and (A4) we have for stars of the

first kind
{8} = {8} N {87}
and therefore Eq. (14) reduces to
{8y = {8 (AS5)
For stars of the second kind, (A4) is not applicable,
and using only (A2), Eq. (14) becomes
B =8 n B}

APPENDIX B

Here we prove Eq. (19), that is, by redefining the
stars Sy and S, by the vectors k, and k., respectively,
the (00)(/g")th block of U, the unitary matrix that
reduces the direct D} +(G) x Dy _+(G), is equal to the
(06")(lg")th block of the unitary matrix U, which
reduces the direct product Di.(G) X Di.«(G).

and therefore

(A6)
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Let V be the unitary transformation that reorders
the basis functions of D7.(G) to form the basis
functions of D,'cg.(G). We have

ko
Y

Vo ke , (B1)

where the new basis is some permutation of the old
basis with the functions ¢ in the top position.

Equation (B1) implies that the structure of V is of
the following form:

0 ", 0
E : (B2)

where the large center zero denotes the 0th block
column. The irreducible representation D;.(G) in the
new basis is

VDGV = Dj,.(G). (B3)

In the same manner we define a unitary matrix W,
which transforms the irreducible representation
Dy.(G) into D _+(G).

U is defined as the unitary matrix which reduces the
direct product D} +(G) X Dy, »(G), that is,

U7'[D;*(G) x D, *(G)1U = (reduced form). (B4)
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Using Eq. (B3) and the comparable relation for
D,’c',o,*(G), we see that the left-hand side of the (B4)

can be written as
U7V D(G)V 7 x WDL+(G)WU

= UV x WDV x W)T.
Using this and the definition of (B4) becomes
UV x W)U (reduced form) U1(V x W)U

= (reduced form).

Therefore
UV x WU=1
and (B5)
U=V x WU.

We now use (B5) to calculate an element of the
(00)(lg")th block of the first cq"d” column of U:

ﬁ(ﬂn’)(la”d”+n") = 2 V(n)(ad+b)W(n')(a'd'+b')
‘;‘;,
X Uarvwasoraeasn - (B6)
From the structure of ¥V and W we have

I/(rl)(ad+b) = 6(0 - 0)6(77 - b)’
Warraa+v) = 8(0" — a’)o(n' — b'),
and inserting this into (B6), we have
U(nn’)(lq”d"+q”) = E U(ad+b;a’d’+b’)(lq"d"+r]")

aa
vb’

X 0(8 — a)d(n — b)o(8" — a')o(n' — b')
and

U(m:’)(la"d"+n”) = U(9d+n;0’d’+n’)(lq”d"+'1") .

This last relation is Eq. (19).
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Instantaneous action-at-a-distance relativistic particle dynamics, embraced in Newtonian-like equa-
tions of motion ¥; = F;(y;, y;) with suitable F’s, is examined in once-integrated or “kinematical” form
s = fi(u, V) with V; a set of first integrals transforming as velocities. The Lorentz covariance require-
ments on f; are worked out and illustrative examples are given, including a family of many-valued ones.
A general meaning for integrals of ¥, = F; being in involutjon is adduced, and general counterparts to
some well-known theorems in Hamiltonian dynamics are obtained accordingly. A novel elementary

proof of the zero-interaction theorem is appended.

L. INTRODUCTION

The study of the motions of interacting relativistic
particles has been built up since Maxwell’s time
from field theoretical ideas entailing simultaneously
the description of the behavior of the mediating fields
and their sources. The mathematical complications
and physical inconsistencies of this scheme are well
known. Effectively, no problem has been satisfactorily
solved within it and no clear idea as to how relativistic
orbits are made up has come forth from it.

In recent times the matter has been broached from
the still older Newtonian tradition of action-at-a-
distance. This somewhat atavistic turn had been
thought to be ruled out, because of the noncovariance
of simultaneity and because of the finiteness of
propagation speeds of fields that can possibly couple
particles to one another. But already in 1949 Wheeler
and Feynman,! harking back to Schwartzschild and
Fokker, showed how electrodynamics could be placed
on a direct (though not instantaneous) interparticle-
interaction basis, and Dirac, Thomas, and others?
considered how to formulate a Hamiltonian theory of
directly interacting relativistic particles. In the latter,
however, world-line invariance had to be given up
with a consequent major doubt of the meaning of the
term “‘particle.” Now, Van Dam and Wigner® on the
one hand have discussed manifestly covariant but
integro-differential equations of motion of interacting
particles. On the other hand, Kerner? in a rudimentary
way for electrodynamics, and Currie® and Hill,®
generally and definitively, have shown how an

1J. A. Wheeler and R. P. Feynman, Rev. Mod. Phys. 17, 157
(1945); 21, 425 (1949).

2P. A. M. Dirac, Rev. Mod. Phys. 21, 392 (1949); L. H. Thomas
Phys. Rev. 85, 868 (1952); B. Bakamjian and L. H. Thomas, Phys.
Rev. 92, 1300 (1953); L. L. Foldy, Phys. Rev. 122, 275 (1961).

3 H. Van Dam and E. P. Wigner, Phys. Rev. 138, B1576 (1965);
142, 838 (1966).

4 E. H. Kerner, J. Math. Phys. 6, 1218 (1965).

3 D. G. Currie, Phys. Rev. 142, 817 (1966).

¢ R. N. Hill, Bull. Am. Phys. Soc. 11, 96 (1966); J. Math. Phys. 8,
201 (1967).

ordinary Newtonian format of equations of motion
(second-order equations of motion for each particle
in the single coordinate time ¢) can be entirely com-
patible with the demands of special relativity; in
particular, Hill® has shown this explicitly for inter-
actions which in a conventional sense are said to go
along light cones. Here the notion of world-line
invariance is not only preserved but made central,
and the redundancies due to the use of a proper time
for each particle are eliminated. The cost, if it is that,
is certain difficulties in putting together a Hamilton’s
principle for the dynamics, as foreshadowed in the
zero-interaction theorem of Currie, Jordan, and
Sudarshan.” But a way around* is to use the Lie-
Konigs theorem, giving up physical positions as
canonical while keeping Lorentz transformations
canonical; an essentially unique route to the Hamil-
tonian statement of relativistic particle dynamics in
this way has now been established.®

In this paper, we further pursue the discussion of
relativistic Newtonian equations of motion. We
momentarily confine ourselves for simplicity of
conception and exposition, and of results, to two
particles moving in one dimension. It will be shown
afterwards how to generalize the fundamental equa-
tions. The main question is, what restrictions on the
particle orbits are compelled by translational invari-
ance and Lorentz covariance requirements alone?
In a way, the question is more geometrical than
dynamical. It asks how to draw systems of world
lines representing particle orbits in a space-time
diagram such that the same rules applied in another
space-time frame, inertial as was the first, give
exactly the same systems of world lines. It is only by
designation of what family of parameters is used to
characterize the system of world lines that they are
reckoned as dynamical orbits. So that, for instance, if

?D. G. Currie, T. F. Jordan, and E. C. G. Sudarshan, Rev. Mod.

Phys. 35, 350 (1963).
8 R. N. Hill and E. H. Kerner, Phys. Rev. Letters 17, 1156 (1966).
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initial values of coordinates and of slopes of world
lines (initial, that is, for some inertial observer) are
chosen to mark out the system of lines, they can be
considered solutions of second-order differential
equations. Thus we obtain a4-parameter family of lines
for two particles in one dimension, which solves struc-
turally the same equations of motion for all frames.
There is no apparent reason of principle a priori why
initial-position plus initial-velocity parametrization of
orbits should be preferred over a higher-order and
richer parametrization; physical experience seems to
dictate only that the order of parametrization should
be no lower.

First, we indicate how relativistic orbits can be
discovered more directly and simply than by
constructing a relativistic dynamics and then solving
it for the orbits. A family of orbits in the one-dimen-
sional two-particle case is developed, including specific
illustrative examples. Second, we show how to extend
these considerations to many particles in three
dimensions. The main idea is to consider a set of
first integrals of equations of motion rather than
these equations themselves. In connection with this,
several classical results of Hamiltonian theory on the
relationships between symmetry transformations and
integrals of motion and between first integrals and
other integrals of motion, will be generalized for an
arbitrary dynamics. Last, in the Appendix, a new and
very simple proof of the zero-interaction theorem is
sketched, as this theorem is important enough to all
considerations of relativistic particle dynamics that it
seems worthwhile seeing its workings from all possible
sides.

II. DYNAMICS, “KINEMATICS,” ‘“GEOMETRY”’—
ONE DIMENSIONAL

In order that the dynamics o, = F; be structurally
invariant under Lorentz transformations, the neces-
sary and sufficient conditions on the “forces”
Fi(y,v1,v5), x =y — e = relative coordinate of
two particles, have been developed by Currie® and by
Hili®:

oF, o OF, 2. OF,;
(1 =y (1 — Pyt
Xv2 P ( 1) 2, ( vs) a0,

OF, _

— 4Fs ot = 30,F,,

ov,
oF, ». OF, o OF,
P (1 = )2 (1 — By 2
451 o ( ) av, ( ) v,

oF
+ xF, av—z =30,F,. (1)

1
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The velocity of light ¢ is taken as unity. These non-
linear partial differential equations are not easy to
solve. Suppose, though, that solutions have been
constructed, so that the orbits can be formally
represented from the once-integrated dynamics as

oF;
v,(1) = vy + Fi(%o, V10> Vo)t + %l:(vlo — Uy) (5;)0
+ (Flgi) + (anF‘)]t2+--- :
ov, Jo Ovy/0

where ( ), means that the enclosed quantity is eva-
Iuated using initial data y, = x(0), v, = v,(0). This
means that the motions can be thought to stem from
the first-order equations®

0))

v; = @iy, a1, %),
with «; and a, being integration constants fixed by

Vo = @(fos %1, %)

in terms of initial values. As only y,, v; enter o, we
could just as well write

3

with the restriction on f; that f(xs; %o, V10, U20) b€
identically equal to vy.

The once-integrated equations (2) are what we can
convene to call “kinematics™ in view of their being of
first order, though they carry the full dynamical con-
tents of the original equations of motion o, = F;
through their load of integration constants.

We can easily obtain, in a calculation paralleling
that of Eqgs. (1), a set of partial differential conditions
on the f; of Eq. (3) that guarantees the form invariance
v; = fi(X'; Xo» V39> Ugo) Of the kinematics under in-
finitesimal Lorentz transformations. But it is simpler
to admit for the motion a conserved energy E and
conserved momentum P that make up a four-vector,
in view of the admitted time- and space-trans-
lational invariance of the dynamics. This involves no
real loss of generality (see below) and is a physically
interesting way to state first integrals of motion. We
therefore replace Egs. (2) by

v; = ¢x, E, P), “4)

where now E, P have simple well-defined transforma-
tion properties which the general o, o, of Eq. (2)
lacked.

In the same way we can descend [as with Eq. (2)]
down to a “geometrical” construction for the orbits

v; = fi(X; Xo» V105 Vao)s

® E. P. Wigner, Progr. Theoret. Phys. (Kyoto) 11, 437 (1954),
remarks on the inappositeness of certain types of ‘kinematical”
equations for relativistic particle motions.
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by going to the twice-integrated equations of motion

% = v:(t; B> Bas Pss Bo)s
or as in Eq. (3),

X = Xio + Xi(5, %o V195 Vo)

Again, partial differential conditions on X, may be
built out of the requirement of covariance of these
equations for the orbits.

The kinematics (4), sitting half-way between the
dynamics and geometry, seem to have elements of
special simplicity. Let us conduct an infinitesimal
Lorentz transformation,5® callmg P on orbit 1
simultaneous with Q or orbit 2 in one frame, and P
simultaneous with a neighboring point Q' on orbit 2
in a neighboring frame:

vi(P) = vy(P) — o(1 — v}(P)),

1(P) — x:(Q")
= 11(P) = x(Q) + v0,(P)(x:(P) — x2(Q))
E' =E — vP,
P =P — vE,
which takes v;(P) = ¢p1(x;(P) — x:(Q@), E',P) to
v, — (L — vPo = (3, E, P)
9 _ pd% _ %
+ (xvz o - P 28 E aP)v,

(correct to first order in the infinitesimal relative v of
primed and unprimed frames) together with a similar
equation in g,. Now covariance of the “kinematics™
v; = @y, E, P) instructs that the ¢; necessarily and
sufficiently satisfy

dg dg de
2_ 1= _I_P_I_E_l’
? X s, T BE oP
dg d dp
r— 1=y, — —P2_E22 5
®s 1P P 3E 2P )

These are the simple “kinematical” counterparts to
Eq. (1). When solved we can if we wish regress back
to dynamical equations ¥; = F; through differentia-
tions and then eliminations of E and P, or else go
forward by integration to obtain orbits. By inverting
E = E(y,v,,v,) and P = P(y, vy, v,), we get these
basic integrals of motion directly in terms of primitive
variables. The nonlinear system (5) comprises a
statement on all possible differentiable laws of two-
particle one-dimensional relativistic “kinematics.”

Introducing the new variables

¢ = log x, 17=%IogP_E, {=4log(P* - EY,

P+ E
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they may be written

dg,  Op
2_ 1= g, =2 ._._l’
P ¢2a§+a
d9, a%
3 = ¢ 35+ (6)

The variable {, being a scalar invariant, has naturally
fallen away.
One of the simplest solutions is that for which ¢,
are independent of 7. Then
dpy  _ _ dgs
ol — ) ol — ¢3)
and the integration proceeds directly to
4ox’%o
o+ 1)
2 420
v, =¢; =1+ ( e

%o and « being integration constants and « + a’ =1,
Differentiation and elimination of «, y, here gives the
Lorentz covariant dynamics

(1 = o), — vy

=¢=1-

by =,
, YA T
(1= vp)(vy — v)
Uy = 2=~
X0

‘These are further discussed by Hill.1® This is a rather

special case in that the @; are independent of 7,
therefore of P/E, and P, E here are not independent
integrals of motion.

Another elementary solution is that for which
¢1 = @2 = ¢ (thenv; — v, = Oand x = const) giving
the integral ‘

X(n + tanh™ @, § — log (1 — ¢*)) =0
of the one linear partial differential equation for ¢

(X = arbitrary function).
A third is ¢, = %1, and for ¢,,
dg, | 09
2 _1=4 Zr2 + Zre2
P2 Py on
or
@, = tanh (6(§ — ) F &)

with 6 arbitrary. In what sense, if any, the particle 1
moving along a light cone can be thought of as the
“kinematical” resurrection of a massless field, cannot
be seen until the many particle case is examined in
detail.

A fourth is that coming from the assumption that
both ¢; and ¢, are functions of a linear function

1¢ R. N. Hill, J. Math. Phys. 8, 1756 (1967).
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& + yn of the independent variables. Then

1—¢§=££2¢1+7

: , Q)
l—¢; deipet+y
or
7+¢z(1+%)"
1— @ \y+ @
= rte (-———1 + %\)" (0 =Y—- 1), (8)
L — o \y+ o y+1

A being a constant of integration. More generally, if
we take @, to be a function R(¢,) of ¢, , then Eqgs. (6)
read:

fPf —-1= R(P1§ + Pry>

R*—1

i 282 + @i

or solving for ¢;;, ¢y, ,

Rgi—1D—(R*—1)

Py = - ,
N R'(R — @)
P = (R = DR — R'gp(¢i — 1)
R(R — ¢y)

The compatibility condition ¢,, = ¢,,; now produces
the ordinary equation for R,

R(R — o) (R* — 1)(¢f — 1)

x R — Ry LE3R g RE 30 3"’1} =0,
RE—1 [ |

whose first integral is just Eq. (7) and whose complete
solution is then Eq. (8). That is, the restriction that
¢, and @, have common linear arguments can be
dropped in favor of their being functions of one
another.

The integral (8) does not hold for y = +1.In these
cases, it is replaced by

(1+‘772,1_¢1)ex
l—¢ 14+ ¢

2(ps — @0
1+ @)1 £ @)

To see Eq. (8) more simply, define (1 + ¢,)/
(y + ¢1) = A,'Zi, so that

= const.

o_a a
2Z32 A,27

o‘—l—aAzzz_ g—1— 04,2,

= B(zy),

or
25 + 23 = (6 — 1)(oB)™/"“7!B,
providing the scale factor 4, is chosen according to
A} = 0A,B.
The occurrence of branches may not be without

physical interest nor may it be atypical, so that
there is a hint that the notion of “orbit” itself

RELATIVISTIC PARTICLE ORBITS
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may have to be generally understood rather differ-
ently and more broadly relativistically from what it is
classically. The many valuedness of forces in rela-
tivistic dynamics has already been otherwise noticed!
in connection with particular solutions to Eq. (1).
Through simple particular choices of 4, ¥, a number
of explicit examples of “kinematics” can be worked
out in terms of known functions.

III. GENERALIZATION

Now consider the problem of many particles in
three dimensions. In order to follow the previous line
of development, we need a set of first integrals of the
starting dynamics with known transformation prop-
erties.

Let the dynamical equations %; = F, (i=1,---,n)
be written as x, = v;, V; = F,, or collectively, y; =
fi(») with y;, - - -, y;, being the Cartesian components
of %, ,%n and Ys.1,° ", Vs, being those of
Y, ", V,, as in previous work.®1® Also writing
Yo = t, the Lorentz covariance of the dynamics can be
stated by writing an infinitesimal pure Lorentz trans-
formation as

Ve + gy,
Yo—> Yo + €go(»)
with appropriate g’s. Then,

. . . agk .. ago
-3 + ek _ -
Ye > Mx E(J’p ay,; 1437 3 p)

F) 1) + gy 2t

dyg
(sum on g from 0 to 6m) correct to first order in e,
and calling £ the operator g,0/dy; and D the operator
J39/0y, (substantial time differentiation under the
motion J, = f;) the covariance of the equations of
motion is guaranteed when the f’s satisfy

Lf; = Dgy — f3Dg,. &)
These conditions generalize in a convenient form those
like Eq. (1) relating to the special case of two particles
in one dimension. Invariance of the equations of
motion to time and space translations and spatial
rotations can be reckoned manifest when the forces
F, are taken to be time-independent three-vector
functions of relative positions y; — ¥, and velocities
V.

The existence of a set of Lorentz scalars that are
time-independent constants of motion can be seen
readily. If 6 is such a scalar, explicitly translationally
invariant through a dependence only on components

L1 E. H. Kerner, Phys. Rev. Letters 16, 667 (1966).
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%z and v, we must have
£0 =
R,-e _ 0,
Db =0,
where £;, R; are generators for infinitesimal pure
Lorentz transformations and spatial rotations about
three Cartesian - axes. The commutator (D,f)) =
DL, ~L.Dis
i 0 0
(D,£) = (Dg( ))— ~Efp) 7>
) Y5 7
or using Eq. (9),

1 a i
(D,£)) = fy(Dgt") 5= (DgMD.
Vg

of Yp — N =

(10)

(11)
In similar fashion,

(D’ Ri) = 03 (Ri ’ Rf) = Eiﬂc‘Rk’
Ei ) = —eRy,  (Ri,E) = el

Owing to these, the system of seven partial-differential
equations (10) for 6 is complete in that no new
equation can be produced from (4,,4,)0 =0,
where the A’s are any of £, R;, D. From the classical
theory'® of such systems, we know there will be
(6n — 3) — 7 =6n — 10 functionally independent
integrals depending on the 6z — 3 independent
variables (3. — Xo)i» (Vi) (onlyn — 1 of the ;. — X;
being independent); these can be referred to as
Z15" " 5 Zgp-3-

Travelling a similar path, the existence of four-
vector integrals of motion can also be shown, but it
will be simpler and more useful for our purposes to
look for three-vector integrals V transforming as
velocities. Accordingly, we ask for solutions to

£V = VV — 1,
RV = —IxV, (12)
DV =0,

again presuming V to be translationally invariant by
construction. This set, written out as A4,V, = J,;(V)
i=1,---,7;1=1, 2, 3), is in the same sense as
before, complete. Under a linear reorganization,
i ONAV, = o, or say BV, = Ky, it is easy to
see that the set remains complete. By a suitable
nonsingular choice of «, it can therefore be arranged
that B, is of the form 9/0z, + terms independent of
0/9z, , so that the system can be written as 3V,/0z, = *,
where * contains only the independent variables, the
dependent variables and derivatives (parametric
derivatives) of the latter other than 0¥;/0z,. The
system now is in normal form, being in fact of

12 A, R. Forsyth, Theory of Differential Equations (Dover Publica-
tions, Inc., New York, 1959), Vol. 5.
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Konig’s type.!2 Its completeness signifies its complete
integrability and we are therefore assured of the
existence of a family of first integrals transforming as
velocities.

As will be described below, based on the fact that in
a free-particle limit, the particle velocities themselves
are constznts of motion, we may assume that for the
n-particle problem there are at least n velocity-like
first integrals that are time- and space-translationally
invariant. The statement of “kinematics” can now be
framed quite generally as

@00, V) (13)

[replacing Eq. (4)] with ®’s disposed to make the
“kinematics” Lorentz covariant; namely, under
infinitesimal Lorentz transformation at velocity v for
which

v, =

Vi—>Vi+ (v, —ID-v,

it Aa + ViXa* Vs
and

Vi—>V, +(V,\V, =Dy,
Eqs. (13) are to be maintained up to first order in v,
so that
0P, od,
hoi it ) ; P i
av, + Xa®, Ev
[replacing Eq. (5)]. These are the general conditions on

&, giving all covariant “kinematics.” [To recover the
equivalent of the previous one-dimensional result,

write
# —1—(V1—1)a¢1 +x¢29‘?¢1,

Qiéi —I= (V,V I)

94,
V2 -1 1
+ ( ) s o,

3452 a¢2 a‘lsz
—-1=(0; -1 V. 1
¢ (i )3V1+(2 )3V2+ ‘1’1
or with ¥, = —tanh w,, V, = —tanh w,, and thcn
77, = %(wl + w2)s C, = %(Wl - Wz) f = log X

# —1—¢2a¢1 a"‘,,

95 _1_¢13¢2 _95_2’

as in Eq. (6).]

We now consider some properties of the velocity-
like integrals that have been used to formulate “kine-
matics.”

The thought behind their introduction, and a
physical reason why they could have been expected to
exist in the first place, is that in the important case
that a particle dynamics ¥, = F, admits an asymp-
totic region where, under wide separation of all
particles, the forces fall off fast enough to give free
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particlemotion, ¥ ; — 0,thenhere the velocities v, them-
selves are first integrals, so that it is natural to see
whether there are general integrals V,; asymptotically
agreeing with v;, and maintaining the transformation
character of velocity in the interaction region as well.
We can see directly that

0 0

FEe V=0
p.4” avy,

DV, = (v,c .

is a Kowalewskian system for which, if F, is regular
and vanishes at y;, = oo, there are solutions in a
finite vicinity of the hypersurface ¥, = oo in the
combined position and velocity space, for which
Y, —v,. Then from Eq. (12) we have [also using Eq.
(11)]

D{EV — (VV — I)} = £DV + (Dgy)(DV)
— (DV)V — V(DV),
D{RV + I x V} = RDV + I x DV,

so that as DV =0, both LV — (VV —1) and
RV + I x V will continue to vanish in the neighbor-
hood of the infinite hypersurface as they do upon the
hypersurface where V; = v,. This means that the
asymptotic integrals V, = v, do indeed propagate into
the interaction region with their transformation
character intact.!®

Next we show that the integrals V,; which — v, are
in involution, and that the remaining integrals of
motion of v, = F; can be obtained by quadrature.
This amplifies a well-known result in Hamiltonian
theory.1

Again writing the second-order dynamics v, = F,
as the system of first-order equations y, = fi(y), we
always have for the latter the possibility* of repre-
senting them as Euler-Lagrange equations:

(= - 20, _ 28
O
or
Ppe = — 2L (14)
OYm
or
. 0H
Yi= _%’ma—a Ty =1);
VYm
of the variational principle
6](U,-J>i — H)dt = 0. (15)

13 One of course cannot get from this appeal to the local existence
theorem of Cauchy-Kowalewski a global result on the existence
everywhere of integrals V, that go over into v, asymptotically.

4 E. T. Whittaker, Treatise on the Analytical Dynamics of Particles
and Rigid Bodies (Cambridge University Press, New York, 1960).
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In principle U; dy; (i =1, - - -, 6n) can be reduced to
P,(»)dQ,(y)(x=1, +++, 3n) (Pfaff’s problem), where-
upon the dynamics gets cast into Hamiltonian form
(Lie-K6nigs theorem). But the Hamiltonian appara-
tus is really available without this explicit and in
practice often prohibitively difficult reduction. For, if
the reduction is made we have the general Poisson
bracket

(45— PA DB _ 2408
9Q, 0P, 0P, 090,
which is readily translated back to the primitive y
variables,

(A,B)=(243_B_.aﬁa_3)%%

aykayl aylayk aPaaQa
2408 0 v v On
aylc ayl (aQa aPu aPa aQa)
o4, .o
oy, oy,
But
. 0y, 0H @y, oH
= ,H _—_—— = == —
Vi = (V> H) 30.2P, 9P, 20,
oH
= Vi> y0) v

11

and a comparison with Eq. (14) shows (y;, y)) = — 9y,
so that in terms of primitive variables alone,®

0A 0B

A, B)= — — e
( ) aykykz

16
%, (16)
The framework of the variational principle, Eq.
(15), is therefore entirely sufficient for “Hamiltonian”
discussion, canonical variables as such being dis-
pensable.

Now we can give primitive meaning to integrals of
motion being in involution: If our velocity-like inte-
grals V,, = S, (y) m = 1, - - -+, 3n) are in involution,
it is to say in the sense of Eq. (16) that (S,,, S,) = 0.
Now the integrals which asymptotically go over into
the particle velocities themselves are asymptotically
in involution. By Jacobi’s identity we have

(H, (Sas Su)) + (Sas (S, H)) + (S, (H, S,)) =0
and since (H, S) = DS = 0 for all S,
D(s,, S,)=0.

Thus the involution character of the velocity integrals
is preserved at least a finite way into the interaction
region.

These integrals, being half the total, and in involu-
tion with each other, may be used to get the remaining

18 The possibility of this type of Poisson bracket was mentioned by
J. L. Martin, Proc. Roy. Soc. (London) A251, 536 (1959).
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integrals by one quadrature and thus can give a com-
plete integration of the dynamics, as follows.

Let us call y, or y, the last half of the collection of
all y variables, that is, the components of particle
velocities, and y, or y, the first half, comprising the
particle coordinates. Considering V., = S,.(,,»,) to
be inverted to y, = y,(y,, V), we have on the one hand

using Eq. (16)
Vo= (s )= —y H, (H,= aH/ay,);
and on the other hand

Ay, .
ey =
0y,

where y,, is written for d0y,/dy, so that

0y,
P (ya’H) = = YVull,

Y= 3y,

Vot — YeuVa)H, =0,
or splitting the sum on /,

Vet = YaaVadHy = — (Yo — YaaVar)Hy.  (17)
The involution character of the integrals is expressed
by

0= (.Ys — Yes V2t — ¢t)

= (.ys,yt) + ('/"u wt) - ('Pu}’:) - (}’u'l’t)

= =Vst = YsaVar¥to + YsaVat + Yao¥eo» (18)
or

Vst = YsaVat = (73?: - wsayab)'Ptb .

Multiplying the last by H, and summing on ¢ yields

Vst = VsaVadHy = (Vo — VsaVaudVirH1»
whence by Eq. (17),

‘ (ysb - q)sayab)(Hb + Wtht) = 0.

As will be seen in a moment, y,, — ¥,,%,; is nonsin-
gular, so
o0H 0y,0H
Hy, + y,H, = — e
9y, 0y,0y;
= OHQ, v _

19
%, (19)

That is, H(y,,y,) written in terms of y  alone as
H' = H(y,,v.(y), by using the basic integrals
¥: = 9,(y,), is independent of all y, .

Corresponding to the partition of the y’s into y,,
¥,» We may partition the matrices I' and y into

"= s =)

with all of 4, B, a, b antisymmetric and the reci-
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procity I'y = 1 between the two is then embraced in

Aa — Kk =1, (20a)
Ak 4+ Kb = 0, (20b)
Ka+ Bk =0, (20¢c)
Bb— Kk =1, (20d)
while the involution statement Eq. (18) is
b—yk + k§ + yap =0, (¥}

where y stands for the matrix (y),, = y,, = 9¢,/0y,.
Multiplying Eq. (21) on the left by K and replacing
Kk by Aa—1 [from Eq. (20a)] and Kb by —4k
[from Eq. (20b)] and grouping terms together, gives

—P = (4 + Ky)(k — ayp). (22)

Note that y is nonsingular; for if |y| = |0y,/dy,| were
to vanish, then the y,, the components of particle
velocities, would not be independent. Hence, 4 + Ky
and k — g are nonsingular; the transpose of the
latter is k + ya or —(—k) + ya,whosenonsingularity
was just used in deriving Eq. (19). Multiplying Eq.
(22) through by K(4 + Ky)™ on the left and putting
in Ka as —Bk and Kk as Bb — 1 from Eq. (20¢) and
(20d), where they occur in the right-hand side,
produces

—K(A + Ky) ' = B(b + k¢) — 1;
or using b + k¢ from Eq. (21),
—K(4 + Ky)'§ = —By(4 + Ky) g — 1,
and finally rearranging the latter,
9K = By + 4 + Ky. (23)

In other words, Eq. (23) is a purely formal algebraic
consequence of Eq. (21). It has the following signifi-
cance.

In the variational principle Eq. (15), we may write

Udy,= U,dy, + U,dy,,
and may introduce y, = y,(y,) giving

0
Ui d}’s = (Ua + Usa_;/:s') dya = Wa dya‘

The differential form W, dy, will be exact only when
the integrability conditions

oW, _ ow,
, 9y,
are met, Written out in full, these are
Pao + Tawes + Tao¥ia + De¥us¥io = 0,
or in the language of the partitioned I' matrix
A+ Ky — 9K + $By =0,
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which is just Eq. (23). This is to say: integrability and
involution conditions are translations of one another.
Thus we have shown altogether that in consequence
of the basic integrals being in involution, the action
integrand
U,dy, — Hadt

is an exact differential

oy,
[Ua(ya, Ys(¥a)) + Ug(¥as ¥5) 5;)—} dy, — H(y,, y,) dt

a

= d[M(y,) — H't] = dR{y,, V, 1),

when, employing these integrals, y, is written in terms
of y, throughout.
Now we compute

dOR _, 0 0M 3
dtov, ~‘oy,ov, oV,
_, W 0Hy,
Ve ov, oy, oV,
and in a subcomputation
oW, _ 9U, 9y, , 9U, 3y, 9y, Oy,
v, By, 9V, Oy, oV, 0. V.dy,

Since y_ 0v,/0y, is y,, the first two terms in y 0W, [0V,

amount to
NNCIAYCE
ym(ayg)(aK)

(m summed from 1 to 6n), so placing p,, = —y,,.H,
(I similar to m), we find

d R 0y, oU, 0H >y,
_'—=_‘{_)’mz l_'_—} YaUs .
dtov, dv, oy, Oy, ov,0y,
Then using
ou,, - T, + 5_9_({5
oy, 0V m
and Fsmyml = 631’ the { } is
ou, . oU,
~VYmi T Hl =V = Us’
m O
while the last term is
. 0 Oy, . 0U, oy,
Yo T Us—w) - ya_—l
9y, ov, 9y, oV,
d dy . Oy
= Us a — | - Us_8 .
dt[ O )aV,,:l ov,
This brings us to
4R _d/, 0y,
dtov, dt( ‘av,,)
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from which
oR oy, _
— — U, — = constant of motion.
ov, v,

These clearly are the remaining independent integrals
of motion, all of them linear in ¢ and all stemming out
of the single quadrature for R,

R =fWa(ya, V) dy, — H'r.

According to the foregoing development, the
position of “kinematics™ relative to dynamics and
“geometry” can be summarized in the following
schematic fashion:

“Kinematics”” — Dynamics with half the integrals
known and in involution — “Geometry” by construc-
tion of the remaining integrals.

IV. CONCLUSION: INTEGRALS AND
SYMMETRIES
We conclude by showing in the language of the
primitive variables y, what the connections are be-
tween integrals and symmetry transformations. This
recovers in general form some known results of
Hamiltonian theory, which also have been discussed
by Hill' in another context.
In the action integrand, Eq. (15), for uniformity
write
(Up; — Hydt = U;dy, — Hdt = U, dy,

with summation on « from 0-6n, dt being dy,, and
—H being U,. An infinitesimal symmetry trans-
formation y, —y, + €g.(y) will be a canonical
transformation just when

Ua(yy + €g7) d(.ya + ega) - Ua dya
= exact differential, dT(y),
viz., when

W, dg_ 9T
ay, "By, By,
If this condition is satisfied, rearrange it through
U,08,/9y, = 9(U.g )0y, — g,aUY/ay,, into

v, _ v, k)
(ay, Y4 9y,
Multiplying by y, and summing on « gives

g&=—"+U (24)

)gy = _Fyugy = (T_ Uygy)' (25)

. . 0
—gypyaya = Ve é? (T_ Uygr) = D(T_' Uygy)’

but
. ., oU
Dyye =Ty, + a_y —
Yo

au,
dy,

(j=1’...’6n;aU¢=0)
)
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vanishes because of the Euler-Lagrange equations of
motion, Eq. (14). Therefore,

T — U,g, = integral of motion going with
symmetry transformation y, —y, + €g,. (26)

This is Noether’s theorem® for the dynamical scheme
embraced in the -variational principle Eq. (15).
It should be emphasized that the use of the theorem
requires two steps: first, the test, [Eq. (24)] whether
or not a supposed symmetry transformation is canoni-
cally represented, and if it is, the evaluation of T;
second, having T, the calculation of the integral
[Eq. (26)].

A kind of converse to Noether’s theorem is the
construction of symmetry transformations from
integrals of motion. Thus, suppose y;— y; + €g;,
t—t+ eg, is a symmetry transformation of the
equations of motion I';;p; = 9U,[dy; = U,;. Then
writing

d(y; + €gj) _
Li(ni + €g) At + <go)

to terms of first order in e gives the so-called varia-
tional equations™

o, o°U,
. P 1] _ 0
grut & 9y, Vi 9y:0y,

for g,. Now if ¢(y;,t) is any integral of motion, a
solution to the variational equations is

_oe

Pijgj = P g =0.

i

Uu(y: + €g))

+ &l @D

(28)
For, using Eq. (28) and the equations of motion, the

first term in Eq. (27) may be written as
0o .0
D—— ==+ —) )

ay; i ot y;

the second as [using the identity (9T,/dy,) +
(OT5/9y;) + (8T';/dy,) = 0]

op

ar,, .
gzr‘n + gla—” Vi
Vi
and the third as
8 99 _ 08 39U,
dy; ot oy; dy, ’

giving for Eq. (27) upon rearrangements and cancel-

lations,

0y, [ 09

==l _r I =0,
y; [3ym lg’:l

so that Eq. (27) is indeed satisfied by Eq. (28).

16 B, L. Hill, Rev. Mod. Phys. 23, 253 (1951).
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In view of Eq. (25), we can say that for every inte-
gral of motion there is a canonically represented
symmetry transformation described by Eq. (28).
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APPENDIX: ELEMENTARY PROOF OF ZERO-
INTERACTION THEOREM

The theorem states that only free-particle motions
are possible for a system of relativistic particles des-
cribed in a Hamiltonian dynamics giving invariant
world lines, when: (a) Lorentz transformations are
canonical transformations, and (b) when physical
particle positions are taken to be canonical coordi-
nates. The manner in which (b) particularly forces
zero interaction has been brought out especially
cogently by Hill.1° It is in fact just by giving up (b)
that one can open up the development of a canonical
scheme for relativistic interacting-particle dynamics on
an instantaneous action-at-a-distance basis.-8

In the present proof, let us begin by supposing an
ordinary Hamilton’s principle for the motion of two
particles in one dimension,

6J‘L(xl’ Xa2s x.la x.z, t) dt=0

which is just as good as starting with Hamiltonian
equations of motion, and of course incorporates the
canonicity of particle coordinates y;, yxa. If an
infinitesimal time translation ¢t—1t + ¢ is to be
canonical, we must have L(z + €¢) — L(t) be, up to
first order in €, an exact derivative,

Qé = DE,

ot
where E can depend at most on y,;, xa, ¢. Placing
E = 0F,/0t, this integrates to

L = DE, + E,,

where E, can depend on x5, Xz, %1, %2 but not on ¢.
As L is always indeterminate up to an added exact
derivative, it will be no loss to assume L is at the
outset L(x1, Xa» J1»> ¥2)> i-€., that time-translation
invariance is manifest.

In similar fashion, for an infinitesimal space
translation y; — x; + €, X2 — X2 + € to be canonical,
it must be demanded that

oL

oL
+— = DF(Xls Xz),
on

Oxa
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or with

F = [(9[dy) + AN ACD)
that L = DF, + Fy(1 — %2> %1> 12)>

and therefore, with impunity, L can be taken to be
dependent only on the relative coordinate y = y, — %
and on ¥, and ¥,.

For an infinitesimal pure Lorentz transformation in
which, say, a point P on orbit 1 (to the right of orbit
2) in one frame is simultaneous with Q on orbit 2, but
in another frame moving at infinitesimal speed v is
simultaneous with point Q" on orbit 2, slightly earlier
than @, we have, up to first order in v [as in the dis-
cussion preceding Eq. (5)],

t—1t — UXl >
X%+ 20,
> — (1~ 7D,
de— e — (1 — 790 — x 20
The last term in the last line is needed just because of
the shift in world point @ — Q' on orbit 2 that speaks
to the noncovariance of simultaneity. Under this
transformation, the action integrand L(y, j;, %2) d!
goes into

oL 0. OL
L(X, X.la Xz) dt+v XXz_“ = (1 - X%)“‘
o s
JL .. oL
—U - — - xL}
O 02

and in order that the infinitesimal Lorentz transforma-
tion be canonical, the { } must be an exact derivative,
JoL oL

oL
Z (1l - == —
X2 o ( 1) a0, ( v3) av,

— XU,y —al‘ — v, L= DG. (Al)
Ov,

It should be noted that the occurrence of the higher
derivative o, in the { } is signifying that under in-
finitesimal Lorentz transformation the action inte-
grand is rather drastically altered: The variation of
the transformed action gives Euler-Lagrange equa-
tions of motion of higher order than the original action,
unless the transformation is indeed canonical. Under
finite Lorentz transformation, the transformed action
would lead to infinite order equations of motion if the
transformation was not canonical. The infinitesimal
increment v{ } is not different, as a calculation shows,
from what is obtained at the corresponding stage in
the proofs™!? that proceed directly in a canonical
framework.

As the left side of Eq. (A1) does not involve v, , the
function G can at most depend on yx, v,. Writing
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G = —xGy(x, v,y) gives in Eq. (Al) the terms
. 0
XUs 'a— (L— Gy)
Uy

that alone involve 9,. Hence L — G, must be a func-
tion solely of yx, vy, i.e., L = Gy(x,v) + Gylx, vy)-
After some cancellations, what remains of Eq. (Al)
is then

oG 0G,

vy —% + g, — — 1,G, — 0,6
Xzax X1ax 101 2
oG oG
—(l—vi)—a—l—(l—vg —2 =0. (A2)
v, ov,

Now dissect this equation with the operator 62/0v,0v,
to give
G, , G, _
Ov,0y  0Ov, 0y
whereupon, since G, involves v, but not v,, and G,
conversely,

H

96, _ 94
dvdy 9y
Gy = v A(2) + By(x) + 6,(vy),
°G,  0A(x)
Ovdy B oy

Gy = —0A(%) + By(x) + 05(v,),

(4, B, 0, arbitrary functions) so that L is now of the
form

L= (v, —v)A(y) + B, + By + 0, + 0,.

Here the first term may be discarded as it is only
trivially adding to L, the exact derivative D | A(y) dy.

This brings Eq. (A2) to the form (primes meaning
derivatives)

202B] + g0,B; — (1 — oD — (1 — v5)0;
— 0y(By + 0)) — v4(B; + 0,) = 0.
Now dissecting with 0/dy, yields
ul(xB2)" — Bi} + 0,[(xB))" — B3] = 0

from which, each [ ] having to vanish separately, B,
and B, work out simply as

B, = o + 18x + /2
By = ay + 36y — /%

with «, 8, y arbitrary constants, of which «,, «,, and
y can plainly be ignored. Thence the remainder

(1 — o)0; + v:6, + (1 — v))0; + v,0, =0
splits into (4 being a separation constant)
(1 — oD + 0,0, = 4,
(1 — v)0; + 06, = =2,
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or

0, = v, + oy(1 — o))},

by = —Avy + 0yl — ”g)i
with arbitrary constants o¢. Ignoring the trivial A
terms, the Lagrangian is boiled down to

L= o(1 = o) + ot — o)} + By,

None other is allowed that lets Lorentz transforma-
tions be canonical.

One small fish slips through the net. The interaction
term'? By gives equal and opposite constant forces
acting upon the particles, placing them in hyperbolic
motion. This corresponds to the physically realizable
case of uniformly charged parallel planes in motion
along the direction perpendicular to them. With this
one exception, we have shown that only a sum of free-
particle terms can make up the Lagrangian under the

17 A slightly more general analysis permits an arbitrary linear
combination of x;, x;.
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hypotheses () and (b). The proof for two particles in
three dimensions is readily constructed along com-
pletely parallel lines, and need not be set out in detail,
starting from a Lagrangian that is manifestly time-
and space-translation invariant and also rotationally
invariant through dependence on only the three-scalars
X VE, V3, Vo), Voo ), VoV (s wellas y - v, x v,
if desired). A sequence of straightforward dissections
in the same vein as above leads to the strict zero-
interaction result without any exceptions.

The extension not only to many patticles but to
Lagrangians that at the beginning contain higher
derivatives than just velocities also proceeds in the
same fashion. In the latter case, curved world lines
are readily possible, but they do not come about from
coupled equations of motion for the particles, but
only from separated equations of motion, one for each
particle, consequent from uncoupled single-particle
terms in the Lagrangian.
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of the type g:«(30/0x:)(26/0xx) + f(6), one obtains an attractive inverse-square law of force between like
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1. INTRODUCTION

Since the early years of this century there have
been numerous discussions of fields which satisfy
nonlinear differential equations. These include Ein-
stein’s General Theory of Relativity,! modifications
of Maxwell’s equations,®® and models of elementary
particles.?-1?
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an ad hoc manner from time to time to allow for the
ever increasing number of ‘“elementary” particles.
This has led several authors'? to search for a single
universal field, which, it is hoped, would contain all
the diverse particles and fields observed in nature as
special cases. The field equations in such a theory
must necessarily be nonlinear, for a linear theory
would allow superposition of different solutions and
thereby exclude interaction between particles. Indeed,
in nonlinear theories the force law between particles
and their equations of motion in general follow as a
consequence of the field equations themselves and do
not need to be introduced as separate postulates. One
thinks of the remarkable achievement of Einstein,
Infeld, and Hoffmann®® in deriving the equations of
motion of gravitating bodies from Einstein’s field
equations.

Thus, from the point of view of particle interaction,
nonlinear field theory is logically simpler than a linear
one in that we need fewer postulates. However, if we
accept a nonlinear system of field equations, we are
faced with the problem of how to represent a ‘““par-
ticle.” Since we would like to insist that a satisfactory
field variable should satisfy the field equations
everywhere, we cannot regard particles as point
singularities as in linear theory. Instead we might pic-
ture the representation of an N-particle system in an
ideal classical theory somewhat as follows: there
would exist classes of regular solutions of the field
equations with N distinct local maxima of energy
density (or some such quantity) at any given time.
As time develops, these maxima would trace out
timelike world lines, about which the energy remains
localized. If the particles were unstable, these “tubes”
of energy would be expected to dissipate in a time of

12 A, Einstein, Ref. 1, AppendixIl; W. Heisenberg, Rev. Mod. Phys.
29, 269 (1957), and papers reviewed there; H. P. Diirr, W. Heisen-
berg, H. Mitter, S. Schlieder, and K. Yamazaki, Z. Naturforsch. 14a,
441 (1959); W. Heisenberg, in Proceedings of the 1960 Annual
International Conference on High-Energy Physics at Rochester
(Interscience Publishers, Inc., New York, 1960), p. 851; F. Giirsey,
Nuovo Cimento 3, 988 (1956); G. A. Sokolik, Dokl. Akad. Nauk
SSSR 106, 429 (1956) [English transl.: Soviet Phys.—Doklady 1, 57
(1956)]; R. J. Finkelstein, C. Fronsdal, and P. Kaus, Phys. Rev.
103, 1571 (1956); T. H. R. Skyrme, Proc. Roy. Soc. (London)
A247, 260 (1958); A252, 236 (1959); A260, 127 (1961); A262, 237
(1961).

13 S. D. Drell, Phys. Rev. 79, 220 (A) (1950); S. P. Lloyd, Phys.
Rev. 77, 757 (A) (1950); F. A. Kaempfter, Phys. Rev. 99, 1614 (L)
(1955); 1. Bialynicki-Birula, Phys. Rev. 130, 465 (1963).

14 R, H. Hobart, Proc. Phys. Soc. (London) 82, 201 (1963); 85,
610 (1965); G. H. Derrick, J. Math. Phys. 5, 1252 (1964).

15 G. Rosen, J. Math. Phys. 6, 1269 (1965).

18 G. Rosen, J. Math. Phys. 7, 2066, 2071 (1966).

17J. K. Perring and T. H. R. Skyrme, Nucl. Phys. 31, 550 (1962).

18 A. Seeger and A. Kochendérfer, Z. Physik 127, 533 (1950);
130, 321 (1951); U. Enz, Phys. Rev. 131, 1392 (1963).

19 R. H. Hobart (private communication).

( 20 A, Einstein, L. Infeld, and B. Hoffman, Ann. Math. 39, 65
1938).
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the order of the half-life. To be satisfactory such a
theory would have to answer the following questions:

(i) How do these local maxima move, i.e., what are
the equations of motion giving the time development
of the positions of the maxima? Solution of this
problem would automatically give the interaction
between particles.

(ii) Under what conditions do these N maxima
remain distinct and conserved in number? One could
imagine two maxima merging to form a single
particle, or new maxima being formed, or the energy
being dissipated by radiation.

In the next section a review is given of results
obtained to date on the first problem above, that of
particle interaction and equations of motion. The
second problem has been approached from a topo-
logical standpoint by Finkelstein, Misner, and
Rubinstein, who derive certain homotopic con-
servations laws. For the simplest case, a single
particle, some partial results have been obtained on
the stability of the solution. Thus Hobart and one of
the present authors (G. H. D.)!* demonstrated that the
scalar field equation

(1/c*)(26/01%) — V26 = F(B, 6%)  (L.1)

has no stable, time-independent, localized solutions of
finite energy for any F(f, 6*). Rosen'® has shown,
however, that such an equation can have a metastable
solution, where the energy dissipates itself with a decay
rate small compared with the characteristic de Broglie
frequency (energy)/h. This result would seem to
correspond to the actual situation in nature, where the
observed particles of zero spin, the = and K mesons,
are all metastable.
Rosen discussed the equation

(1/c2)(8%6/012) — V26 = 3g5 (1.2)

for a real field 6 and showed that it possesses the
metastable solution

0 = Z(Z% + r¥t 1.3)

with mass
8—1—-2 J' [(VO)? — g6°] dPr = m/(16g%c%)
we

and half-life of the order Z2g¥/c. Here g and Z are
constants, the latter being an arbitrary constant of
integration.
The object of this present paper is to give new
methods for finding the equations of motion of
21 D, Finkelstein and C. Misner, Ann. Phys. (N.Y.) 6, 230 (1959);

D. Finkelstein, J. Math. Phys. 7, 1218 (1966); J. Rubinstein, Ph.D.
thesis, Yeshiva University (1967).
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particles in nonlinear field theories. In particular, we
investigate how Rosen particles of type (1.3) move
in the presence of one another and hence determine
the interaction between such particles. First a non-
relativistic variation method will be given in Sec. 3
and then the relativistic motion discussed in Sec. 4.
Before embarking on this program, we first review the
work already done on the equations of motion of
particles in nonlinear field theories.

2. REVIEW OF EARLIER WORK ON THE
MOTION AND INTERACTION OF PARTICLES
IN NONLINEAR FIELD THEORIES

The most successful derivation of the equations of
motion of particles in a nonlinear field theory is
without doubt that of Einstein, Infeld, and Hoffman2®
for the gravitational case. However, since the gravita-
tional field equations are not really self-contained but
need an external source term T**, this work lies outside
the scope of the present paper and is not treated
further. We confine ourselves here to a discussion of
self-contained field equations whose solutions are
required to be free of singularities for all space and
time.

The first attempts of Born and Infeld® to derive
the Lorentz equations for the motion of charged
particles in their nonlinear electromagnetic theory
proved to be unsatisfactory, since singularities were
still present and additional postulates were found to
be necessary*—the field equations by themselves were
insufficient to determine the motion of particles.
Modifications to the original Born-Infeld theory were
introduced by Hoffmann and Infeld,® Rosen,® and
Schiff” in order to remove the remaining singularities
from the theory, and these authors were able to show
that the field equations were then sufficient to imply
the static Coulomb-force law between charged
particles. The technique adopted was essentially to
integrate the normal component of the stress tensor
over a surface enclosing the particle, which then yields
the force on that particle. To illustrate the method,
consider a scalar equation of type (1.1) which pos-
sesses a static, particlelike solution 6,(r) localized
about the point r == 0. Since Eq. (1.1) is of second
order in the time, we completely determine the field
6(r, t) if we specify the values of 0 and d6/0t at ¢ = 0.
Suppose we have the initial conditions

0(r, 0) = O(r — 1y + Oy(r — 1),
(d6/ot),_, = O, 2.1)
i.e., we hold two particles at positions r, and r, and

“let them go’’ at time ¢ =0, If T* is the stress—
energy tensor, the ith component (i =1,2,3) of
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force on a volume V enclosed by a surface S is

1A oo gop = f Ty ds,

cdt Jv 8
where r* is the normal to the surface. Let S be a surface
surrounding the point r, but excluding r,. If |r; — 1|
is much greater than the size of the particles, it will
be possible to choose S so that it contains almost all
the energy due to the first term of (2.1) and excludes
most of the energy from the second. Under these
conditions (2.2) will give the force on particle 1 due
to particle 2 when the two particles are instantaneously
at rest at a separation |r; — ry.

In a later paper® Rosen and Rosenstock applied the
same method to establish the form of the static
interaction in a nonlinear modification of the Klein—
Gordon equation. They showed that an equation of
type (1.1) with

F(6, 6%) = —a% + g(6*6)0

in general implies an attractive Yukawa interaction
between like particles, provided ¢2, g, and n are all
positive.

The above procedure gives only the static inter-
action, while the initial conditions (2.1) are somewhat
contrived. We have merely superimposed two one-
particle solutions, whereas one would expect in the
actual two-particle solution to find a change in shape
of the particles from the free form 0y(r). To write the
initial conditions simply as a superposition of two
free particles may impose strains on the system which
might not be present in the correct two-particle
solution. Moreover, we have no guarantee that there
will not be a pulse of radiation emitted as a conse-
quence of taking the initial conditions (2.1). If this were
to be the case, then some of the force given by (2.2)
might more properly be interpreted as that of the
radiation acting on the particle, and not as a direct
action at a distance by the second particle.

Seeger and Kochendorfer,”® and Perring and
Skyrme'” have found exact two-particle solutions of a
particular field equation with only one space dimen-
sion x:

(2.2)

326/9x2 — (1)c®)(3%0/012) = sin 6.  (2.3)

Their analytical solutions (in closed form!) describe
the collision of two unlike or of two like particles,
and also the bound state of two unlike particles. For
the scattering solutions the energy density has two
local maxima, which initially travel towards each
other, then collide and partially merge, and finally
move apart. When the separation of the maxima is
large, they interact with an exponential force law,
repulsive for like particles and attractive for unlike.
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Equation (2.3) has also been considered by Hobart!®
using a piecewise solution method which takes account
of the change of shape of accelerated particles. Un-
fortunately the techniques of these authors for the
simple one-dimensional equation (2.3) are difficult to
apply in the three-dimensional case.

3. NONRELATIVISTIC MOTION OF
ROSEN PARTICLES

A. Motion of Two Particles

In this section we seek solutions of Eq. (1.2) which
describe the motion of two particles whose distance
apart is much greater than their sizes and whose
velocities are much less than the velocity of light.
When the particle separation approaches infinity, the
field near each particle is required to reduce to the
form of Eq. (1.3) in the rest frame of that particle.

The approximation method adopted is based on the
variation principle

t
8| Ldt=o,
i
1 62 2 6 3
L=——-f(— — (V) +g0) dr
8

C2

(3.1)
with

for variations 60 which vanish at ¢t = t,, f,, and at
spatial infinity.22 Let us substitute in Eq. (3.1) the
trial wavefunction

6 =6,+0,, (3.2)

where

0,=2,Z¢+Ir—r 0P A4=12 (33)
The function (3.2) simulates the motion of two par-
ticles of type (1.3) along the paths r = r,(¢) and
r = ry(¢). The variation “parameters” r;(¢) and ry(f)
are to be determined by the variation principle (3.1),
with the variations dr () being required to vanish at
t=t;, t,. One would expect (3.2) to be a good trial
function for slowly moving particles whose overlap
is small, ie., [F ()] K¢, [r(t) — ry(t)] > Z2%* and
Z2g%. We assume the validity of these inequalities in
the evaluation of the Lagrangian L in Eq. (3.1). On
inserting Eq. (3.2) in (3.1), we obtain

L=L+L,-YV,

where

A2
L= [(3 - 007 + g0t o
8= ¢t
= —mc? + %miﬁ.(l)a
m = gymgic?, (3.4)
V= f [—20,05/c% + 2V, - V0, — g(66%6, + 1566
+ 206903 + 156%6% + 60,6)] dPr.

22 The factor 1/87 has been inserted in Eq. (3.1) in order to
exploit the analogy with electromagnetic theory.
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The details of the calculation of the effective
potential energy V are given in Appendix A, where
the following result is obtained:

V = —2ZZy[ry,
+ order [1/r};, (log ri)/r3;y, £y - Ba/cPriz], (3.5)

where ryy, = [r,(¢) — ry(¢)|. Thus we have to deter-
mine r,(¢) and ry(¢) from the variation principle

ta
é f [—2mc® + mi¥(t) + tmid(t) + Z,Z,[ry5] dt = 0.
151
(3.6)
This is simply the Lagrangian principle specifying
the motion of two particles of mass m which have a
mutual potential energy —Z,Z,/r;,. Hence we con-
clude that the force between the two particles is given
by an inverse-square law, and is attractive if Z; and
Z, have the same sign. This is in contrast to the
repulsive electrostatic interaction between like charged

particles.
B. Motion of n Particles

The extension of the above formalism to a system of
n particles is trivial. Instead of (3.2) we take

6=3 0,
A=1
with each 6, of form (3.3). On calculating L we find,
in addition to the one and two-body terms obtained
in the previous section, that there occur 3, 4,---
body interactions arising from the integrals

f [626,0, , 63620, , 626202, 02620,0,, -~ -] d’r.

However, if all interparticle distances are greater than
or of the order of some large distance D which is
much greater than all particle sizes, then all the
many-body interactions are readily seen to be less
than or of the order of 1/D? or (log D)/D® Hence
these terms are negligible compared with the two-
body interactions of order 1/D. Retaining only the
leading terms for large particle separations thus yields
the Lagrangian

L =3 [-mc® + imii(0] + 3 Z,Zgllr () — r5(0)|.
pr 4<B

Hence, to the accuracy of our variation approximation,
each pair of particles 4, B interacts via a mutual
potential energy —Z ,Zp/|r ,(t) — rg(1)l.

4. RELATIVISTIC MOTION

Since action-at-a-distance is not a tenable concept
in relativistic theory, we first seek the equations of
motion of a single particle in a weak external field.
The n-particle problem is then treated by evaluating
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the external field at each particle due to all the other
particles. As in electromagnetic theory we encounter
retardation effects arising from the finite velocity of
light ¢. Despite this, it turns out to be possible to find
an action-at-a-distance Lagrangian correct to order
1/c? just as with charged particles. We again use a
variational technique, but we have to modify both the
principle (3.1) and the trial wavefunction in order to
obtain manifestly covariant equations.

A. Single Particle in a Weak External Field

We want to find a solution of Eq. (1.2) which de-
scribes a particle moving along a timelike path
x* = z*(p) in an external field 6,.2 For the moment
we leave the choice of the parameter p open, but
shall later set it equal to the proper time along the
path. But how is one to divide the total field 6 into an
“external” part 6, and a “particle” part @ — 6,? One
possible separation, which is Lorentz invariant, is
achieved as follows. Given a solution 6 of Eq. (1.2},
define the “retarded part” 6, by

O we! _ _
01‘ 3gfd310(r’t |l'
47 [r — 1’|

r'|/c)

(4.1)

(assuming 6 is localized enough for the integral to
converge). Then g6, ,, = 3g6° and 6, =0 — 6, isa
solution of the homogeneous equation g*<f,, = 0.
Conversely, suppose we are given an arbitrary solution
0, of g6, . = 0. Then any solution 6 of the integral
equation

5
6=0, + 38 (g TE 1=
47

r — l"l

will also be a solution of Eq. (1.2). Hence, if 0 is highly
localized about a timelike path x* = z*(p), it would
seem reasonable to interpret 8, as the field of the
particle and 6, as the external field. For this reason we
adopt trial wavefunctions of the form 6 = 6, + 0,,
where 0, is an arbitrary, given solution of g%, , = 0
and 0, is an approximation to the correct solution
6, , to be optimized variationally. In what follows we
assume 6, is weak enough for its quadratic and higher
powers to be discarded.

The trial wavefunction proposed is

0=0,+6,,
where
6, = Z(Z% + Rt 4.3)

ct, (x1, x2, x¥) = r or x. Greek indices take the
values 0, 1, 2, 3, Latin mdlces the values 1,2, 3. g,,‘ is the metric
tensor with nonzero components goo = —g1; = —g33 = —g33 = 1.
A comma denotes differentiation, thus @, = 30[ ax" and a dotovera
symbol signifies its time derivative. €;x4, is the Levi-Civita permuta-
tion symbol, equal to +1 accordingly as icAu is an even or odd
permutation of 0 1 2 3, and zero otherwise. The summation conven-
tion for repeated indices is adopted.

23 Notation: x° =
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and R is a retarded distance defined below by analogy
with a similar quantity which arises in the theory
of Lienard-Weichert potentials in electromagnetic
theory.?* We recall that if a point charge e moves
along the timelike path x* = z*(p), then the electro-
magnetic potential is 4*(x) = eu*(p,)/R with retarded
quantities p,, R, u*(p,) (functions of x*) defined by

x* - Zo(Pr) = IX - z(pr)ls
uX(p) = d2*{(g.. dz* dz),
R = [x* — 2*(p)]u(p,)-
The physical significance of these equations is that a
light signal emitted by the particle at the parameter
value p = p, will reach the point x at time x%/c. If
we choose an inertial frame such that the particle is
instantaneously at rest at p = p,, then R is the instan-
taneous (three-dimensional) distance from the particle
to the point x, measured in this frame. In this instan-
taneous frame our trial function (4.3), with R given
by (4.4), is of the free-particle form (1.3), immersed
in the given external field 6,. The path z*(p) is to be
varied to optimize some variation principle.
What principle should we adopt in place of (3.1)?
The general form of variation principle which leads to
Eq. (1.2) is

1
o[ [ 1g%0.0, + g0 d'x| = -
{wfz[g Bt a0dt) =

me

4.4)

360, ds°.

(4.5)

Here X is an arbitrary 4-volume bounded by the
closed three-dimensional surface S, and the surface
element dS° is defined by

dS? = (1/31)g " €1,[0(x", x*, x*)[0(a, B, )] doc dB dy,
where «, 8, y is any set of three coordinates which
parameterizes the surface. The obvious choice for X
is the region p, < p, < p; or, equivalently,

2(p) + X — z2(p)] < x° < 2%(py) + |x — z(py)l
(4.6)

in place of the domain #, < t < ¢, of Eq. (3.1), i.e.,
the region between the forward light cones at two
arbitrary points p, and p, lying on the path x* = z*(p).

To summarize our variational procedure: We take
the trial function (4.3) with R given by (4.4) and 6, an
arbitrary, given solution of g6, , = 0. This is then
substituted in the principle (4.5), taking X as the
region (4.6) and the path x* = z*(p) optimized
variationally keeping the endpoints z*(p,) and z*(p,)
fixed. A set of differential equations for z*(p) results,

2¢ L. Landau and E. Lifshitz, The Classical Theory of Fields
(Addison-Wesley Publishing Company, Inc., Reading, Mass., 1951),
Chap. 8.
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which should describe the motion of a particle in an
external field 6,, provided 6, is weak enough for (4.3)
to be a good approximation.

On substituting (4.3) into (4.5) and retaining only
first-order terms in 6,, one obtains

ol [t oe + 685+ 08t + 260,014
we

-1 [ f 58460, dS” + 8 f 86, dS":I. 4.7
4me

In Appendix B | 66,8, , dS° is shown to vanish for
variations dz*(p) which leave the endpoints z*(p,) and
z*(p,) fixed, even though 66, itself does not vanish on
the surface S. The second term on the right-hand side
of Eq. (4.7) cancels the last term on the left-hand side:

f 600, dS° = f g (00,0, + 00D, d'

= f g0, .0, . d*x.

Hence the variation principle reduces to the form
o 5o [ (0000, + 885+ 620 ax|=0. @)
e

The integrations involved in Eq. (4.8) are performed
in Appendix C. The result is

8 f T=me? + Z6,(z)] ds = 0 (4.9)

with
= (8.« dz' dz} = [g.(d=dp)(dz"/ap)}} dp.
Carrylng out the variation in the standard way then
yields the equations of motion (taking as parameter
p the proper time 5)25:
m d*z)(s)/ds* = (Z]c*)(u;0,,« — (4.10)

where u* = dz*(s)/ds, and it is understood that 6, and
its derivatives are to be evaluated at the point x"

z*(s).

u ee A)uK

B. Motion of n Particles

It is reassuring to observe that, for R? 3> Z4g, Eq.
(4.3) reduces to 0 = 6, + Z/R, which is an exact
solution of g8, =0 for quite arbitrary timelike
paths x* = z*(p). Since by assumption 6, is weak
enough for its quadratic and higher powers to be
neglected, (4.3) is asymptotically a solution of Eq.
(1.2) for large R, i.e., at large distances from the
particle. This means that a second particle located at
position x at time x°/c will experience an external field
Z[R due to the particle moving along x* = z*(p),

2 For consistency we omit the second-order term 8, d2z;(s) ds?
from Eq. (4.10).
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provided R%3» Z%. Of course, at closer distances
there may be multipole terms of higher order in 1/R,
but we are interested only in the leading term at large
particle separations.

Suppose now we have n particles, moving along
paths x* = z4(p4), A =1,2,---,n. If the concept
of an n-particle solution is to have any validity at all,
the energy density must be large near these paths and
small elsewhere. Under these conditions we can write
the source term in Eq. (4.1) as (3g/4m)® = , o,
where o4 is large in the vicinity of path number 4 but
small everywhere else. Then Eq. (4.2) becomes
0=0,+ >, 0, with

6 _J\d:irf GA(r’a t— |l' - rll/c)
A — .

e —r'|

If 6 4 is interpreted as the field due to the Ath particle,
then
08A=0_0A=6e+ ZeB
B#4

must be regarded as the external field of this particle.
f, represents incoming radiation from infinity, and
would be omitted if the only fields present are those
originating on particles. Let us now go to the limit
of very highly concentrated particles separated by
distances much greater than their sizes. Then, ne-
glecting higher multipole terms, we canreplace 8 by its
asymptotic form Zp/Rg(x*), where for each space-
time point x* we define the retarded distance Rz(x%)
from particle B by equations analogous to (4.4). The
external field at particle 4 is then

0.u(z) = 022 + 3 Zy/Rp(z).  (4.11)

B¥4

Hence (4.11) is the appropriate expression to substitute
for 6, in (4.10) in order to determine the path of
particle A. We thus obtain a set of n coupled equations
in which the forces on each particle depend on the
positions and velocities of the other particles at
appropriate retarded times. This situation is analogous
to that pertaining with a set of interacting charged
particles, except that the present approximation
fails to yield any self-force terms.

C. Lagrangian to Order 1/c2

As in the electromagnetic case there exists a Lagran-
gian which reproduces the equations of motion for »
particles correct to order 1/c2. Let us take the time
t as parameter instead of the proper time s, and denote
the path of particle number 4 by r = r,(¢), so that
the correspondence with the notation of the previous
section is z4(p.4) = [et, r4(1)]. According to Eq. (4.9),
the Lagrangian for the motion of particle 4 in the
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external field 6,4, Eq. (4.11), is
Ly = (—mc® + Z8,)(1 — &/, (4.12)

writing v= dr 4(t)/dt. Let us assume that there is no
incoming radiation from infinity, so that the first
term on the right of Eq. (4.11) is absent. To proceed
further we must expand 6,4 in powers of 1/c. The
expansion for the retarded distance Rg(x*) is

Rp(x*) = pg + [(pp* V8)*/p&

+ p(ps * ¥)lf2¢* + order (1/¢%), (4.13)
where

ep=r—rg(t), ps=lpsl

Inserting this expression into Eqs. (4.11), (4.12) yields
the following expansion for L,:

Ly=Ty— > [Vyp +(d[dNZZgn,p- Vp)], (4.14)

B4
where
T, = —mc*(l — vi/cz)i'
= —mc® + dmvy + m(vi)¥/8¢* + order (1/c*),
m = m/(16g%c",
n,p = unit vector along r4(f) — rp(t), (4.15)

Vg = —I[ZZg/lt () — rs®II1 — {¥V} + ng —V4'Vp
+ (045 - V.OMyp - v5)} 2]

On discarding the irrelevant time derivative from
Eq. (4.14), it is evident that the equations of motion
to order 1/c? may be derived from the total Lagrangian

L= z TA - z VAB’ (4.16)
A A<B

with' the effective pair interaction V45 given by Eq.
(4.15). It is interesting to note that the same Lagran-
gian (4.16) can be obtained directly from the variation
principle (3.1) by taking the trial wavefunction
0 =3,2Z,[Z% + R%(x*)I* and retaining only terms
up to order 1/c2

5. DISCUSSION

As a check on our result for the interaction let us
find the static force between two particles by the
method of Rosen described in Sec. 2. Consider two
particles held at points r, = (0,0, —4ry,) and r = _
(0, 0, 3ry,) on the Z axis at times ¢ < 0; the separation
ry is assumed much larger than the particle sizes.
The wavefunction and its derivative at ¢ = 0 are then
of the form given in Eq. (2.1):

6, 0) = Zi{Zg + (r — )}
+Z,{Zig + ¢ — ) E,
[00/01},s = O.
To find the force on particle 2 we have to compute
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the surface integral, Eq. (2.2), of the stress tensor
over a surface .S enclosing this particle, but excluding
particle 1. Following Rosen, we take for § the surface
enclosing the infinite hemisphere z > 0, x2 + y* +
z2 < 0. By symmetry the force on particle 2 lies
along the Z axis, so that the only nonvanishing
component is

F? =f T3 dx dy,
2=0
where
1[6*  (96\*  (6Y (96
=l G+ @ o]
87 et ox dy + 0z te
This integral is trivial to compute in the limit of large
ri2, when it yields the expected result F? = —Z,Z,/r},
in agreement with the potential energy —Z,Z/ri,
found in Sec. 3.

The variational method applied in this paper to the
motion of the Rosen particle is of quite general
application. For example, consider a real field 9
obeying the field equation

6(51;;) f [8%6,6, + f(®)] d*x =0,

and suppose f(f) vanishes rapidly enough for 6 — 0
to allow a time-independent regular solution 6,(r)
with the asymptotic behavior Z/r for large r.?* On
carrying through the analysis of Sec. IV with f(6)
replacing g% one again obtains the Lagrangian
principle, Eq. (4.9), with

m= 8—7}; f [(V6,)? ~ £(80)]

1 y
Z=8—;ff(00)d3r.

The field equation V26, = —}f'(6;) enables the
integral for Z to be transformed into the surface
integral

—ifveo.ds
47

on an infinitely distant sphere, so that Z is indeed the
coefficient of 1/r in the asymptotic form of 8,(r) for
large r. Thus we again obtain the equations of motion
(4.10).

Note added in proof: Many of the results of Sec. 3
have been obtained in a paper by G. Rosen [J. Math.
Phys. 8, 573 (1967)], which appeared after the present
paper went to press.

2 A sufficient condition is that f(6) behaves like (constant) 6" as
0—0withn> 4.
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APPENDIX A: PROOF OF EQ. (3.5)

In evaluating V, Eq. (3.5), one encounters four
distinct types of integral:

I, = f V6, - V6, d'r = f 3656, d°r = f 36,65 d°r,
= f 6,6, dPr,
I, = f 6462 d°r,
I, = f 6363 d°r.

Let us consider these integrals in turn.

I = 2.2, f R, Ry(RS + )RS + ay?
ZZ a2\t
= —‘——zfp-(P +n)(p2 +—;)
I ry

x (Ip + nl* + alfriy ¥ d%p,

where
Ry=r—r, Ro=r—r,,
a, = 2%, a, = Zigt,
n=(r, — 5)r., @=Ryry.

Hence, for large ry,,

L **(lezlrlz)f p-(p+mpPlp+n"d
= 4nZ,Z,[r5.
A similar argument gives
I — (2nZ,Zy[ryp)[E; - £y — (B - M), - M)].
However, for I; and I,, the above technique fails as it

yields divergent integrals. Instead we may proceed as
follows:

I = Zing' o

2 a%—'z 2 a§_13
(P +'2—) ([p+n] +—2') d’p.

gé" %2 ryp r1e AT
Now

lim (a,/ "12)(92 + a%/ "%2)—2 =0, p#0,

13— ©

12 — o p= 0,
and

IS
Fio 5T

Hence

lim (a1/r12)(92 + a%/r§2)~2 = "726(9)a

rig—* oo

Iaanzzflﬁ/g*rfz for large ;3.
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To evaluate I, we write it as the sum of three integrals:

L=L+L+1,
where

33 2\-3 2,3
I, = _Z_léj (92 + a—;—z) ([p + n}® + i:—) d*p
p<% Ty

3
Fia T2

and I, and 1, have the same integrand as I,, but are
taken over the domains |p 4+ nl <3} and p > %,
|@ + n| > 3}, respectively. '

I, may be written as the sum of the two integrals:

33 2\—%
ZH[ (4 5] de =@zt
ris Jo<t Fip
x [sinh™ (ryp2a) — (1 + 4a2/rd) 4]
— (47"2322/ 1) log ryy + order (1/ i),
for large ry,,
and

353 2\~3 2 %
~Z‘—322f (92+%) [([p+n]2+%—) —l}dap
ris Jo<} Iz T1z

3~3
~ZE[ o+~
p<

(5T
= (2nZ3Z5[r},) log %.
Whence
I, — (4w Z3Z3[r3) log ry, + order (1/r})
for large 5.

A similar argument yields the same limiting form for
1, while 1, is of order 1/r?,. Thus, for large ry,, I, —
(8wZ3Z3/r},) log ry, . Collecting together all the various
integrals then yields Eq. (3.5).

APPENDIX B: PROOF THAT 668, , dS°
VANISHES

We wish to show that § 60,6, , dS”, Eq. (4.7), vanishes
for variations dz*(p) which leave the endpoints
z*(p,) and z*(p,) fixed. To facilitate the integrations
involved in this and the next section let us replace the
four coordinates x* by a new set p,, R, O, ¢, defined
below. First we introduce a null vector e* with
components (1, sin © cos ¢, sin O sin ¢, cos ®) and
define the retarded functions p,, R, u*(p,) as in Eq.
(4.4). Then the equations

y* = x* — zX(p,) = Reé*[e"u,(p,)

define x* as functions of the four variables p,, R, ©,
¢. In the new coordinates the volume integral becomes

o(x°, x*, x?, x°)
d*x = | dp, dR d@ dp T X2 XX
fz * f” 30, R, 6,9

D3 0
=J‘ s;dp,f deRfdQ,
1 0

(BL)
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where
5 = [guldz'(p,)/dpNdz"(p,)/dp)Tt

and the Lorentz-invariant angular integration over a
unit sphere is

fdQ:fd@qu _sin®_
[e*u,(p,)]
In what follows we need the two results

fl'dQ=4'rr,

f [y* — Ru*(p,)] dQ = 0, (B2)

which are readily proved by choosing a special inertial
system in which #*(p,) = (1,0,0,0). The surface
element dS* on p, = const is
ds’ = (1/3Dg"€,.;,0(x", x*, x")/O(R, ©, $) dR dO d¢

= g°'(0p,[0x")

x a(x% x', x x*/9(p,, R, O, $) dR dO d¢

= R® dR(»"/R) dQ.
Let us now consider a variation of the path z*(p) —
z*(p) + 6z*(p), keeping the end points z*(p,) and z*(p,)
fixed. On the surfaces p, = p; and p, we have

3z%(p,) = 0,

8R = Iy, — Rit(p)[d02%(p)/dp, s’
8040, , dS° = (d,/dR)*R* dR(y°[R)(OR[0x°)3R dQ.

From the definition of R, Eq. (4.4), we have

aR/axa = ua(pr) + (5 - l)ye/R'
(y°/|R)dR[ox® = 1, (B3)

where
£ = [y, — Ruy(p)Ndu*(p)dpNs) >,

G. H. DERRICK AND WAN KAY-KONG

whence

2
f 80,6, , dS° = f R® (-“—'92)
' dR

which vanishes on account of Eq. (B2).

8R dQ,

APPENDIX C: PROOF OF EQ. 49)

The integrations of Eq. (4.8) are most readily
effected in the variables p,, R, ©, ¢ introduced in
Appendix B above. We have

L [ R*ar [ a0g 8, 0. + 508
8n '
1 AN
=L [Rear[aq] @t - (%% e‘}
81rf f [(5 )(dR)+go

1 d0,\2
= - | R*dR]| (%2 o
) [(dR) + ot
= 7r/16g*.

[See Eqgs. (B2) and Eq. (B3).]

To evaluate the integral of the interaction term
6g0%0, , let us assume that the external field 6, does not
vary appreciably over distances of the order of the
particle size Z%g}. Then

Sl f R*dR f dQ6g636, ~ 0,(z*(p,))f R?dR f 4668
- _

= 20,0,

On carrying out the final integration

P2 ,
f s, dp,
n

[see Eq. (B1)], we obtain Eq. (4.9).
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The partition function z, the pair correlation function p, and the zero-field susceptibility y for the one-
dimensional Ising model with infinite spin, are expressed in terms of the eigenvalues and eigenfunctions
of an integral equation. The eigenfunctions of the integral equation are shown to be the oblate spheroidal
wavefunctions, and, from known asymptotic expansions, high- and low-temperature expansions are
given for z, p, and y. It is shown that the low-temperature behavior of z, p, and x differs qualitatively

from the corresponding behavior for all finite spin.

1. INTRODUCTION

The one-dimensional Ising model with spin one-
half was solved by Ising in his dissertation of 1925,
but it was not until recently that the Ising model with
general spin S was considered. For arbitrary S the
problem can be set up as a matrix problem in the
same way as Kramers and Wannier? set up the S = }
problem. Suzuki ef al.® have done this for the one-
dimensional model and have obtained solutions
(numerical for § > )for S =1, %, -+, £ They also
obtained high-temperature expansions for the partition
function z and zero-field susceptibility x for arbitrary
spin, S, and low-temperature expansions for z and ¥
for § =1 and $. Their high-temperature expansions
for arbitrary S agree with those obtained previously
by Domb and Sykes and others,! who have obtained
expansions in two and three dimensions as well as in
one dimension.

The aim of obtaining such expansions is to attempt,
by extrapolation techniques, to determine the de-
pendence, if any, of critical behavior on spin. Domb
and Sykes* suggest that the high-temperature critical
behavior of the Ising and Heisenberg models is
independent of spin, although for the Heisenberg
model this has recently been questioned.®

Low-temperature expansions are more difficult to
obtain because these are determined by the excitation
spectrum which is nontrivial for general spin, and,
as far as the author knows, no low-temperature
expansion for general S, apart from the one-dimen-
sional § =1 and § expansions of Suzuki et /., has
been developed.

* Address from September, 1968: Applied Mathematics Depart-
ment, Massachusetts Institute of Technology, Cambridge, Mass.

1 E. Ising, Z. Physik 31, 253 (1925).

2 H. A. Kramers and G. Wannier, Phys. Rev. 60, 252 (1941).
(1936M). Suzuki, B. Tsujiyama, and S. Katsura, J. Math. Phys. 8, 124

7).

4 C. Domb and M. F. Sykes, Phys. Rev. 128, 168 (1962), and
references quoted therein.

5 H. E. Stanley and T. A. Kaplan, J. Appl. Phys. 38, 977 (1967).

To leading order it is clear, however, that the low-
temperature behavior of the partition function is
independent of S (apart from trivial normalization
factors) for all finite S. Thus in one dimension, for
example, if one defines the energy in a given configura-
tion (assuming cyclic boundary conditions) by

J N
E= —Ezzlsi f+13 Szz=S5S— 1,-.'3_5’ (1)

so that the ground state energy is E, = —JN forall S,
it follows immediately that, to leading order,

z = lim (Zy)"¥~eX as T—0% for all finite S,
N—-o®
(2)

where Z is the partition function and K = J/kT. In
particular, for S=14, z = K[l + ¢2X], and for
S =1 and §, respectively,® z ~ eX[1 4 3¢ 2K 4 - . ]
and z ~ K[l + e™4K/3 4 3¢2K 4 ...] Equation (2)
is true in any dimension and, in general, the multi-
plicative correction to (2) is 1 4+ O[exp (—gK/S)],
with g a positive constant.

Low-temperature expansions for infinite spin could
be obtained from the finite-spin expansions, but it
must be remembered that the multiplicative correction
to (2), which is a sum for finite S, becomes an integral
in the limit § — oo (or, in other words, the excitation
spectrum becomes continuous in the limit § — o),
so that the leading term could conceivably, and almost
surely will, have a different temperature dependence.
For any finite §, of course, there will be a range of
temperature (K < §) for which the finite-spin partition
function will closely approximate the infinite-spin
partition function, but at sufficiently low temperatures
[K = S, where the sum comprising the multiplicative
correction to (2) can no longer be approximated by
an integral], one can expect the infinite-spin model
to show qualitatively different temperature behavior
than the finite-spin model.
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We consider here the infinite spin limit of (1) where
the matrix problem reduces to an integral equation
whose eigenfunctions and eigenvalues can be obtained
exactly. We find that at low temperatures

z~ (eK/ZK)[l +—=+ + + O(K”“):I

32K3
as T—0% (3)

which indeed shows qualitatively different temperature
behavior than the corresponding finite spin expressions
above.

"High-temperature expansions (K < 1) for z of the
one-dimensional infinite spin model are given in the
following section, and in Sec. 3 high- and low-
temperature expansions are given for the pair correla-
tion function p and the zero field susceptibility y.
The low-temperature expansions for p and yx again
show qualitatively different tcmperature behavior than
the corresponding finite spin expansions.

In conclusion, it is perhaps interesting to note that
Eq. (3) is equivalent asymptotically (as T'— O*) to
the corresponding expression for the one-dimensional
isotropic Heisenberg model with infinite spin,® for
which

16K2

Z)"N = K 'sinh K.
2. PARTITION FUNCTION

For infinite spin the partition function of the one-
dimensional chain of N spins with interaction energy

(1) is given by
+1 +1 y
ZN =f eee dxl- . -deexp(K zxixi+1)
_1 - f=1
(Xxp1 =x1). (5)

In terms of the Nth iterate K‘¥(x, y) of the integral
operator K(x, y) = exp (Kxy),

@

S~ as N— oo,

n=0
(6)
are the eigenvalues of the

+1
Zy =f dxK™M(x, x) =
-1

where 4, > A4, > A, >
integral equation

+1
[ =07 dy = agco. ™

From (6) the free energy per spin y is given by
—y/kT =lim — log Zy =logl,. ®

N-oo N
The integral equation (7) is familiar in the theory of
spheroidal wavefunctions (Ref. 7, Ch. 4). It has also

¢ M. E. Fisher, Am. J. Phys. 32, 343 (1964).
7 C. Flammer, Spheroidal Wave Functions (Stanford University
Press, Stanford, California, 1957).
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occurred in the problem of determining the distribu-
tion function of level spacing for a random matrix.®
Thus it is easily verified® that if ¢(x) is a-solution of

where the differential operator L is defined by
L= (x* — 1)(d*/dx®) + 2x(d[dx) — (Kx)?, (10)
then
+1
209 = Eh0) dy 1y

is also a solution of (9), provided that

(1= x)p(x) = (1 — x)¢'(x) =0 for |x] = 1.
(12)

The regularity conditions (12) determine the eigen-
values of L and, since x(x) is necessarily regular at
x = 1, Eq. (11) implies that y is proportional to ¢;
it follows that L and the integral operator exp (Kxy)
commute. )

The eigenfunctions of the differential equation (9)
[and, consequently, of the integral equation (7)] are
the oblate spheroidal wave functions ¢,(x) [in the
notation of Ref. 7 Sy, (—iK, x)] where ¢,(x) is an
even (or odd) function of x for even (or odd) integral
gq. The corresponding eigenvalues 4, of (7) are found,
for example, by substituting ¢,(x) for ¢(x) in (7),
putting x = 0 for g even, and dlfferentratmg and
putting x = 0 for g odd, i.e.,

o= 1) a5l 40

+1
hagn = K f_ Xtaess(3) 4/ O
g=012,---. (13)

Equations (13) are convenient for numerical compu-
tation and also for determining expansions for small
K (i.e., high temperatures). To obtain low-temperature
expansions it is more convenient, as we will see in a
moment, to substitute x = 1 in (7), i.e.,

+1
hq = L ') dyld (1), 9=10,1,2,-

High-temperature expansions for A, are best obtained
using the representation [Ref. 7, Eq. (3.1.36)]

$a) = 3 d2P(x), s
r=0,1 .

where the primed sum is over even (or odd) values
for r when g is even (or odd). P,(x) is the Legendre

(14

& M. Gaudin, Nucl. Phys. 25,447 (1961). I am grateful to Professor
F. J. Dyson for drawing my attention to this fact.
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FIG. 1. Free energy —y/kT versus J/kT for a(s), the Ising chain,
with spin s (normalized to log 2 at J/kT = 0), and (b) the infinite-
spin Heisenberg chain.

polynomial and d? are tabulated coefficients (for K
in the range 0 to 5 in Ref. 7 and 0 to 8 in Ref. 9).
Substituting (15) into (13), we find that

ac -1
Aoe = 2d3“[ z(—-l)”c,,dsz,] :

=0 - » (16)
Fags = Kdiq~‘[3z(—l)”-lpc,,dsz,:%] ,
=1
where
¢, = (=P, 0) = @pY22(p1r.  (17)

Series expansions for d? are given in Ref. 7. Tables
3 and 4, for example, state that
dyjdy = K*[9 + 2K*[567 + - - -,
djjdy = K*525 + - - -,
dy/d} = K?[25 + -
from which it follows that
N~
=2 + K?9 + 67K*/8100 + - - -,
and
Ay = 2K/[3 + K325 + - (18)
We remark that the expansion for z agrees with the
infinite spin limit of the expression for z of Suzuki e al.
Numerical values for log 4, = —y/kT [obtained from
(16) and tabulated values for d?] are shown in Fig, 1,
where, for comparison, we have also shown —y/kT
for the isotropic infinite-spin Heisenberg chain

? J. A. Stratton, P. M. Morse, L. J. Chu, J. D. C. Little, and F. J.

Corbato, Spheroidal Wave Functions (Technology Press, Cambridge,
Mass., 1956).
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[log (sinh K/K)] and for the spin }, 1, and £
chain (normalized to log 2 at K = 0).

For large K the appropriate expansion for ¢,(x)
is [Ref. 7, Eq. (8.2.9)]

$ox) = 3 A EDL, 2K(1 — ¥)]

§=—v

+ (—l)qe_K(””)L,Jrv[ZK(l + x)]}’

Ising

(19)

where
q even,

L= 12
(g— D2 qodd,
and L,(z) are Laguerre polynomials. Expansions for
A? in inverse powers of K are given in Ref. 7 [Eq.
(8.2.15)]; for example,

AYA] = —iK* — 4K — K‘3 -,
AYAY = 3K + % K"‘ +
AAT = —HK — -,
and
ALjAL = A4S/ AS.

In general A9, /A2 ~ K~ and hence to leading order

20 A°Ls(210 which, from (19), is proportional to
¢o(0) and is a constant which cannot be simply
calculated. It follows then that Eq. (13) is unsuited for
calculating A,. Equation (19), on the other hand, is
ideally suited to calculation of ¢y(1), and, by sub-
stituting (19) into (14), it is straightforward to show
that

= (&5[2K)

X [1+3K™ + HK* + &K 4+ 0(K™)] (20)
and
Ml =1—aKe & o =0Q). (@3}
The constant « is difficult to calculate directly from
(19), but if one uses the numerical values of A, and 4,
[computed from (13) and tables in Refs. 7 and 8 for
K in the range 5 to 8], one finds that « ~ 25,

High- and low-temperature expansions for the free
energy can be obtained straightforwardly from (8),
(18), and (20), and corresponding expansions for the
internal energy and specific heat can then be obtained
by differentiating.

3. CORRELATION FUNCTIONS
AND SUSCEPTIBILITY
The pair correlation function can be written as

P(r) = (XX ;40
+1 +1
= Z&lf A dxl c dexjxj_,_,.
-1 -1

N
X exp (KZ xixi+1)
j==1
+1 +i +1 _
= 73 f f f dx dy dzK9(x, y)yK"(, 2)
-1 J-1,J-1

P%e ZK(N—f—f‘l‘l)(z’ x), (22)
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where, as before, K")(x, y) is the sth iterate of the
integral operator exp (Kxy). Using the representation

K¥(x, y) = 3 54,(,)
i=

in terms of the eigenvalues 4; and corresponding

normalized eigenfunctions ¢,(x) of K(x,y), we then

see that

+1 2
P =ZR3 3R 4] f_ 1 dx¢,(x>x¢m(x)] . (24)

1=0 m=0

(23)

Using Eq. (6), we have finally (keeping r fixed) that
P = Jim ) = 3 (22 [ axompuco).
(25)

Notice that, since ¢,,(x) is even when m is even, the
integral in (25) vanishes for even m. Hence only odd
values of m contribute to the sum in Eq. (25).

‘The susceptibility in zero field (assuming each spin
has unit magnetic moment) from the fluctuation
relation and Eq. (24) is found to be

= hm (NKTY™ 2 Z(x X5

=1 j=1

= (kT)™ ,'.z:o[(lo + Apmi)(Ro — Azmi) ]

X I:Ltldxgbo(x)x%mﬂ(x)]z. (26)

High- and low-temperature expansions for p(r) and
% can be obtained using the results of the previous
section. Thus, at high temperatures, using (15), one
obtains

f P ax i) = {1 + 4K%45 + 0(KY] (27)
and

[ f_?dxqbo(x)xqbl(x)]z — H1 + 4K*45 + O(KY]
(28)

If we use Parseval’s theorem, then it follows that
5.([. dx¢o(x)x¢2m+1(x))
+1 2
= [ antgicn) [ [ A9

= O(K%, 29)
and hence, from (25), that
o) = (B[] [ axtiontia] + &), co

COLIN THOMPSON

where, from (25) and (29)

R= % ()'2"”'1) l:f dx¢0(x)x¢2m+1(x)]

m=1

<3| [ dx¢o<x)x¢zm+1(x)] = 0(KY. (31)

m=1

Substituting (28) and the expansions (18) for 4, and
A, into (30) then gives

o) = (A1 K4 s+ ot |f

2
{3[1 + 5y O(K‘)]}. (32)
Similarly, from (26), one sees that

x = (KB + 2K/3 + 14K?/45

+ 92K3/675 + O(KH]. (33)
Note that p(l) obtained from (32) is proportional to
the internal energy (as it should be) computed from
Eqgs. (8) and (18), and that Eq. (33) agrees to leading
order with the infinite-spin limit of the formula given
by Suzuki ef al. We remark also that, by subtracting
off any finite number of terms in the sums (25) and
(26) and using Parseval’s theorem as above to estimate
the remainder, expansions at both high and low
temperature for p(r) and y can be obtained to any
order.

At low temperatures one proceeds exactly as above.
Thus, from (19), one finds that

f +1dxx2¢§(x) =1-K'+0K™® (34
and -

( f:dx¢o(x)x¢1(x))2 =1— K+ 0(K?. (35

Using (25), (26), and Parseval’s theorem (as above)
to estimate the remainder, one then obtains

p(r) = (1 — aKe K1

and

— K+ 0K} (36)

r=— [1 — K™ + 0(K™¥). 37
The corresponding formulas for the spin one-half

Ising model (the asymptotic formulas are the same

apart from trivial normalization factors for all finite

S%) are, respectively,

p(r) = (tanh K)' ~ (1 — 2¢7 %) as T — O™,

(38)
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and

¥ = (kT)[(1 + tanh K)/(1 — tanh K)]

K
~=¢K as
J

T— 0%,
For the infinite-spin isotropic Heisenberg chain® we
have

p(r) = H(cothK — K" ~4 (1 — K7 as T—O"
(39)
and
2= (kT)y™
x [(1 4+ coth K — K™)/(1 — cothK + K™)]

~§(1—K’1) as T— O™,

4. CONCLUSION

It has been shown that the partition function z,
the pair correlation function p, and the zero-field
susceptibility x can be expressed in terms of the
eigenvalues and eigenfunctions of the integral equa-
tion (7). High-temperature expansions for z, p, and
¥ are given in Eqs. (18), (32), and (33), respectively;
it is noted that these expansions can be obtained
straightforwardly from the corresponding finite-spin
expansions by letting §— oo. Low-temperature
expansions for z, p, and y are given in Egs. (20), (36),
and (37), respectively, which to leading order behave
differently as functions of temperature than the corre-
sponding finite-spin expansions, Eq. (2) and (38),
respectively.

In conclusion we remark that, although the partition

245

functions for the infinite-spin Ising and Heisenberg
models have the same asymptotic behavior in the
limit T — O*, the pair correlation functions and zero-
field susceptibilities have a completely different tem-
perature dependence in this limit [cf. Eqgs. (37) and
(391

Note added in proof: G. S. Joyce' has independently
discovered most of the results presented here and has
generalized them to include the classical anisotropic
Heisenberg chain, which reduces to the present
model in the limit of extreme anisotropy. Joyce’s
formula (9) for Ef2J,,, which was obtained from a
formula of Sips,’* Eq. (19.1) on p. 363 of Ref. 11

eK 1 5 3
R LRTRer R ]!

disagrees in the K~% term with our formula (20),
which was obtained from formulas given in Ref. 7.
Although we have been unable to muster sufficient
energy to check the basic asymptotic formulas, com-
parison with numerical values (computed from tables
in Ref. 9) suggests that (20) is correct and that Sips’s
formula is incorrect.
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The Lehmann-Symanzik-Zimmermann (LSZ) formalism is further used to analyze the 2V sector of the
Lee model with boson sources at zero separation. Unlike previous LSZ investigations of the model, it is
found that the solutions to two singular integral equations solve the entire sector. Two scattering
amplitudes, a production amplitude, and an equation for the determination of the 2V potential energy
are obtained. Similarities and differences between this sector and the ¥ 4 6 subspace are pointed out.

I. INTRODUCTION

In a previous paper,! the Lehmann-Symanzik—
Zimmermann approach to the Lee model? was used
as a calculational technique to obtain an equation
for the determination of the ¥ + N potential energy.
This equation was established by setting the denom-
inator of the V' + N propagator equal to zero at the
V 4+ N bound-state pole, and the corresponding
residue led to the normalization constant for this
state. To simplify the procedure in that problem, we
conveniently set the separation parameter equal to
zero and imposed commutation relations on all the
field operators. These conditions are also required in
the present paper which deals with the much more
complicated 2V sector of the Lee model. The V' + N
propagator was found by solving one simple algebraic
equation; the V + N&=2N 4 0 vertex function
and the 2N 4 6 scattering amplitude followed
straightaway. These characteristics of the first non-
trivial two-heavy-particle sector are completely
analogous to the first nontrivial one-heavy-particle
sector.? The vanishing of the denominator of the V-
particle propagator at the ¥ pole yields the mass
renormalization constant dmy,, and the residue leads
to the normalization constant of the physical V-
particle state. In this case the propagator is also
obtained from one simple algebraic equation. The
V < N + 0 vertex function and the N + 0 scattering
amplitude are then readily found.

The basic elements of calculation in the LSZ
formalism are the = functions which are vacuum
expectation values of time-ordered products of
‘Heisenberg operators. In the ¥ and ¥V + N sectors
there are four such quantities ; the symmetry properties
of those representing the Green’s functions for
scattering are revealed at once by the Matthews—Salam
equations.? It is well known that the V sector has been

1 1. M. Scarfone, J. Math. Phys. 7, 159 (1966).

2 M. S. Maxon and R. B. Curtis, Phys. Rev. 137, B996 (1965).

3 P. T. Matthews and A. Salam, Proc. Roy. Soc. (London) A221,
128 (1953).

analyzed with the conventional eigenvalue-equations
technique* and with the methods of dispersion theory.®
It has also been shown® that these methods of solution
go through with equal ease for the ¥ 4+ N case. In
these approaches one must solve a separable integral
equation or a Low or Omnes type of singular integral
equation. Furthermore, these simple sectors are
promptly solved with the S-matrix diagrammatic
techniques. Early efforts at solving the more compli-
cated ¥ 4 0 sector in a standard way were thwarted by
the appearance of a nonclassical type of singular
integral equation, the so-called Kéllén-Pauli equation.*
It turned out, therefore, that new results were first
obtained with the methods of dispersion theory,’
which led to the exact amplitude for ¥ + 6 elastic
scattering and the production process V + 6 —
N + 26. Additional considerations® showed that these
methods could be extended to yield a particular
solution of the Kaéllén—Pauli equation. The same
solution was also obtained directly through a renewed
effort with the eigenvalue equations formulation,®
which further required the solution of another integral
equation for the N 4 20 elastic scattering amplitude.
This amplitude also forms a distinct problem in the
dispersion relations approach. A modified dispersion
method,!® a diagrammatic technique,** and the N-
quantum approximation'? have also been used to
solve the V 4 6 sector. In addition, the literature!®
now contains various other methods for solving the
Killén-Pauli equation or generalizations thereof.

¢ T. D. Lee, Phys. Rev. 95, 1329 (1954); G. Kallén and W. Pauli,
Kgl. Danske Videnskab. Selskab, Mat.-Fys. Medd. 30, No. 7 (1955).

5 M. L. Goldberger and S. B. Treiman, Phys. Rev. 113, 1163
(1959); P. DeCelles and G. Feldman, Nucl. Phys. 14, 517 (1959).

8 S. Weinberg, Phys. Rev. 102, 285 (1955); L. M. Scarfone, Nucl.
Phys. 39, 658 (1962).

7 R. D. Amado, Phys. Rev. 122, 696 (1961).

8 R.P.Kenschaft and R. D. Amado, J. Math. Phys. 5, 1340 (1964).

® A. Pagnamenta, J. Math. Phys. 6, 955 (1965).

10 M. T. Vaughn, Nuovo Cimento 40, 803 (1965).

11y, C. Howard, Ann. Inst. Henri Poincaré 2A, 105 (1965).

12 A, Pagnamenta, Ann. Phys. (New York) 39, 453 (1966). )

18 E, Kazes, J. Math. Phys. 6, 1772 (1965); C. M. Sommerfield J.

Math. Phys. 6, 1170 (1965); J. B. Bronzan, Phys. Rev. 139, B751
(1965).
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2V SECTOR OF THE LEE MODEL

The LSZ treatment* of this sector has appeared in a
recent publication, and the solution to one singular
integral equation leads to the two elastic-scattering
amplitudes and the production amplitude. The V' + 0
discrete state problem has also been studied from
several points of view.14"¢ Besides being an off-the-
energy shell method of calculation, the LSZ formalism
in the Lee model has an impressive mathematical com-
pactness that holds even in the 2V sector. The authors?
of this approach to the model have stated that “it
elucidates the basic structure of the Lee model in the
most natural way.” Another author'? gives a func-
tional formulation of the model, but he feels that
this approach “provides a more general way.”

In this paper we investigate the LSZ method of
solution in the 2V sector with the heavy particles
treated as bosons with zero separation. Unlike the
previous LSZ problems, we must here solve two
singular integral equations in order to solve the entire
sector. The first of these is an equation for the Fourier
transform of the 7 function representing the 2V &
V + N+ 8 vertex. Its solution also provides the
2V 2N + 20 vertex function and the 2V propa-
gator. An equation for the determination of the 2V
potential energy is then developed by studying the
analytic properties of the propagator. The second
integral equation is an equation for the Fourier
transform of the 7 function corresponding to the
elastic scattering of a 0 particle by the ¥ + N bound
system. This function will also make available the
functions that describe 2N + 26 elastic scattering
and the production process ¥V + N + 6 — 2N + 26.
It is interesting to note that the amplitudes for these
transitions split into two terms, one of which resembles
an amplitude in the ¥ + 6 case, the other is propor-
tional .to the 2V propagator. We do not leave these
amplitudes in this form, although they do first come
that way.

II. 2V PROPAGATOR AND
VERTEX FUNCTIONS

In this section we consider the = functions associated
with the propagation of two V particles, These
functions form two equivalent sets of Matthews—
Salam equations which yield a singular integral
equation for the Fourier transform of the + function
representing the 2V =V + N + 0 vertex function.
The solution of this equation then leads to the Fourier
transform of the 2V == 2N + 20 7 function and the
2V propagator. Before carrying out this development,

14 M. S. Maxon, Phys. Rev. 149, 1273 (1966).

15 A, Pagnamenta, J. Math. Phys. 7, 356 (1966).

16 T. Muta, Progr. Theoret. Phys. (Kyoto) 33, 666 (1965).
17 4. M. Fried, J. Math. Phys. 7, 583 (1966).
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it is convenient to review some results found in the
V 4 N sector.

The Fourier transform of the V' 4+ N propagator,
evaluated at the erergy W + 2m, is given by the
inverse of the function

Im Gt(w) do

W2 <o)
GtW)=GW + i =W-I-——f
" ( 9 p 0w~ W — ie)

2w

1 (*ImGH(w)dw
+ — —, (1
ZWL o — W — ie L
in which
Im GH@) = 2mf @)@ — Y, (2)

and where € is a positive number to be treated as
infinitesimally small. The cutoff factor f(w) secures the
convergence of all integrals and is only a function
of the relativistic f-particle energy w = (k* + u?)?.
The symbol y is an abbreviation for (g/2x)?, where g
is the renormalized coupling constant and the heavy
particles V and N are taken with equal mass m. When
the energy parameter W is set equal to the V 4+ N
potential energy w, where w, < u, we are led to the
condition

G(we) = 0. 3
This equation determines w, (at zero separation) as a
function of the renormalized coupling constant.
When this constant is less than its critical value (no
ghosts), w, is real (negative) and single-valued.'® By
subtracting G(w,) from (1), we can express GH(W)
in the useful form

Gt(W) = (W — woat (W), “)
where
(W) = G'(wy)
(W —wy) [® Im Gt(w) dw
+ m J;; (0 — wp)(w — W — ie) ®)

and G'(w,) is the derivative of GT(W) evaluated at w,.
In this way we have extracted the zero in G*(W) and
obtained the function at(W) which has a cut for
u < W < o and no zero or poles in the cut plane.
The Fourier transform of the single V' propagator,
evaluated at the energy W + m, is also given by the
inverse of a function that has a zero and the same cut.
Because of this the V' 4+ N propagator in the 2V
sector plays a role very similar to that of the V-
particle propagator in the ¥ 4 6 sector. We can show
by contour integrations that the functions (4) and

18 Reference 6.
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(5) have the following integral representations:
1 1
G'(W) (W — woa(w,)

s mlelmv e ©

W) =Z +— f ” ————Im «'(w) do

l€

@)

where Z, the V particle field operator renormalization
constant, is chosen to lie between zero and unity. We
also note that

5m7 = (zﬂz)—lfw IIE_G_"'____(CO)dC_U s (8)
[ w
_ 1 (*ImGHw)dw
Z=1-- J; — ®

If Z, is called the normalization constant of the

V + N bound-state vector, then Z;2 = a(w,), and
from (5) or (7) we have
WZNY—~ Z (10)
|Z' ]|

Let us now introduce the = functions representing
the 2V propagator and the two vertices. These are
given by

7.(s) = O] Tlyp(S)pr(Dyiyr110),  (11a)
7o(s; 0) = X7Hw)
x (O] T[yp(s)pn(s)an(s)¥pyi] [0), (11D)

s(s; 0, 0') = X Hw)X (')
X (0] T[yn(s)pn()ar(s)ap()vivi] 10), (11c)

7i(s; ©) = X ()
x (O] Tlyp(yr(s)vpyiar](0), (11d)
(53 @, 0) = X Hw)X (')
x (O] Tly (s)ppA)viyiaial] [0), (lle)

where X (w) is an abbreviation for f(w)/(2w)} and we
are quantizing in a box of unit volume. Using the
equal time commutation relations and the field
equations [as given in Ref. 1 by Eqs. (3) and (18)],
we are led to the Matthews—Salam equations:

(i-g—s - 2mo) 7y(s) = 2—; 4(s)
S
TS5 0 13a
(G- w){::iir o

-ro g (32
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(G =e=e)ldinm)
=4 e s

where my = m + dmy . We see that (12a), (12b), and
(12¢) form one set of coupled equations for the first
three = functions, and that (13a), (13b), and (13c)
form an identical set for the first, fourth, and fifth
functions. At this stage in the V' 4 N sector only two
simple Matthews—Salam equations are needed to
obtain the V + N propagator from an algebraic
relation. Here we are forced to solve a singular
integral equation for the Fourier transform of
7a(s; w) or, equivalently, 7,(s; w) prior to finding the
Fourier transform of the 2V propagator from an
algebraic equation. The solution of this singular
integral equation will not, however, solve the entire
sector, since we have not yet presented all the
appropriate 7 functions in the 2V sector.
Introducing the Fourier representations

;o
s 0,0, ) = — | dWe T H (W 0,0, ),
[
271‘ —c0 (14)
a
f dse™ry(s; w, o', +),

(14b)
and transforming to continuous space, we obtain

2 . U DY
F5(W; v, o',

(W — 2mg)#y(W) = 2Z7* + (ngZ)™*
X fwlm [GH(w)Fo(W; ) dw, (15a)

(W—my — m — w)iy(W; 0) = gf (W) + 2ugZ)™

X fwlm [GH()s(W; , ®') do', (15b)

(W=2m— o — o)y((W; o, o)

= 2g[7(W; 0) + #H(W; @), (15¢)
and an identical set of equations in which #(W; w)
and 7(W; w, »') replace #3(W; w) and 75(W; w, 0'),
respectively. From (15¢)
28[7(W; w) + 75(W; @')]
W—-2m—ow-—ow +ie
Substituting this expression into (15b), we arrive at
the following integral equation:

GHW — 2m — w)}i(W; »)
1 [ Im [GT(0)F(W; o) do’
= gZ7 (W s
874y )+1r14W 2m — w — o' + ie

(W 0,0) = (16)

)
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where #(W; w) denotes either 7,(W; ) or 7,(W; w).
The inhomogeneous term in (17) is, of course, at this
point unknown, but we consider this integral equation
as an equation in the variable w for fixed W, so that
7,(W) appears as an unknown constant. In carrying
out the solution of (17), we obtain the same result for
7o(W; w) and #,(W; w). This result involves the
propagator as an over-all factor and, upon substituting
into (15a), we can subsequently remove #;(W) from
the integral and determine it by solving the resulting
algebraic relation. The equality of 7,(W;w) and
#,(W; w) leads to the equality of 7,(s; w) and 7,(s; w),
which are known from their definitions to coincide
at s = 0. It then follows from (12c) and (13c) that
T3(8; 0, ®) = 74(5; 0, @), since 73(0; w, W) =0 =
75(0; 0, o).
Letting W — W + 2m, introducing the definition

J(W;w) = J(W; o — ie)
_ GY(W — o)W + 2m; w)
gZ#(W 4+ 2m)

and extending w into the complex Z’ plane, we see
that Eq. (17) becomes

1 (* Im [GT () (W; w') deo’

, (18)

J(W;Z ) = 1 - ; ’ (w’ _ W+ Z')G+(W— w,)9
(19)
where
J(W;w)= lim J(W;Z). (20)

Z' s o—ie

The singular integral equation that arises in the
eigenvalue approach to the 2V bound-state problem
can be deduced from Eq. (19) by letting W become the
2V potential energy. We shall consider this formula-
tion of the 2V sector in a future communication.
Equations of the type (19) with a perfectly general
inhomogeneous term have been studied by Maxon.!
In our case, however, we are involved with the V + N
function G rather than the V particle function (also
called G in Ref. 14). Applying his method of solution,
we find

Ry 2 G(W_ ZI)
T2 = T w(@oGH (W — ol (W — wp)]
% : 1 a(we)GT(W — wy)
W—w,—2Z' Z' — w,
X [TA(W — Z') — (W — wo)]}, Q1)
where

n_1[" 1 dow
w2 =" J; fm [G“L(w)il (0 — ZNot (W — w)
(22)
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An integral corresponding to Iy;(Z’) was first intro-
duced in the ¥ + 0 sector,? and, in analogy with that
case, we find the identity

(0o — ZM(Z") + (w0 — W+ Z)p(W — Z)
_ W — 2w,
()G (W — ay)
_(Z' = 0)(W—=Z" — wy)
G(ZGW—-2)
This relation is useful in verifying that Eq. (21) does
indeed satisfy Eq. (19) and in simplifying the matrix
elements that arise in Sec. III. From Egs. (18), (20),
and (21) we are led to the solution of Eq. (17):
W+ 2m; w) = 7(W + 2m; ) = #F(W + 2m; w)
_ g™H(W + 2m)
[1 + owe)GH(W — wo)I;:V(W_ )]
N { 1 " K@) GH(W — wy)
W—ow— w,+ ie

+ (Qwy — W)I;V(W_ ©y)

(23)

w_wo

x Iy (W — ) — iy (W — wo)]=- (24)

When this result is combined with Eq. (15a), we solve
for the 2V propagator and express it in the form (see
Appendix)
(W + 2m)
- 41 + H(w)GHW — wl (W — wy)]
D(W)

» (25)
where

D(W) = Z¥W — 26my)
X [1 + a(we)GT(W — w))I3(W — w)]
+ a(wo)GH(W — w,). (26)

The calculation of the 7 functions in this section is now
complete. We have resolved the 2V propagator in
terms of (a) quantities and functions that arise in the
V and V + N sectors and (b) the integral Iy, . This
result finishes off the other  functions, as shown by
Eqgs. (24) and (16)

In order to obtain an eigenvalue equation for the
determination of the 2V potential energy, it is
necessary to consider the analytic properties of the
2V propagator. For this purpose we insert Eq. (11a)
and a complete set of intermediate states into Eq.
(14b) to get

22 KOl ypyy m)?

A W) =
() W—EB+ie+g W—E, + ic’

@7

where Zp is the normalization constant of the 2V
bound state (assuming only one such state) and |n)
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refers to all other states having the same quantum
numbers as two V particles. We see that the propagator
has a simple pole at the total bound-state energy
W = Eg = 2m 4+ wg. Thus it follows from Eq. (26)
that

D(wg) = Z¥wp — 20myp)[1l — a(we)G(wp — wg)

X A(wg — wo)] + H(we)G(wp — wy) =0, (28)
where, more generally,
Alw) = —I5, ()
| 1 do’
=~ I . (29
el Fermm @

Equation (28) determines the 2V potential energy wg
(recall the lack of recoil in the model) as a function of
the renormalized coupling constant, and, of course,
the ¥ + N potential energy w, is obtained from (3).
In Eq. (28) G(wp — wy) and A(wg — w,) are real
integrals, since the stability of the 2V system requires
that wp < wy + u < 2u. We see from Eq. (29) that
A(w)hasthe branchcuts u < w < wand2u — wy <
o < . These cuts originate from the V + N + §
and 2N + 26 intermediate states, respectively. At the
pole W = Eg, #(W) has the residue 2Z%, and
consequently we can use

2Z% = lim (W — wg)f(W + 2m)

W-op

to find Z;. The # functions that have been derived in
this section can also be used to obtain the other
expansion coefficients in the 2V bound-state vector;
but since the chief purpose of this paper is to pursue
the formal LSZ solution of the 2¥ sector, we do not
calculate these coefficients nor do we go into a
detailed study of Eq. (28). These problems will also be
present in the eigenvalue treatment of this sector, and
we reserve them for that investigation. To simplify the
actual analysis of Eq. (28) one could set the cutoff
function equal to unity and use nonrelativistic 6
particles. It should also be possible to analyze the
2V bound-state spectrum when the probability Z is
less than zero.

(30)

. SCATTERING AND PRODUCTION
PROCESSES

So far we have seen that the 2V propagator and two
vertex functions form a distinct problem in the LSZ
approach to the 2V sector. In this section we consider
another set of 7 functions that require a separate
procedure. These functions give rise to a new system
of coupled Matthews—Salam equations, and the
solution to one singular integral equation yields the
# functions corresponding to ¥V + N+ 6 and

LEONARD M.

SCARFONE
" . N 8,/
o By 8™, ,,",-; ,
7y b
VN N/ VN vN N 2n
{a) {b)
. ‘\\U aw”/l’ .
~\\\\ ,/’/

Fic. 1. Diagrams corresponding to (a) V+ N+ 0 elastic
scattering, (b) Production process ¥+ N -+ 0 — 2N + 26, and
(c) 2N + 20 elastic scattering.

2N + 20 elastic scattering and the production process
V+ N+ 0—2N + 26. The S-matrix elements for
these transitions are given by

w0 @®
SUINA0 = 6 — a(wo)X(w)X(w’)J dr f dt

X ei(2m+mo+m)t’.jj(t/; w)‘ro(t’ -t o, wl)
x DH(t; w)eiCmtortadt  (3p)

P = —éa’}(wo)X(w)X (@) X(w”)f—w dt’f—w “

X Bty g — wy + oYt — t; 0, 0", ")
X DH(t; o")e  Emrertent (37
Surdere + SOy

i
KKk 2
B CLE Gk Gl oy
4 ~—00 —0

% ei(2m+w+w’)t’£§(t;; ® — @, + w:)
X 1t — t; 0, 0, 0", 0"
X é-)*(t' CU” _ wo + wm)e—i(2m+m”+w")t

> b

(33)
where

D(t; w) = [i(d[dt) — 2m — wy — w].
The factors «(w,) and a¥(w,) originate in the bound-
state contractions. These processes are depicted in
Fig. 1 where the solid lines in the diagrams are used to
symbolize two heavy particles, Actually, there are four
appropriate + functions involved here and they are
given as follows:

7¢(s; @, ©') = X Hw)X Yw’)
X (0] Tlyp(s)pn(s)a(s)vpyra] |0),
To(s; 0, o', ") = X Y @)X Yo )X (")
x (O Tlyp(s)pn()a(s)pnyiarai]10), (34b)
73(s; 0, 0, ®") = X Hw)X Nw)X Ho")
x (0] Tlyn(s)yn(s)ax(s)a()viynar1i0), (34c)
-r,,(s; w, (,0’, Q)”, wm) —_ X—l(w)X—l(w/)X—l(wﬂ)X—l(wﬂ/)
x (0] Tlyn(s)en(s)ar(s)ar(s)pynarai110). (34d)

(34a)
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As before we use the equal time commutation relations
and the field equations to establish the corresponding
Matthews—Salam equations:

.d '
(l——mo—m—w)n;(s;w,w)
ds

8(s) B X () + g7(s; @)

2
Z
+ EgE X} (" )re(s; 0", 0, "), (352)

<

. d
(l — —2m— o — o0"|7(s; 0,0, 0")

ds
= 2g[7s(s; 0, ©") + Te(s; w, @")], (35b)
(i 4_ 2m — w — w’)-rs(s; w, 0, w")
ds
= 2g[7e(s; 0, 0") + 7¢(s; ®', @")], (35¢)
3] d 14 I ” "
(1—— 2m—w—w)~rs(s_;w,w,w , ")
ds
= 2i8(s)X (@)X (") [0a-Opnr + S O]
+ 2g[ris; w, 0", @) + 7(s; @', 0", @")]. (35d)

In the LSZ solution of the V and ¥V + N sectors, it
was found from the Matthews—Salam equations that
the 7 functions for N + 6 and 2N + 0 scattering were
symmetric under interchange of the initial and final
o variables. In both of these cases, this basically
follows from the very close relationship between the
scattering amplitude, the propagator and the vertex
function—a relationship that is characteristic of the
sectors nN + 6 (n =1, 2, 3, - - ) when the separation
parameters are all taken equal to zero.' Since the
interaction effects are more complicated in the 2V
sector, we do not expect equally simple connections
between the V' + N + 6 scattering amplitude, the 2V
propagator, and the vertex functions. The expression
for 75 [see (43)] shows that it is not symmetric in w
and o’. It is because of this that the only obvious
symmetry properties of T,, 7, and 7, are those due to
the interchange of w variables in the initial or final
states. A similar situation exists in the V 4 0 case
which has a system of Matthews-Salam equations
analogous to those given above except for the =, term
in Eq. (35a). This term embodies the 2V interaction
and its effects will appear in all three transition
amplitudes. Carrying out the Fourier transformation
as before, we have

(W—my— m — 0)f(W; 0,0) = %"’X”(w)

+ gh (W 0') + Eg 3 X)W ; o, 0, '), (36a)

1% L. M. Scarfone, Nuovo Cimento 48, 84 (1967).
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(W—=2m— o0 — o')W, 0o, o
= 2g[7e(W; v, 0") + 7o(W; @', ©")], (36b)

(W =2m — o' — "y (W; 0,0, 0")

= 2g[fg(W; w, ") + 7(W; w, 0")], (36c)
W=2m— o0 — o")y(W; 0,0, 0", o)
= 2X"H0)X X" )OO + SpserOar]
+ 2g[#(W; 0, 0", ") + (W o', 0", ™). (36d)
From Eq. (36b) we get the relation
(W3 00", 0, 0")
_ 28l7(W; 0", o) + (W3 0, 0)] . (37

W—2m—ow— o +ie
Substituting Eq. (37) into Eq. (36a) and letting
W — W + 2m, we are led to the following singular
integral equation for 74:
GH(W — 0)7(W + 2m; 0, 0')
= 0. X Hw) + gZ# (W + 2m; @')
+ 2¢° z Xz(w")’?s(wi‘i' 2m; w‘”, w').
g W—0o"—w-—ie

(38)

Next, we introduce the definitions
L~-(W; 0w) = L(W; 0 — i)
= (Z[28)GH (W — w)fy(W + 2m; w),
(39)
T-(W;w,0)=TW;w — ie, ')
= (128G (W — o)
X [GT(W — 0)7e(W + 2m; 0, »')
- 6kk1X_2(wl)]’ (40)

and transform to continuous space to obtain (38) in
the form
1
TW;Z,0)y=L(W;w _—
( )= LW 0) + o
1 f © Im [GH ()T~ (W; 0", ') dw”
v (0" 4+ Z'— W)GtH(W — ")

» (4D

ks

where
T (Wi, )= lim TW;Z o).

Z' > w—ie

(42)

With W and o' fixed, we consider this equation as an
equation in Z’. Thus the first term on the right-hand
side of Eq. (41) is treated as a known' constant. The
singular integral equation that originates in the
eigenvalue approach to V 4+ N + 0 scattering is
readily deduced from (41) by letting W — o’ + o,
and Z’— w — ie. Under these conditions there is a
direct relationship between T(W;Z’, »") and the
expansion coefficients of the bare V' 4+ N + 0 states.
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L~(W; »’) essentially becomes the coefficient of the
2V bare state that occurs in the physical V + N + 6
scattering states.

-2,
#2(W+ 2m; 0, 0") = O X~ ()

2g2
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Equation (41) is solved with the same method used
for (19) and then from Egs. (39), (40), and (42) we
obtain the result

GH(W — w")
x( L _

W—w—w+i
(W — o' — o) TH (W — @)

+

(W— 0 — w))(W— o — vy
[(wo — o)) +

1
=)
(W = 0 — w) (W — 20" )3 (W — )

(wo — ') w — ' — ie)

(g — 0N w — w' — i)W — v — o' + ie)

» —a(we)GH(W — wy) [(W o — o)W — ») + 2w, —
1 + a(w))GT(W — o)1 (W — w,)

[(wo — W)e) + (W = o' — L H(W — ') +
(W— o' — w)fy(W + 2m; ')

(0o — @)@y ~ @)

2g

W)L (W — wo)]

1
@ (W — )

x i -

It is evident, as stated previously, that 73 is not
symmetric in @ and «’. A comparison between our
solution (43) and the one given in Ref. 14 for #5 shows
an obvious correspondence of terms, except, of
course, for those involving #, which do not occur in the

Wy — @

(wo)GH(W — wy) [(W o — o )lF(W — 0) + 2w, —

MWW — wo):“)
1 + a(wo)G (W — wy)l%; (W wg)
43)

latter case. The entire expression for 74 is formulated
in terms of simple energy factors, the integral I, and
functions and quantities that arise in the V¥ and
V + N sectors. From Eqs. (36c) and (36d) we see
that

#2(W+2m; 0,0, 0", 0") =

(W +2m; 0,0, 0") = [76(W+ 2m; 0, 0") + Ts£W+ 2m; w, »")] , (44)
W — o+ i
m X_z(w)X—z(wl)[akk"ak'k" + SO
W—w—o +ie
4g? [Fe(W + 2m; 0, ") + 7(W + 2m; 0, ") + 2(W + 2m; @', 0") + 7(W + 2m; o', 0")] @5)

+

W—ow— o+ ig)(W— " —

— " + lE)

This completes the determination of the # functions, and now we proceed to calculate the S-matrix elements.
For V + N + 0 elastic scattering we use Eqs. (14a), (31), and (43) to get

SN0 = 8y + dmig®(w — )XY @)(00)

{ 1 [1 + a(wo)G+(w)A(w)] _

()G (@) L1 — a(we)GH(w)A(w)

Z¥w + w, —

2
[1 — a(w)G*(w)A(w)]D(w + wo)}
2 8mp)ll + (we)GH(@)A(w)] — H(we)G* ()

= &y + 4mig’0(w — )X 2(cu)l:

In carrying out the integrations in Eq. (31), we find
that W— o + wy, = ' + w,, which means that
terms in 74 containing the factors (W — v — w,) and
(W — o' — o) give no contribution. Note, however,
by Eq. (24), that (W — o' — w)fo(W + 2m; o) is
nonvanishing. The first term in the curly brackets
of Eq. (46) resembles the result found for ¥ + 6

G*(w)D(w + wy) :l (46)

elastic scattering and the second term is proportional
to the 2V propagator as shown by Eq. (25). In the
V + 6 case, a denominator similar to 1 — aG*4
leads to a condition for the V' + 0 bound state. Here,
however, this denominator is eliminated when Eq.
{26) is used to obtain the second equality in Eq. (46).

Turning to the production amplitude (32), we
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employ Eqs. (14a), (37), and (43) to derive
P = Brig™X (@) X()X(0")(wp + 0" — © — )ad(wy)
x 1 _ ()G (@) }
{G+(w)G+(w')[1 — t(0)GH(@NA(w")]  GH(@)GH (0 )D(w" + wp)[l — W(we)GF(w")A(w")]
_ 8Z%mria? (wq)g X () X () X(0")0(wg + 0" — 0 — ')(00” + wy — 26my) 47

In arriving at this result, we have used W = " + wy =
o + o’ which gives less simplification in 74 than the W
of the previous case; thus more algebra is required.
The first term in the curly brackets is similar to the
production amplitude in the ¥ 4 6 sector. The final
form of Eq. (47) comes from using Eq. (26), and it

2N+28 6kk”6k'k" + 6kk"'6k'k”
SHVH2 —
’ 2

X~*w)
X [G+(w,)

X *(w')
GH(w)

(O + Opr) +

GH(w)GT(w)D(w” + w,)

—27ig’(w + 0 — " —

contains a factor for the 2V interaction effects and a
factor [GH(w)G*(w’)]™! describing the final state
scattering of the 6 particles by the 2N sources.

Finally, we consider the scattering process (33)
which, with the help of Egs. (14a), (43), and (45),
becomes

") X (@)X (o) X(0") X (™)

(Buar + 6,”)}

+ 87igd(w + 0’ — 0" — ") X ()X ()X (0") X (™)
2(0e)GH(w + o' — wy)

8 ‘G+(w)G+(w')G*(w")G+(w"')[1 — ()G (@ + 0’ — w)A(w + o’ — w)]
[(@e)GH(w + @' — wy)]*

- G (0)GH ()G ("G (w")D(w + w1 — a(we)GH(w + o' — w)A(w + o' — vl

The algebraic manipulations involved in reaching this
result are more complicated than in the other two
cases because of the lack of any initial simplification in
(43) for W= w + o’ = 0" + »”. The Kronecker
deltas in the first part of Eq. (48) denote the occurrence
of no scattering at all and the next part (in square
brackets) refers to the elastic scattering of one 6
particle by the 2N sources while the other 6 is un-
scattered. The first term in the curly brackets has the
same form as the N + 20 scattering amplitude, and
when Eq. (26) is used the entire curly-bracketed
expression becomes

Z¥Hw + o’ —20mp)a(we)GH{w + o — wy) 49)
GH(w)GH(w )G (0")GH(w")D(w + w')

Once again, the denominator 1 — xG*A4 is eliminated.

In Eq. (49) there are factors describing the initial and

final scattering of the 6 particles by 2N particles and a
factor for the intermediate 2V effects.

IV. CONCLUDING REMARKS

We have found that two singular integral equations
arise in the LSZ approach to the 2V sector of the Lee
model with boson sources and that their solutions
determine all the appropriate # functions. These

functions separate into two distinct, yet coupled, sets,

(48)

one of which contains the 2V propagator and related
vertex functions, the other embodies the + functions
corresponding to scattering and production processes.
Each function in the latter set gets coupled to the 2V
interaction through the vertex 2Ve=V + N + 6.
Accordingly, all three amplitudes (46), (47), and
(48) received the factor D! where Dis the denominator
of the 2V propagator. There are poles in these
amplitudes attributed to the vanishing of D and G in
the denominators and branch cuts due to G and A4.
The interpretation of the amplitudes parallels that of
the V' + 0 subspace. The appearance of D! in the
final form of each amplitude in place of a denominator
like 1 — «aG*4 is due to the formation of an inter-
mediate 2V state rather than a ¥ + N + 0 discrete
state.

It should be reasonably straightforward to extend
our considerations to the higher sectors 2V + nN
(n=1,2,3,---,) since these also contain only two
6 particles. Now that we have found the solution to
the scattering processes V' + N + 6 and 2N + 26,
we can consider the next most complicated two source
case, namely 2V + 6 scattering and other related
processes. We can also think of using heavy-particle
sources with nonzero separation parameters. In
this regard we have already carried out the exactly
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soluble and instructive problem of the scattering of a
single § by two noncoincident N particles. Finally, we
propose to investigate a dispersion relations calcula-
tion of the 2V bound-state energy condition (25)
starting with the vertex function (V| f;; |B) where f},
is the V particle current operator, |V) the physical
one particle V state, and |B) the 2V bound state.
Blankenbecker and Cook®* have pointed out that
many of the properties of the bound state can be
studied in this way, and our example may be the first
instance of an exact dispersion-relations calculation
involving the exchange of two mesons.

APPENDIX
To derive (25), we substitute (24) into (15a) and
obtain
#(W + 2m) = 2/D)[1 + (we)GT(W — wy)
X FW — w0l Z0F = 28mp)t + o)

X GH(W — w)) Ly (W — wy)]

1 J‘ ®  ImG'(w)dw

e o — (W— wy) — ie
+ ()G (W — wo)n;y(W — @)
1 f ® Im G (w) dw

mJu W — Wy

1 f‘” Im [GH) (W — o) dw}*l‘

~ a(wg)w* (W — w,)

(A1

TJu W ~— Wy

The first two integrals in the curly brackets are
evaluated with the relation

1 f ® Im GH(w) dw
TSy 0 —W-—ie

= G*(W) + Zém, — ZW, (A2)
which follows from Egs. (1), (8), and (9). Thus, with

10 R, Blankenbecker and L. F, Cook, Phys. Rev. 119, 1745 (1960).
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the help of Eq. (3), the denominator in (A1) becomes
Z(W — w —~ dmyp)a(@o)G(W — wo)[3(W.— w,)
+ Z(wy — dmy) + GT(W — wy)
— a(w))G (W — wy)
« 1 f°° Im [GT (@) H(W — w) dw
M

k2

(A3)

w — W,

If we let C(W) be an abbreviation for the integral in
Eq. (A3), including the factor (1/7), then from Egs.
(22) and (7), and one elementary contour integration
we obtain

C(W) = Z-— “(wo)

Za(as)

- 7% J:o Im [G*'l(w)] a+(:’a-)— )

Now by doing a partial fraction decomposition in
L (W — w,) we learn that

A Folrr

= (W — 20)I3(W — wg)
1 [ 1 do
o) ) Fw—w @

The integral on the left-hand side of Eq. (AS5) is the
integral that appears in Eq. (A4). At this point, we
make use of Eq. (6) in the integral on the right-hand
side of Eq. (AS5), and after some straightforward
contour integrations, Eq. (A5) becomes

=2 [G*”I(w)] aﬂviw— o)

= (W - 2wo)I;V(W — )
(o)t (W — wy) — Z°
Zr(we)o (W — wg)
Returning to Eq. (A4) with this result, and then back
to Egs. (A3) and (Al), we get Eq. (25).

(A9

(A6)
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A reexamination is made of nonrelativistic scattering by a superposition of Yukawa potentials in the
frame of a high-energy perturbation method developed previously by one of the authors. It is found that
for Yukawa potentials expandable in ascending powers of r, the § matrix may be written in a remarkably
simple form. A high-energy asymptotic expansion is obtained for the phase shift. The residue function
at the Regge poles is found to have the same general form as for a Coulomb potential and is formally

independent of any high-energy approximation,

1. INTRODUCTION

In recent years some high-energy experiments have
motivated an intense study of the high-energy behavior
of scattering amplitudes. Particular attention has
always been paid to potential theory because there the
scattering amplitude can be calculated more easily
than in field theory or S-matrix theory. Moreover,
potential theory arises frequently as a simplified
version of a more ambitious theory and often yields
results which, even in relativistic cases, are as good as
any other approximations. Also, considerable insight
into the analytic nature of scattering amplitudes has
been gained from a thorough study of potential theory.

The Yukawa potential is of particular interest
because, of all well-known potentials, it is the only
one which corresponds directly to the exchange of an
elementary particle. It is also the only potential for
which (so far) a Mandelstam representation of the
scattering amplitude has been shown to exist.

In previous papers’? one of us used a powerful
perturbation procedure for an examination of the
scattering by a superposition of Yukawa potentials.
Following Mandelstam?® and Lovelace and Masson,*
the over-all potential was assumed to be expandable
in a series of ascending powers of r. However, some
of the results obtained—as, for instance, the expres-
sion for the nonrelativistic S matrix—look clumsy and
complicated. Here we show by a reexamination that
these complications are only apparent. Expressed
more precisely, we show by an investigation of the
first seven terms of the high-energy expansions of the
solutions and eigenvalues of the Schrédinger equation,
that these complications do in fact cancel out. More-
over, it becomes obvious that this cancellation must
occur to any order of approximation.

* Present address: Sektion Physik, Universitit Miinchen,
Lehrstuhl Prof. Bopp, Miinchen.

t Partially supported by Research Corporation grant.

L H. J. W. Miiller, Ann. Physik 15, 395 (1965).

? H. J. W. Miiller, Ann. Physik 16, 255 (1965); Physica 31, 688
(1965); Z. Physik 183, 402 (1965); 186, 79 (1965); 198, 59 (1967).

3 S. Mandelstam, Ann. Phys. (N.Y.) 19, 254 (1962).
4 C. Lovelace and D. Masson, Nuovo Cimento 26, 472 (1962).

In Sec. 2 we introduce our notation and basic
definitions. In Sec. 3 we recalculate the fundamental
Jost solution from which the Jost function, and hence
the S matrix, may be derived. We present these results
and the expansion for the eigenvalues in sufficient
detail to facilitate programming for computers.
In Sec. 4 we derive the S matrix and calculate phase
shifts and residues. These results are found to be
remarkably simple and completely analogous to
corresponding formulas for the Coulomb potential.®
In particular, the expression for the residue is found
to be independent of any high-energy approximation.

2. SOLUTIONS OF THE RADIAL
SCHRODINGER EQUATION

The radial Schrodinger equation for the partial
wave y,(k, r) corresponding to a potential V(r) is

[dz/drz K- l—(—l—:;—l) _ V(r)} wik, ) =0, (2.1)

where E=k* and & =c =1 =2m, m being the
reduced mass of the system. Previously! we derived
four high-energy asymptotic solutions of this equation
subject to the boundary conditions
ny . ~ 1+1
vi(l, ki) ~ (k) } for |r|— o0  (2.22)
v (I, k; 1) ~ (kr)y™
an _
Wk r) ~ &
v ks r)~e™
As is well known, these solutions may be conveniently
expressed in terms of each other by the relation

} for [r]— 0. (2.2b)

N DN 204+ 1\ ., _
W0, ks 7) = (—zl.k )fl( )
x 110, K, ks 7) — (=YF 0, ke, ks nl,

(2.3)
where the Jost function f(I, —k) is given by®

B =tlim Lt D
7@ k)—lf_rﬁl‘(zl-m)

5 V. Singh, Phys. Rev. 127, 632 (1962).
8 D. I. Fivel and A. Klein, J. Math. Phys. 4, 274 (1960).

(=2ikr)y ¥, k, r). (2.4)
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The asymptotic form of the regular solution %Y is
then found to be

-
WV, k) 52> :-c 21 + 1) exp [i8(1, k)]

x sin [kr — 3l + 6(1, k)], (2.5)

with
pACY))
S(1, k) = exp [2id(], k)] = 2.6
(1, k) = exp [2id(], k)] = k)’ (2.6)
Thus, to determine the scattering matrix S or the
phase shift 4, it is first necessary to find the Jost
function f or, equivalently, the Jost solution .
Previously! we derived high-energy asymptotic expan-
sions for all solutions (2.2). However, for a better
understanding of the subsequent section, we rederive
the solution .
Throughout we consider a generahzed Yukawa
potential ¥(r) which can be expanded as a power
series in r:

V(@) = Z M (— r),

e))

where, for the real potentials we consider here, all M,
are real and independent of k. Then, as pointed out
before! and discussed in detail by Bethe and Kino-
shita,” a countably infinite number of Regge poles
may be defined in the region of large negative energies,

by requiring/ +n + 1,forn =0,1,2,- -, to be of
order 1/k, ie.,
A(K)
1 l=———, |K|—> o0, 2.8
+n+ 2K K| (2.8)

where X = ik and A is an expansion in descending
powers of K. The function A is obtained from the
secular equation of the eigenvalue problem, and it is
known!'? up to (and including) the term in 1/K7. It
may be written down in the two forms:

ALK) = M, — 2—;— [n(n + DM, + M;M,]

_@n+ DMM, | 1
4K3 8K*

X [BMy(n — Dn(n + )(n + 2)
+ 2MMy(3n® + 3n — 1) + 6M;M;n(n + 1)
@n + 1)

8K?®
X [3MMy(n® + n — 1) + 3M;M;

Min(n + 1) + 4M,M,M,] + O(1/K") (2.9)

+ 2M,M§ + 3MiM,] +

and
A(K) = My — —; [l(l + DM, + MM,] + —, 8K4

x [3(1 — DI + 1)(1 + M, + 2M;M,(31* + 31 — 1)
+ 61(1 + DM,M, + 3M,M; + 3MM,] + O(1/K®),

(2.10)

7 H. A. Bethe and T. Kinoshita, Phys. Rev. 128, 1418 (1962).
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Eq. (2.10) being obtained by a trivial inversion of (2.8).
In particular we observe that A,(K) has the property

A(K) = A(—K). 2.11)
3. JOST SOLUTIONS
To obtain the Jost solution wf," , we set z = —2Kr
and
vl ks 2) = c- eyl k;2),  (3.0)

¢ being a constant independent of r. Then y; is a
solution of the equation

1 o0
Do = 52 (Mo — A + 52 5 (2K)M¢x, (3.2)
where
D, = zd*/dz* + (b — z)d|dz — a (3.3)
and [cf. (2.8)]
a=1+1+ A(II? —n, (3.4)
b2l 42— —am MK (3.5)
K

Since, however, the right-hand side of (3.2) is of order
1/K, we have to a first approximation

Dz = 0. (3.6)

A glance at the differential operator (3.3) shows that
(3.6) is a confluent hypergeometric equation. A
particular solution of this equation is the function®

. I'Ml — b)
W(a, b; z) = ———F( e 1)¢>( , b3 2)
P =1 1 )
T D(a—b+1,2-b;2), (3.7

where @ is the well-known hypergeometric function
defined by the Kummer series. It is now convenient
to set the constant ¢ in (3.1) equal to 1/I'(e) and to

define the first approximation of y, as
U = I'a)¥(a, b; 2) = ¥(a, b;2). (3.9

The solution ¥ so defined then satisfies the recurrence
relation

V@)= (@, a+ D¥@@+ 1)+ (a,a) Y(a)
+ (@ a—D¥a@-1, (3.9
where
Ya+j)=Ya+j,b;2)

8 Higher Transcendental Functions, A. Erdléyi, W. Magnus,
F. Oberhettinger, and F. G. Tricomi, Eds. (McGraw-Hill Book
Company, Inc., New York, 1955), Vol. III.
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and

@ga+1l)=a—-b+1=uq,
(a,a) =b—2a=pf—2a,

ga—)=a—1=a-—4

B=2—b, (3.10)

Note: These coefficients correspond to the coefficients
(@, a + j)* defined in our earlier paper.!

By a repeated application of the recurrence relation
(3.9) we obtain

@)= 3 Su(a ¥ + ).

j=—m

(3.11)

The coefficients S,,(a, /) may then be computed from a
recurrence relation which follows from the coefficients
(3.10):
Sm(a’j) = (a +] - 1’ a +j)Sm—1(asj - 1)
+ (a + j, a +j)Sm—1(a’j)
+ (a +.] + 1’ a +j)Sm—1(a’j + 1)
The corresponding boundary conditions are:

A. Sy(a, 0) = 1, all other Sy(a, i = 0) =
B. All S,,(a,j) for |j| > m are zero.

(3.12)

If we now substitute the first approximation (3.8)
into the right-hand side of (3.2), the latter may be
written

L laa, Y@ +3 S [a,a + ¥ + ),

i=1 (2K)“r1 =
(3.13)
where
[a’ a]l = MO - A(K)’
la,a +jlin = M;Si(a,j), 0L[jl<i (3.14)

The usefulness of this notation is now seen in the
ease with which it permits the calculation of any
number of higher-order perturbation terms. For, any
term u¥(a 4+ n) on the right-hand side of (3.2)
[e.g., for the second approximation in (3.13)] may be
cancelled out by adding a contribution #¥'(a + n)/n
to the previous approximation, except, of course,
when n = 0. This follows simply from the fact that

D,,[ﬂ lﬂ“:—"q =¥ +n). (15
The coefficient of the sum of all the remaining terms in
¥ (a) is then set equal to zero and yields the secular
equation from which A(K) is determined. Reordering
successive approximations in powers of 1/K, one
finally obtains the expansion

xs(a, b; z)
i—1

+:§2(712;‘,-__2“:_ Pya,)¥(a + j, b; 2),

=Y¥(a, b; 2)
(3.16)
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where the prime on the second sum implies j # O.
The coefficients P,(a, j) are easily found, e.g.,

Py =201k p yy [azlk
1 -1
P(a,2) = 23+
2
P3(a, 1) — [a’ a + 1]3 + [a9 a + 1]2
1 1
wlatbatlh 55

1

Again these coefficients may be obtained from a
recurrence relation which follows from (3.14):

i—1

tP(a, t)-E >

i=1 j=—(i—1)

[a+t—j3a+t]i
X P,(a, t —j). (3.18)
The corresponding boundary conditions are

A. Py(a,0) =1, Pyla,t#0)=0.
B. P(a,0) =0 for r>1.

C. Py(a,t)=0, PJ(a,t)=0 for |t|>r.

The expansion for the eigenvalues was previously?
found to be

1 1 1
0= 7K la,al, + (2_K)—2 [a, a], + GK) (a, a];
[a’ a + 1]2
(ZK) {[a, al, + _‘—"—1 [a +1,a);
[a,a —

pled=thp_q alz} +o (319)

The general term of this expansion may be derived as
described in a mathematical paper of one of us.®
We first define coefficients Q,(a, t) as, for instance,

04(a, 1) = [—”‘%ﬂ
oa, —p=10=2k G
04(a,2) = [“—+52—“]—

which satisfy a recurrence relation similar to (3.18):

2 i—1

th(ast)=z Z [a+t9a+t—"j]i

i=1 j=—(i-1)
X Qs fa,t —j). (3.21)
® H. J. W. Miiller, J. Reine Angew. Math. 211, 179 (1962).
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The corresponding boundary conditions are:

A. Qy(a,0) =1, Qya,t#0)=0.
B. 0,(a,00=0 for s> 1.
C. Oia,1)=0, Q(a,1)=0 for [f|>s.

Each term in the expansion (3.19) may now con-
veniently be considered as the product of a contri-
bution from a sequence of r coefficients (starting from
q and ending at a + ¢) and a contribution from a
sequence of s coefficients (starting at @ + ¢ and ending
at @), i.e., as a product ¢tP,(¢)Q,(¢). Then, if we rewrite
(3.19) as

AK) =
we have (for r, s > 2)

Z M(t)

=1 (2K)‘ G2

MU+ = g tP(DQ(1) +:22tP,(t)Q,(t) + o, alys
= Z tP,(DQ(t) — thP,(—t)Q,( —)
. + [a, a]r+3' (3.23)
ence
MED — rilt[ P(HQ,(t) — P(~1)Q,(—1)] + [a, al,,
(3.24)
and
MEHD :gl P (0Q,11(t) — P(=1)Q,12(—1)]
- rPr(_r)Qr+1(_r) + [a, a]2’+1' (3.25)

These coefficients together with the recurrence
relations (3.18) and (3.21) permit a joint computer
calculation of eigenvalues and eigenfunctions.
Returning now to the solution (3.16), we first
observe that (3.1) has the asymptotic behavior as
claimed by (2.2b). For, setting V' = 0, we obtain

]
W20, k3 ) = 0D ("f’) HY (kr), (3.26)

where
(‘n'zkr)}H(l)(kr) ~ ei(kr—imr—iﬂ)

for r— co. The Jost function f(I, —k) therefore
follows from (2.4) and is readily found to be

rg+1
T{l + 1 + [AK)2K]}
i—1

[ +¢_Z(EK_)' 3 Pfa, J)] (3.27)

for Re! > —} (and for Re/ < % by analytic continua-
tion). Since the coefficients Py(a,j) can easily be
computed, as explained above, the Jost function (3.27)

fa, —k) =
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can lso be calculated to any required number of
terms. We find

1, I'(+1)
T T+ 1 + AK)2K)]
(n+ DM, | MM, 1
X {1 T T 3(2K)*

x [92n + 3)MM, — 3(n — 2)(n + 1)M?
+ 2(n + D(n + 2)(8n — 3)M,]

+ m [3(2n — 5)MM? — 18M:M,
—2(24n* + 42n + HIM M, — 12n(n + 1)M M,]
+ ! [120M3M? + 120(2n + 3)M:M,

60(2K)®
— 120(3n* — Tn — 22)M MM,
+ 100(22n® + 69n® + 17n — 45)M M,
~ 40(n — D(n + D(n + 6)M?
— 40(n + 1)(n + 2)(7n® — 45n + 18)M M,
+ 5(n + 1)(3n® 4 235n® + 422n — 120)M2
+ 8(n + 1)(n + 2)(n + 3)(128n% — 223n + 60)M;]

+ 0(127)} (3.28)

The Regge poles were defined originally in the
region of negative energies. In the region of positive
energies they are defined by analytic continuation.
The corresponding scattering solutions are obtained
by replacing n by —I/—1— [A(K)/2K], where
A(K) is given by (2.10). We then obtain

'+ 1)

fd =k = T{l + 1 + [A(K)/2K]}
Mg, 1

32K)

x [921 — DMM, + 31(l + 3)M;

1
60(2K)*
x [60M2M? — 1200(] — 1)MiM,

— 120032 + 171 — 10)M M, M,

— 100228 — 31* — 551 + 15)M M,

+ 40I(1 + 2)(I — 5)M?

— 401(1 — 1)(71 + 591 + T0)M; M,

+ 513 — 2261* — 391 + 310)M3

— 8I(1 — 1)(I — 2)(1281% + 4791 + 411)M,]

(e

+ 201 — DS + 1)M] + ——

(3.29)
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The asymptotic behavior of f(I, —k) is now easily
found to be

M
I —k)y~1—=9(l+1), 3.30
s ) 2K p(l + 1) (3.30)
in agreement with the well-known limit
lim f(Il, —k)=1. (331
{0
The function y in (3.30) is defined by
dInT'(z
w(z) = L@ (3.32)
dz
4. S MATRIX, PHASE SHIFTS,
AND RESIDUES
Having calculated the Jost function f(I, —k), the
S matrix now follows from (2.6). We find
SU,K) = T{l + 1 + [A(K)/2K]} .1

I{l + 1 — [A(K)2K]}

This remarkably simple expression for S is due to the
fact that the additional factors in the Jost functions
are either independent of K or else contain only
powers of K* and hence drop out in the ratio f(I, K)/
f({, —K). Of course A (K) is also only an even function
of K by (2.11).

The formal expression of the S matrix (4.2) was de-
rived earlier by one of us.! However, it still contained
these additional factors which cannot easily be seen
to cancel out without explicit calculation.

We observe that the S matrix is now completely
determined by the eigenvalues or Regge poles (2.8).

The phase shift 6(/, K) as defined by (2.6) now
becomes

51, K) =
[mr(uu“?) 1I‘(l+1 A?_(II?”

(4.2)

Taylor expansions of the I' functions around / + 1
yield

a(l, K)=21i 3 ‘"-“(l+1)( ‘(K)) [1 — (=1,
4.3)

where p'? is the ith derivative of the Gaussian function
defined by

1
i

W9 = I lE]=C =3 (== - —),

4.9
where C is Euler’s constant. The (i — D)th derivative
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may be reexpressed in terms of the Riemann zeta
function:

P = (=13, x) = (=it .

=1 (= Zo * + )

4.5)

We now insert in (4.3) the expansion (2.10) for A(k)
and return to the variable k defined earlier by K = ik.
Retaining only terms of order up to and including
1/k®, we obtain

1
(LK) = ——Myp(l+1 M3 + 1
(I, k) = % ow(+)+48k3{ (+1
1
— 12{I( + DM, + M M Jw(l + D} —
[ + ) s + MM, Jy(l + )} 3840K°

x {Mgp®(1 + 1) — 120M5{1(1 + DM, + MM;]
x p2(1 4 1) + 240{3( — DIl + D + 2)M,
+ 3My, ME + 3MZM, + 2(31% + 31 — DM,M,

1
+ 6101 + DMMJp(l + 1)} + o(ﬁ). (4.6)
The residues of the S matrix at the poles, i.e.,
where the argument of the I function in the numerator
is a negative integer, may also be determined from
(4.1). One readily finds
—1)"
B.(K) = (=) .
n!U(—n + 2i Im o, (K))

(4.7)

where o,(k) = [ is given by (2.8). We observe, how-
ever, that the form (4.7) is independent of any high-
energy approximation and thus is valid also for other
approximations of «,(k). In particular, if Im «,(k)
is small, as for resonances which occur just above
threshold, we may expand (4.7) and obtain

Ba(K) = — m o, (K). (4.8)

)
This approximation is also valid for |k| — co. In the
high-energy region we may substitute for «,(k) from
(2.8) and (2.9). Then

By~ — —— . Mo

(n)? k

Thus the residue function is zero for negative energies,
where a,(k) is real (this is in fact the bound-state
condition equivalent to the vanishing of the wave-
function renormalization constant in field theory).
Above the threshold it increases from zero as in (4.8).
With increasing energy it decreases and becomes zero
again for k% — co.

Regge trajectories have been discussed earlier by
one of us.1:2

, k*— oo (4.9)
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The problem of Cerenkov radiation in infinite inhomogeneous media is considered. The mathematical
description of this phenomenon is given by the integro-differential system of equations for the electro-
magnetic field in a dispersive medium. The leading term of the asymptotic expansion of the electro-
magnetic field is obtained by applying an expansion procedure called the “ray method.” In this method all
the functions that appear in the expansion satisfy ordinary differential equations along certain space—
time curves called rays. The source which gives rise to the radiation is taken to be quite general. In fact,
it is shown that any multipole moving along an arbitrary trajectory is a special case of the general source
considered. From the expansion of the fields an expression for the total energy of the radiation is deter-
mined. Then, as an example, the case of plane-stratified media is treated in detail.

1. INTRODUCTION

Since 1940 a great deal of theoretical research has
been carried out in the field of Cerenkov radiation.
The problems considered in recent years are far more
complex than the original problem treated by Frank
and Tamm.! One area, however, which has not re-
ceived much attention—undoubtedly due to its
complexity—is the problem of Cerenkov radiation in
inhomogeneous media. Ter-Mikaelyan,? Feinberg and
Khizhnyak,® and others have investigated this subject
under very restrictive conditions. In this paper we
develop an asymptotic theory of Cerenkov radiation
in isotropic inhomogeneous media. No Trestrictions,
however, are placed on the nature of the inhomo-
geneity.

The mathematical description of Cerenkov radiation
is given by the time-dependent form of Maxwell’s
equations for dispersive media. For such media, the
constituitive equation takes the form of a convolution
integral. Therefore we are led to seek the asymptotic
solution of an integro-differential system of equations.
That the medium is inhomogeneous is reflected in the
fact that the index of refraction of the medium is a
function of spatial position. This, as we shall see,
significantly complicates the asymptotic analysis.

As is well known, Cerenkov radiation can occur
only from sources moving with great speed. In Sec. 2
it is shown that the type of source to be considered in
this paper is quite general. In fact, we find that any
multipole moving along an arbitrary trajectory is a
special case of the general source that is treated.

* This research was supported by the Office of Naval Research
under Contract No. NONR 285(48).

+ Present address: Division of Applied Mathematics, Brown
University, Providence, R.I.
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Furthermore, the source is allowed to have an “oscil-
latory factor” so that the Cerenkov-Doppler effect
can be considered.

In Sec. 2 the expansion parameter 4 is introduced as
a characteristic frequency of the medium. However,
to understand better the meaning of our asymptotic
expansion, an equivalent dimensionless parameter
Ao must be found. If dimensionless variables are
introduced throughout the problem, we find that
Ao = aA/c where a is a characteristic dimension of the
problem and c¢ is the speed of light in a vacuum.
The correct interpretation of our expansion is that it
is valid for 1 « 4,. The length a can be thought of as
a distance over which the properties of the medium
are significantly altered. Alternatively, a can be taken
as the distance from the source trajectory to the point
in space at which the solution is obtained. This latter
interpretation can be used to obtain a far-field ex-
pansion of the solution.

In order to obtain the asymptotic expansion, a
procedure called the: “ray method” is applied. This
method was introduced by Keller* in connection
with the study of certain diffraction problems for the
reduced wave equation and has been extended by
Lewis® to include integro-differential equations of
the type to be considered in this paper. In applying
this method we assume that the solution is given by an
asymptotic power series in A~! which involves a
“phase function” and an infinite sequence of ampli-
tude functions. The phase function and the zeroth-
order amplitude function are determined by inserting
this series into the integro-differential system of
equations. It is found that certain space-time curves
called “rays” play a central role. They satisfy a first-
order system of ordinary differential equations. In
turn, the phase function and the amplitude function

41. B. Keller, J. Opt. Soc. Am. 52, 116 (1962).

5R. M. Lewis, Arch. Rational Mech. Analysis 20, (3), 191
(1965).
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are found to satisfy ordinary differential equations
along the rays. In order to obtain the asymptotic
solution, initial conditions for these equations are
required. Some of these conditions can be determined
from the source data. However, other conditions
must be obtained by an “indirect method.”

The indirect method requires the asymptotic
solution of a “canonical problem,” which is an appro-
priately constructed problem for homogeneous media.
The canonical problem is, of course, much simpler to
solve than the original problem. The required initial
conditions for the original problem are then deter-
mined from the solution of the canonical problem.
Previously® the authors have determined the asymp-
totic expansion for the case of homogeneous media.
From the results obtained there, the solution of the
canonical problem is found.

In Sec. 3 an asymptotic expression for the total
energy of the radiation is determined. As an example,
in Sec. 4, results obtained in the previous sections are
applied to the special case of stratified media, i.e., to
media whose properties vary in only one space
direction. This example is selected because the asymp-
totic expansion of the solution can also be obtained by
an exact method. This exact method, however, is
much more difficult to apply and for more general
problems fails entirely. Upon comparing the results
of the two procedures, it is found that they are in
perfect agreement. This agreement serves as a partial
justification for the validity of the application of the
ray method.

2. ELECTROMAGNETIC EQUATIONS
FOR DISPERSIVE MEDIA

In Gaussian units Maxwell’s equations are given by

D;,—cVxH=—47J, B,+cVxE=0, (2.1)

V:D=4np, V:-B=0. 2.2)

Here D, B, E, H, and J are 3-vectors which depend

on t and X = (x, x,, x3). The source functions p
and J satisfy the continuity equation

p+ V- I=0.
It then follows from (2.1) and (2.3) that

(2.3)

9 2
~(V-D—47p)=0 and —(V-B)=0. (24
P 7p) and —(V-B) (24)

Thus, if Eqs. (2.2) are satisfied at any time ¢, they are
satisfied for all time. We shall assume that the source
and fields are identically zero for ¢+ < 0 and that the
source is “switched on” at t = 0. We then seek the
fields for ¢ > 0.

S R. A. Handelsman and R. M. Lewis, J. Math. Phys. 7, 1982
(1966).

261

Dispersive media are characterized by the fact that
the constitutive equation is given by a convolution
integral of the form

¥(t, X) = f “Fo Xu(t — 7, X)dr. (2.5)

In (2.5) we have introduced the column vectors u and
v defined by

u = [E, H] = (Ey, £, E;, Hy, H,, Hy),

v = [D,B] = (Dy, Dy, D3, By, By, By). (2.6)
(We shall often represent column vectors with 6
components by an ordered pair of two 3-vectors.)
F (7, X) is a 6 x 6 matrix which is a real function of
time and space. Furthermore, we assume that the
causality condition, F (¢, X) = 0 for ¢t < 0, is satisfied.

We now define g(a‘), X) as the Fourier transform of

F (¢, X) with respect to time. That is, we set

§a,X) = f

—00

o0

95 (1, X) dt. 2.7)
Since in Gaussian units the elements of & are dimen-
sionless and @& has dimensions of frequency, & must
be a function of the dimensionless variable o = &/A.
Here A is a characteristic frequency of the medium.
Therefore we may write

8, X) = &(w, X; A).
It then follows from (2.7) that

(2.8)

T J—

:r(t,x;A)=2i f e (w0, X; D) do.  (2.9)

We shall seek the asymptotic expansion of the solution
of the integro-differential system of Eqs. (2.1) and
(2.5) for 1 — oo.

We now assume that the matrix g(w, X; A) is of the
form

o s 9= [T T o 1)
= &, X) + Eiﬂ)(w, X) + o(%). (2.10)
Here,
0= )
D(w, X) = [dl(“’(; X! dz(w(,’ X)I], 2.11)

where e, u, d;, and d, are real and [ is the 3 x 3 unit
matrix. A matrix of this form represents what we call
an “inhomogeneous weakly dissipative isotropic
medium” (weak dissipation is the simplest type of
dissipation which can be treated by our asymptotic
methods).
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We now define the function
n(w, X) = [e(w, X)u(o, X)1 (2.12)

for all X and real w such that e(w, X)u(w,X) > 0. It
is clear from Egs. (2.10)-(2.12) that n(w,X)=
lim,_,,, (¢7)Y. Thus, we shall call n the asymptotic
index of refraction of the medium. From Eq. (2.7) and
the fact that F(¢, X) is real, it follows that

8(—w, X; D) = §(w, X; 4).

This then implies that n(—w, X) = n(w, X).

It is convenient to write (2.1) in matrix form. To
do this we introduce the antisymmetric matrix (L),
corresponding to any 3-vector L, given by '

0 _Ll L2
W=z, o0 -1} (2.13)
~L, L, ©

Then if W is an arbitrary 3-vector, (L)W =L x W,
We also define the three 6 X 6 matrices 4!, 42, and
A3 by

kv AY = [ 0 —C(K)
«(K) 0

(Here, and in what follows, the summation convention
with respect to repeated indices from 1 to 3 is used.)
The matrix A! is obtained by setting k, = 1, k, =
k, = 0in (2.14). A% and 4° are determined in a similar
manner. Using (2.14), (2.1) can be written in the
compact form

], K = (k,, k, ky). (2.14)

ov Ju

—+A—=f 2.15

ot t+ ox, ! (2.15)
In (2.15) f is the column vector with components
—47T(J1,J2,J3, 0, 0, 0).

To conclude this section we shall describe in detail
the nature of the source function f that is considered.
in this paper. Our concern here will be with moving
sources. The current J corresponding to a charged
particle moving along the trajectory X = Y(¢) is
given by
J(1,X) = eY(1)8[X — Y(1)]

= e Y(1)0[x;— y1(D18[x2 — y2(£)18[x5 — ¥s(1)].
(2.16)

For greater generality we consider source functions of
the form

f(z, X; 2) = 29g{t, A[X — Y(#)]} cos [Ag(?)]. (2.17)
Here d is a real number. The vector g(7, X) is taken to
be real and to have for each value of ¢, compact

support in X. The term cos [Ag(#)] is called the
oscillatory factor. We observe that, as 4 — oo, the
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support of f shrinks to the moving point X = Y(¢).
Therefore, (2.17) can be used to describe an oscillatory
current which is nonzero only in a small neighborhood
of the moving point X = Y(?).

By using the well-known relation d(x) = Ad(Ax)
and remembering that J represents the first three
components of f, it is easy to see that (2.16) is a
special case of (2.17) with ¢(¢) = 0. Moreover it can
be seen that (2.17) may be used to describe the current
associated with any moving multipole source, i.c.,
any source whose current is given by a linear com-
bination of partial derivatives of the three-dimensional
d function.

It follows from the fact that f is real, the solution
u itself is real. We may then set

(1, X; 1) = 2%{t, A[X — YO (2.18)
if uis taken to be the real part of the resulting solution.

3. ASYMPTOTIC SOLUTION OF THE
INTEGRO-DIFFERENTIAL SYSTEM
OF EQUATIONS

A. Asymptotic Expansion

We assume that away from the source trajectory
X = Y(¢), Egs. (2.5) and (2.15) have a solution given
by an asymptotic power series of the form

u(t, X) ~ exp {ids(t, X)} § (A ™z, (1, X). (3.1)

This assumption is motivated by the form of the
asymptotic expansion of u for the case of homogeneous
media obtained in Ref. 6. The phase function s(t, X)
and the amplitude function z(t,X) = z,(¢,X) are
determined by inserting (3.1) into (2.5) and (2.15). (In
principle, the lower-order terms z,, z, - * - may also
be obtained. However, we will limit our considerations
here, to the determination of z,.) In order to describe
the functions s and z, we introduce the quantities

ds ds
=—, 0=——
ox,

k, ,
ot

K = (ky, ks, k),

K =kk, (3.2)

Our object is to insert (3.1) into (2.5) and (2.15) and
to equate to zero in the result, the coefficients of like
powers of A. However, before this procedure can be
carried out, certain computations must be performed.
These computations are somewhat involved and will
not be described here. The reader is referred to
Ref. 5 for a detailed description of this analysis.
In Ref. 5 it is found that Egs. (2.5) and (2.15) are
satisfied up to O(4?) if

Gz=0 3.3)
and

Gz, + A%, + A'z,, + $4%Z + 0Dz =0. (3.4)
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Here the matrices G and A° are defined by
G = kA" — 08w,X),
A’ = (w8),.

(3.5)
(3.6)

A® is called the energy matrix and is assumed to be
positive definite for w real. It follows from (3.3) that
z is nontrivial only if

det G = 0. (3.7)

For real values of w, X, and K, Eq. (7) defines a
functional relation between these quantities which we
call the dispersion relation. It can be shown using
(2.11) and (2.14) that the dispersion relation is given
by

k = m(o,X) = 2L e, X). (3.8)
c

B. Dispersion Equation and the Ray Equations

From the definitions of w and k given above, we see
that (3.8) is also a first-order partial equation and is
called the dispersion equation for s(¢, X). This equation
may be solved by the “method of characteristics,”
described by Courant and Hilbert.? Therefore we
introduce the ‘“‘characteristic equations” which, as
can be shown, take the form
dx, k, dk, m,,

a &= ’ B ’

mm,  dt m,,

r=1,2,3. (3.9
Each solution of the system (3.9) defines a curve
[t, X(1)] in space-time which we shall call a ray.

We shall require that all rays emanate from the
source trajectory with increasing ¢. Let = = denote
the time of emission of a ray. It is clear that X,, the
initial value of X along a ray, is given by

Xo = Y(7). (3.10)

(We shall often refer to the initial values of various
quantities along a ray which are obtained by evaluating
these quantities at time ¢ = r.) Then once K,, the
initial value of K, is known, Eqs. (3.9) may be solved
to determine a ray. By differentiating (3.8) with respect
to ¢ and making use of Eqs. (3.9), we find that along
this ray w is constant. Moreover, from Eqgs. (3.2) and
(3.9) we obtain

ds _0s 0s dx,

—_—=— =1, .
dt dt 0x, dt (3.11)
where
m(w, X)
l={—"—=~ —w|. 3.12
[m,,,(w, X) w] G129

7 R. Courant and D. Hilbert, Methods of Mathematical Physics
(Interscience Publishers, Inc., New York, 1962), Vol. II.

263

Therefore s may be determined from (3.11) by inte-
gration, once its initial value s, is known.

It is reasonable to assume that the phase at the
source trajectory is equal to g(7), the oscillation
frequency of the source itself. This assumption is
further motivated by the fact that s, = g(7) for the
case of homogeneous media, as is shown in Ref. 6.
That is,

8y = s[7, Y(7)] = q(7). (3.13)
Differentiation of (3.13) with respect to 7 yields
kyoiu(t) = o + §(7); Ko = (kyo, Kao, kso)-

We now let T represent the unit vector in the direction
of the group velecity vector G = (g;, g2, gs), and
A = (o, o3, ag) represents the unit vector in the
direction of K. We see from (3.9) that T is tangent to
the space projection of the ray and that

T = sgn [m,(w, X)]A.

We now define 6 to be the angle which the vector G
makes with the vector Y(r). If by 6, we denote the
initial value of 0, Eqgs. (3.8), (3.14), and (3.15) yield

cos 0, = sgn [am"(w’ T)][ w + 4(1)

Ow v(r)myw, 7)

Here v(r) = {Y(7)| and my(w, 7) =|K,| = m[w, Y()].
In the special case of homogeneous media, the function
m is independent of X. We then see from (3.9) that in
this case K = K, and 0 is constant along a ray.
Furthermore, when ¢(r) = 0 and the medium is
homogeneous, (3.16) is the well-known ‘“‘Cerenkov
condition” and 0 = 6, is the Cerenkov angle. When
g(7) # 0, (3.16) is usually referred to as the “Cerenkov-
Doppler condition.” Returning to the general case,
we shall call the angle 8 defined above the Cerenkov—
Doppler angle for inhomogeneous media.

We now introduce along the source trajectory
X = Y(1), the orthonormal set T*, N*, and B*
consisting of the unit tangent, principal normal, and
binormal vectors, respectively. If the trajectory is a
straight line, N* and B* can be any two unit vectors
such that T*, N*, and B* form a right-handed ortho-
normal set. We also define y to be the angle which the
projection of T into the N*, B* plane makes with N*
as measured in a counterclockwise direction from
N*. We then obtain

(3.14)

(3.15)

}. (3.16)

= m(w, X)A = m sgn [m,}{cos 6T*

+ sin 6 cos yN* + sin 6 sin yB*}. (3.17)

In (3.17) 6 is restricted to lie between 0 and =, and
y is allowed to vary between O and 27. The angles 6
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and y will, in general, vary along a ray. To obtain
expressions for them it is, of course, necessary to solve
the ray equation (3.9). In general the ray equations
cannot be solved in closed form. In Sec. 5, however,
we shall treat a case for which such a solution can be
obtained.

If we denote the initial value of y by y, we have

Ky = moAq = my sgn [(mo),]{cos 6,T*

+ sin 0y cos poN* + sin 8, sin y,B*}. (3.18)
We see from (3.10) and (3.18) that the initial values
X, and K, have been expressed as functions of the
parameters P = (7, w, ). By using these initial

values we may, in principle, solve the ray equations
to obtain the solution

X = X(;; P), (3.19)

The values of P lie in a parameter space § which is
defined by the inequalities

K = K(¢; P).

o + 4(7) :l”
070y <270 [v(-r)mo(w,-r) <1. (3.20)
The last of conditions (3.20) follows from the fact
that for real K, the angle 6, must be real. When
g(7) = 0, this condition states that v(7) > |wl/my =
{c/n[w, Y(7)]}. Thus, for Cerenkov radiation to occur
at a given point along the source trajectory and at a
given frequency w, the source speed at that point
must be greater than the phase speed corresponding
to that value of w.
For P in 7 and ¢ > 7, the equation (¢, X) =
[t, X(z; P)] defines a 3-parameter family of rays.
We see from (3.12) that along each ray,

3.21)
Then Eq. (3.11) yields by integration

s(; P) = slt, X(t; P)] = q() + f Py dr. (3.22)

C. Ray Transformation

For each fixed value of 7, X = X(z; P) defines a
transformation from § to X space. We denote the
Jacobian of this ray transformation by j(¢; P). 1t is
defined by

(3.23)
To compute this Jacobian the solution of the ray

equations is required. We can, however, obtain
information about the behavior of j near the source
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trajectory directly from the ray equations without
solving them. This information is needed below when
an expression for z is determined.

We expand X(¢; P) for small values of (z — 7).
From Egs. (3.9) and (3.10) we obtain

(t—7
)

0/

X(t; P) = Y(r) + A7, o, o) + O[(t — 7)].

(3.24)

Here A, is expressed in terms of P through equations
(3.16) and (3.18). By differentiating (3.24), we find
that

F). Ao

—a: = ¥(r) — o +0[t—7)], (3.25
a_l(_(t—'r) _a_éi)_(mﬂ)wa) Y
d (Mmoo [ do  (mo)a A“] + ol =
(3.26)
X (t—7)0A, 2
—— =24 0[(t — 7)]. 3.27
970 (Mmg)o 970 [ ] ( )

The expressions for 0Ay/dy, and 0A,/dw may be
obtained from Eqgs. (3.16) and (3.18). The Jacobian
is then determined by inserting Eqgs. (3.25)-(3.27)
into (3.23). The result is

j(t; P) = (1 — DYP) + O[(t — 7?1, (3.28)
where

=)

v { (mg),, my
BNChs ¢)]2} . (3.29)

my

_ 1 [ 1
mo(mg)e, L(Mo)o

Equation (3.29) yields the expected result that the
source trajectory is a caustic of the ray family, i..,
Jj(t; P) vanishes at t = 7.

D. Determination of the Amplitude Function z

In order to describe z we introduce r'(z) and r(t),
the two linearly independent null eigenvectors of the
singular matrix G = m(w, X)a,4* — wé(w, X). Here,
ri(t) = ri(t; P). (In what follows we do not explicitly
exhibit the dependence of various functions on P
when this dependence is_obvious.) These vectors are
orthonormalized by the condition

(%, A%%) = d;. (3.30)

The inner product of any two column vectors a and b
having 6 components is defined by

6
(a,b) = > a;b,.
i=1
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It can be shown from (2.11), (2.14), and (3.5) that
r! and r? are given by

N N N B
- ,—— 1, =Y =, =1
r=0 [< 7 (u)*] ()[(e)* (u)*]
(3.31)
Here
_ (@, X)u(w, X) (3.32)

(0 + p(we),

and N and B are any real unit vectors such that T,
N, and B form a right-handed orthonormal set.
From (3.3) we see that the vector z lies in the null
space of the matrix G and hence must be a linear
combination of the vectors r' and r2. Therefore we
may write
z = o,(¢, X)rt + o,(t, X)r% (3.33)

It is shown by Lewis in Ref. 5 that, by taking the
inner product of (3.4) with r' and r? successively,
a system of two first-order ordinary differential
equations for the coefficients ¢, and o, can be derived.
He furthermore obtains an explicit solution for this
system. In order to describe his results we introduce
the quantities #(t) and 6(¢) defined by

@, 0Dr’) =9é,;, i,j=1,2,
(1) = f K@) dé(t )dt

By inserting (2.11) and (3.31) into (3.34) we have

(3.34)

(3.35)

n = wc( - (3.36)

il+f’_z),
u

Using the results obtained in Ref. 5, we find that
o, and o, are given parametrically by

SRR 0 2] LU T LIV, P
st D) = ZT p[ f o) dt ]ﬁ,-m,
j=1,2. (3.37)
In (3.37)
Bi(t) = Bi(7) cos 6(1) — fa() sin &(z), (3.38)
Ba(t) = Bi(7) sin 8(r) + Bo(7) cos (1), (3.39)
where 3
B;(1) = (F'[7], A°[7]Z[+]) (3.40)
and
i= lim (t — »z(t; P). (3.41)

(t—1)—0

Equation (3.37) is valid only in the interval 7 <
t < 7' where 7' is the location of the next caustic
point on the ray [¢, x(¢; P)]. More precisely, t = 7’
is the smallest value of ¢ > 0 for which the Jacobian
Jj vanishes. For ¢ > 7', (3.37) holds only when an
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appropriate phase-shift rule has been applied (see
Ref. 5, Appendix F).

To complete the asymptotic solution Z must be
determined. Because we are dealing with linear
equations it is reasonable to expect that

7= Cg, (3.42)

where C is a linear operator and g is the vector portion
of the source function f. The operator C plays a role
in this theory analogous to the role played by the
“diffraction coefficient” introduced by Keller in his
“geometrical theory of diffraction” (see Ref. 4). There-
fore we shall call C the Cerenkov radiation coefficient.

The value of Z may be determined by the following
indirect method. We assume that Z is determined only
by the local properties of the medium at the source.
Therefore we specialize our problem to one for
homogeneous media where the constant value chosen
for & is equal to 8(w, Y[7]). It is clear that Z is inde-
dependent of #. Therefore in our specialized problem
we set D, and hence 7, equal to zero. In this manner
we obtain at each point along the source trajectory a
corresponding problem for homogeneous media.

The problem of nondissipative homogeneous
isotropic media has been previously treated by the
authors in Ref. 6. There an exact expression for the
leading term of this canonical problem has been ob-
tained. (The term “‘canonical problem” and the idea
of the “indirect method,” were introduced by Keller
in Ref. 4) It can be shown that this expression
is identical to the result obtained above (and special-
ized to nondissipative homogeneous media), except
that Z is given explicitly. The value of Z determined
from the canonical problem may be inserted into
(3.40) to complete the solution of our original
problem.

From the results obtained in Ref. 6, Sec. 2, we find
that

o AT myl(mgal\ i
=" {———— m }exp{ 7 [sgnj — sen (mo)w]}

X zl(é, r'[rDril7]. (3.43)

In (3.43) j is given by (3.29) and g(P) is defined by

5(P) = f " exp {—iK, - Qlg(r, Q) dQ;
dQ = dg, dgy dgs. (3.44)

Thus, we see that 2 is indeed of the form (3.42). In
fact, we find that the Cerenkov radiation coefficient
C is given by

C = yDF. (3.45)
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Here

_ {m____o I('"“)“’l}irexp {%’ [sgnj — sgn(’”“)”]}’

2zl vlj
(3.46)
and D and F are linear operators defined by
Fg=¢, (3.47)
2
Dg =§1(§, rfrDeifr]. (3.48)

We see from (3.44) that F is a Fourier transform and,
from (3.48), that D is a dyadic. By inserting the
expression for Z just obtained into (3.40), we have

B,(™ = (@ vlr]); j=1,2. (3.49)

Equations (3.38) and (3.39) then yield the values of
B,(1) and, finally, (3.33) and (3.39) determine z(z; P).

The leading term of the asymptotic expansion of
u is obtained by inserting the relations for s(¢; P) and
z(t; P) derived above into (3.1) and taking the real
part of the result. Thus

u ~ Re [exp {ils(t; P)}z(z; P)). (3.50)
More precisely, (3.50) and the rays
X =X(t; P) (3.5D

yield a parametric representation of the asymptotic
expansion. To obtain u at a given space-time point
(¢, X), (3.50) is to be summed over all values of P
which lie in the domain ' and satisfy (3.51). That is,
we sum over all rays which pass through (¢, X).

4. ENERGY OF CERENKOV RADIATION FOR
INHOMOGENEQUS ISOTROPIC MEDIA

In this section we shall obtain an expression for
W(t, ;), the total energy, measured at time ¢ > 7,
radiated from the source as it traverses the portion of
trajectory defined by 0 < 7 < 7,. With this purpose
in mind we introduce the “average asymptotic energy
density” w(¢, X) defined by

W(t,X) = —— (alt; Pl A2[ P, (4.)
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It is understood that the right-hand side of (4.1) is
summed over all rays which pass through the point

(#, X); i.e., over all values of P = (7, w, y,) which,
for fixed (¢, X), satisfy (3.19). It can be shown that

wy + V. (8) = —2w1, 4.2)

where (S) is the average over a small time interval of
the Poynting vector S = (c/4w)E x H. If our system
is conservative, #n = 0 and (4.2) is the well-known
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equation of energy conservation. This justifies our
designation of w as an energy density.

The total energy W(t, 7,) defined above is then
given by

W(t, ) =fw(t, X)dX = T;:rf(z, A2)dx. (4.3)

The integrand in the last term of (4.3) is summed over
all values of P such that the corresponding ray passes
through (£, X) and 0 < 7 < 74

The ray transformation (3.19) maps the parameter
space & in a one-to-one manner on a multiple X space
which consists of « replicas of physical X space. Here
« is the maximum number of rays which pass through
any point X at time . The change of variables from
X to P yields the simple result

W(t, ) = ér f@llj(t; P)| (zft; P], A%{t; P]) dP.

4.4)

Here ), is the domain defined by (3.20) with the added
restriction 7 < 7. From Eqgs. (3.33), (3.37), (3.40),
(3.43), and the orthonormality condition (3.30),
we obtain

12(:1—2)

4o 2

Mg [(Mo)o|
v|jt; P)|

X exp [—2 f, () dt} g(é,ﬂ)ﬁ. 4.5)

(z[t; P), A%[1; P) =

Then, by inserting (4.5) into (4.4) and noting the
definition of J,, we have
I(mo)w

W(t, ) = —— f " f dr f do Mo l(Molul s

X exp {-2 f () dr'} 31 1D

_o+4@ ) 1. (4.6
{v(”')mo(W, 7')} < “.8

We observe that the total energy W is not conserved
due to the presence in (4.6) of the dissipative factor
exp {—2ft n(¢") dt'}. Moreover, we note that, in order
to evaluate this exponential, it is necessary to first
solve the ray equations (3.9). For nondissipative
media, however, n = 0; as a result ¥ may be obtained
without solving the ray equations. This is an important
fact because, as we have pointed out in Sec. 3B, the
rays in general cannot be determined. We can con-
clude, therefore, that for conservative inhomogeneous
media, the total energy can always be obtained,
whereas in many cases the fields cannot be completely
determined.
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Let us suppose that the medium is nondissipative.
By
__1__ dw(ry)
v(r) dmy
we denote the energy radiated per unit path length of
the source trajectory. After setting n = 0 in (4.6) we
obtain

W) =

b

1 27
—_— dy, | domg(w,
()64 J; Vof wme(w, T1)

2
x 5@ [ma(w, 7] S 1@, DI
w j=1

W*(ry) =

{ o + g(ry)
~ Ww(r)my(w, )

Equation (4.1) holds for arbitrary, inhomogeneous,
nondissipative media. If we specialize to homogeneous
media by choosing the constant value of & equal to
&(w, Y[7,]), the value of W*(z,) is unaltered. This
is another expression of the fact that for conservative
media the total energy depends on the behavior of
& only at the source trajectory, i.e., it is independent
of the rays.

}2 <1 @47

5. PLANE-STRATIFIED MEDIA

As was pointed out in Sec. 3B the ray equations
(3.9) cannot, in general, be solved in closed form.
In this section we shall consider the simplest in-
homogeneous media for which such a solution can be
obtained. In particular, we shall assume that the

matrix §, defined by Egs. (2.10) and (2.11), is a
function only of w, x;, and 4. A matrix & of this form
represents what we call a plane-stratified, weakly
dissipative, isotropic medium. (Here, we have chosen,
with no loss of generality, the x, direction as the
direction of stratification.)

The dispersion relation (3.8) now takes the form

|

k = m(o, x) = 2 n(w, x)
C

= ‘-‘;i' [e(o, x)p(w, x)T (5.1)

The analysis of the rays is greatly simplified if we
avoid the occurrence of what are called “turned rays.”
(In this case the turning point of a ray occurs when
dx,[dt = 0.) With this purpose in mind we impose the
following conditions. We assume that for fixed x,, n,,
is positive for w > 0 (i.e., the dispersion is normal),
and that for fixed w, n(w, x;) is a monotonically
increasing function of x;. We must also place con-
ditions on the source function f. We assume that
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g(t) =0 and that the source trajectory in is the
direction of the positive x, axis. That is,

YO =y0Xy; 30 =0()>0.  (52)

We see below that, as a result of these conditions,
dx,/dt is always positive and hence there will be no
turned rays. For a treatment of the case of turned
rays see Bleistein.®

We now define u, to be the contribution to the
asymptotic expansion of u corresponding to positive
(negative) values of w. Thus

a~u, +u_. (5.3

These quantities may be determined separately. We
first consider u, ; therefore in what follows we restrict
o to be positive. The assumption n, > 0 for w > 0
impliesAthat m, > 0for w > 0. We see from (5.2) that
T* = Z(l’ and therefore we may select N* = )22 and

B* = X,;. Equation (3.17) then yields

K = m(w, x;)[cos 6, sin 6 cos v, sin H sin y). (5.4)

The initial value of cos 6 along a ray is determined by
setting g(7) equal to zero in Eq. (3.16). This yields

w

_— 55
v(T)my(w, 1) (5:3)

cos 0y =

It follows from (3.9) that because m is independent
of x; and x;, k; and k; are constant along a ray. This,
in turn, implies that the angle y is constant along a
ray, an expression of the fact that the space projections

of the rays are plane curves. Equations (5.4) and
(5.5) yield

w?)? .
kys = koo s = {mg - 'v_z} (cos y,siny) (5.6)

and
2 _ .22}
sin o = Mo = (@0} (5.7)
m(w’ xl)
Then, from Eqs. (5.1) and (5.6), we obtain
wz %
k= {m2<w, x1) — mi(®,7) + — } = O(x57, ).
vi(7)
(5.8)

The positive square root is chosen because, as seen
from (5.4) and (5.5), kyy = w[v(r).

We now complete the determination of the rays.
By inserting (5.8) into the first of Eqgs. (3.9) we have

_d-_xl _ (D(xl; 7, U))
dt  m(w, x))my(, %)

(5.9)

8 N. Bleistein, Ph.D. thesis, New York University (1965).
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It is easily seen from (5.8) and (5.9) that the assump-
tions made above concerning the behavior of n(w, x;)
imply that dx,/dt is always positive. Equation (5.7)
then shows that sin 6 decreases monotonically along
a ray. Therefore the space projections of the rays
continuously bend toward the positive x, axis with
increasing .
Equation (5.9) may be integrated to obtain

(t—7) = f :[@(5; 7, &) 'm(w, Em(w, £) dE;
t>r (5.10)

This defines x; implicitly as a function of ¢, 7, and .
xp and x; may also be expressed in terms of integrals.
In fact, Egs. (3.9) and (5.6) yield

: 2 1%
Xp,3 = (c0s ¥, sin 7’)[’”3(“” )= l%]

x f "0 7, o) dE. (5.11)
v(r)

Equation (5.11) shows that, once x, is obtained from
(5.10), x, and x; are expressed in terms of ¢ and the
parameters P = (, w, ). Thus the rays (¢, X) =
[t, X(¢; P)] are completely determined by Egs. (5.10)
and (5.11). The values of P lic in the domain T,
defined by

0<10<0w,0<Ly<27,0L

2(f)mo(w. 7)

<L
(5.12)
The phase, s(¢; P), is given along a ray by Egs.
(3.21) and (3.22). However, by making use of (5.9),
we arrive at the more convenient expression
a:l(t P)
s(t; P) = f m*(w, H[PE; 7, W) dé — w(t — 7).
vlr)
(5.13)

The Jacobian j(¢; P) may be obtained from Eqs. (5.10)
and (5.11). The result is

2
P = Iy {1311(0_ L - Ialz) + LI,
© w
+ (mg )[1,,1,14 o'l
U W
02
+ (e~ 1) (; - 11)]} (5.14)
Here

0%

Iy = [mo(mo)a, - S-;:I Iy = [mo(mo), + F] (5.15)
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and
y(;P)
I P) = f " m, Dma(o, O10E: T I,
(5.16)
wy(£;P)
I(t; P) f (m(®, Emo(w, HIOE; 7, )] Yo dé,
(5.17)
21(¢:P)
It P) = j [OC ) ds,  (5.18)
v(r)
1 (5P)
I(t; P) = f " [P(; 7, )] dE. (5.19)

We now determine the amplitude function z. It
follows from (5.4) that we may select

N = [sin 6, —cos 6 cos y, —cos 0 sin y]

and B = [0, sin y, —cos y]. (5.20)

By inserting (5.20) into (3.31), expressions for ri(f)
and r%(¢) are obtained. We have seen above that y is
constant along a ray. Differentiation of the second of
Eqgs. (5.20) with respect to ¢ then yields dB/dt = 0.
We see from (3.35) that this in turn implies 6(¢) = 0.
It then follows from Eqgs. (3.38) and (3.39) that
B,(®) = B,(r), j=1,2. By inserting the quantities
B;(v) as given by (3.46) and (3.49) into (3.37), we
obtain

z(t; P) =

-2

¢ . .
2 exp {— f ) e + 2 sgn - 1)}
2@

(o)

Here 7(t'), j, and j are given by (3.36), (3.29), and
(5.14), respectively.

The parametric representation of w, is determined
by inserting Eqs. (5.13) and (5.21) into

u, (#, X) = Re [exp {ids(t; P)}z(t; P)], (5.22)

where, for fixed (¢, X), we sum the right-hand side of
(5.22) over all values of P which lie in , and satisfy
(5.10) and (5.11). To complete the determination of
the asymptotic expansion of u, we must obtain u_.
By repeating the above analysis with w < 0, it can be
shown that the parametric representation of u_
identical to the parametric representation of u,.
Therefore, it follows from (5.3) that

Z(g, r'[rDr[e].

(5:21)

u~2u,. (5.23)

This completes the asymptotic solution of the problem
we have selected.
One reason we have selected this particular problem
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is that our results can be checked by another method.
The alternative method is much more difficult than the
one we have presented above, and for more general
inhomogeneous media it fails entirely. Rather than
give the analysis, which is long and computationally
awkward, we shall briefly outline the procedure and
quote the results.

We introduce (in the standard way) the potential
functions A = (a,, a;,a;) and ¢. We then take
Fourier transforms of all relevant quantities with
respect to #, x,, and x;, where the transformation
variables are w, k, and k,. We denote the transform
of A by A= (d,, d,, d;). It follows from the sym-
metry of the problem that 4, is the only nonzero
component of A. If we set V' = 4,/m(w, x,), it can be
shown that ¥ must satisfy an ordinary differential

JOURNAL OF MATHEMATICAL PHYSICS

INHOMOGENEOUS MEDIA 269

equation of the form
(@¥/dx3) + X[m0, x;) — k; — kG]¥
+ b(x)¥ = r(x;; 1), (5.24)

and obey certain radiation conditions at x; = 0.
The asymptotic expansion of ¥ can be obtained
using the WKB method. It is then a simple matter to
obtain integral expressions of the Fourier type for the
asymptotic expansions of the electromagnetic fields.
These integrals, in turn, may be evaluated asymp-
totically by the method of stationary phase to obtain
the leading term of the expansion of u. The results of
this analysis are in perfect agreement with those
obtained in this section by the ray method. Moreover,
comparison of the two procedures shows that the ray
method is significantly simpler in its application.
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The classification of symmetric second-rank tensors in Minkowski space and its application to the
Einstein tensor is reviewed. It is shown that, for spherically symmetric metrics, the Einstein tensor always
has a spacelike double eigenvector; and the possible types of Einstein tensor that this degeneracy allows
are discussed. A complete classification of all spherically symmetric metrics with two double eigenvalues
is given. A study of the timelike eigencongruence, in the case when one timelike and two spacelike
eigenvectors exist, is carried out. Canonical forms for the metric, the Einstein tensor, and the Weyl
tensor (which is always of type D) are given for each of the various possible types.

1. INTRODUCTION

As is well known, the invariant characterization of
the gravitational field in general relativity is best
given in terms of the Riemann tensor. The Rie-
mann tensor at a point itself is decomposable into
three irreducible objects under Lorentz transforma-
tions in the tangent space; the conformal curvature
tensor or Weyl tensor, the traceless Ricci tensor, and
the curvature scalar R. Petrov and others' have
shown how an algebraic classification of the Weyl
tensor may be carried out, and its usefulness in the

* On leave of absence from the University of Warsaw.

L A. Z. Petrov, Kazan. Gos. Univ. Uc. Zap. 114, Series 8, 55
(1954); J. Geheniau, Compt. Rend. 244, 723 (1957); R. Penrose,
Ann. Phys. 10, 179 (1960); R. K. Sachs, Proc. Roy. Soc. (London)
A264, 309 (1961).

physical interpretation of Einstein’s theory has been
amply demonstrated.? In empty space, the other two
objects vanish, of course, and no further classification
is possible or necessary. However, when the Einstein
tensor does not vanish, its algebraic structure can be
classified and, as we hope to show by example in this
paper, may prove helpful in the physical interpretation
of the corresponding metric. Such classifications were
given by Churchill,® and independently and in more

? F. Pirani, Phys. Rev. 105, 1089 (1957); R. K. Sachs, Proc. Roy.
Soc. (London) A270, 103 (1962). A useful summary of the use of the
Petrov classification in gravitational radiation theory is given in
the series of lectures on ‘‘Gravitational Radiation Theory” by F.
Pirani in Brandeis Summer Institute in Theoretical Physics 1964,
Volume One: Lectures on General Relativity (Prentice-Hall, Inc.,
Englewood Cliffs, New Jersey, 1965).

3 R. V. Churchill, Trans. Am. Math. Soc. 34, 784 (1932).
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is possible or necessary. However, when the Einstein
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of the corresponding metric. Such classifications were
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detail by one of the authors? from the purely algebraic
point of view. Just as the algebraic classification of the
Weyl tensor at a point together with certain properties
of metric in the large has proved helpful in the study
of empty-space solutions of the Einstein theory; so it is
hoped that additional study of the algebraic structure
of the Ricci tensor (or the equivalent Finstein tensor),
when combined with global properties of the metric,
may be useful in the study of metrics representing
nonempty spaces. In this paper, we take this approach
in what is perhaps the simplest possible case. We apply
the classification scheme to the class of spherically
symmetric metrics. We distinguish the various possible
subclasses and investigate them in more or less detail,
singling out the cases where a physical interpretation
of metrics of the subclass has been found possible. A
number of well-known metrics are seen to emerge
naturally from the classification scheme, independently
of direct application of any field equations, and
canonical forms of the metric are given for a number
of cases where solutions of a given physical type may
be expected to occur. Thus, we hope to demonstrate
the usefulness of the classification of the Einstein
tensor (in conjunction with that of the Weyl tensor) as
a tool in the search for interesting solutions to the
nonempty-space field equations and in their physical
interpretation.

In Sec. 2 of the paper, we briefly review the general
classification scheme for the Einstein tensor. Section 3
applies this scheme to the case of spherical symmetry.
We then discuss the various subclasses in more detail,
giving useful canonical forms of the metric wherever
possible, eigenvalues of the Einstein tensor, the
invariant of the Weyl tensor, etc., as well as particular
metrics of physical interest. A summary follows with
some indications of remaining problems and other
possible applications of the methods discussed here.
Finally, we include two Appendices, giving the
Einstein tensor, Weyl tensor, and other useful results
for a number of canonical forms of spherically
symmetric metrics.

2. CLASSIFICATION OF THE EINSTEIN TENSOR

The Einstein tensor is, of course, a second-rank
symmetric tensor and the basic problem- is therefore

4J. Plebanski, Acta Phys. Polon. 26, 963 (1964). An algebraic
classification of second-rank symmetric tensors in Minkowski space
has also been given by A. Z. Petrov; details of this classification
together with references to earlier work on this subject may be found
in A. Z. Petrov, New Methods in the General Theory of Relativity (in
Russian) (Science Publishers, Moscow, 1966); English transl. of the
first ed. of this work: A. Z. Petrov, Einstein Spaces (Pergamon Press,
Inc., London, 1964). Roger Penrose has carried out a classificationi
of traceless symmetric second-rank tensors as a special case of a
general classification scheme for arbitrary spinors (private com-
munication).
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the classification of a second-rank symmetric tensor in
a Riemann space. The Churchill classification depends
on the study of the invariant planes associated with the
tensor and is more geometrical. The method of Ref.
4 is based on the study of the eigenvectors of the
matrix associated with the tensor and is more alge-
braic. In this section we outline both basic classifica-
tions and show the relationship between the two.
No proofs are given; they may be found in Refs. 3
and 4.

If we are given a second-rank symmetric tensor A**
and a metric tensor at a point, we may use the metric
tensor to put the symmetric tensor into the mixed
form A,”. In this form it may be looked upon as an
operator which operates on a contravariant vector to
produce another one:

w' = A",

(2.1)

If we think of it as a matrix, we may study the eigen-
values and eigenvectors of this matrix independent
of their reality. These eigenvectors, if they are real,
define invariant directions left unchanged by the
operator. We may also look for invariant planes (i.e.,
planes, or 2-flats, as Synge® calls them, in the tangent
space) such that the operator always takes a vector in
the invariant plane into another vector in this plane.
Every mixed second-rank tensor, symmetric or not,
has at least one such invariant plane.®

If the metric tensor is positive (or negative) definite
in character, a real orthogonal transformation always
exists which diagonalizes the matrix, so that four real
eigenvectors always exist, defining the Ricci principal
directions.” The planes which contain any pair of
these eigenvectors are then invariant planes; and,
apart from degeneracy of some of the eigenvalues
which can make any vector in an invariant plane an
eigenvector, no further classification with respect to
eigenvectors or invariant planes is possible.

However, with an indefinite metric, and in partic-
ular with the Minkowski metric, the tensor may be
situated in various nonequivalent ways with respect
to the light cone of null directions; and, the various
possibilities that arise here give rise to distinct types
even before the degeneracy of eigenvalues is taken
into account. Churchill showed there are four such
distinct types with respect to the properties of the
invariant planes of the tensor. In Ref. 4, the same four
basic types were obtained through a study of the

5. L. Synge, Relativity: The Special Theory (North-Holland
Publishing Company, Amsterdam, 1964).

8 G. Y. Rainich, Trans. Am. Math. Soc. 27, 106 (1925).

7 G. Ricci, Atti R. Istituto Veneto (VIII) 6, 1233 (1904). See, for
example, J. A. Schouten, Ricci-Calculus (Springer-Verlag, Berlin,
1954).
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eigenvectors; and by study of the possible degeneracies
within each type, a much more detailed classification
of symmetric second-rank tensors in Minkowski
space followed.

We discuss the Churchill approach?® first. Since every
second-rank tensor has at least one invariant plane,
the first question is how many distinct types of planes
can occur in Minkowski space. There are three kinds:
timelike planes, which cut the null cone in two null
directions; spacelike planes which do not cut the null
cone at all, and therefore contain no null directions;
and null planes, which are tangent to the null cone
and therefore contain one null direction. Suppose the
tensor has a spacelike invariant plane; using the fact
that it is a symmetric tensor it can be shown that the
orthogonal plane, which is timelike, is also invariant.
The converse also holds: If the invariant plane is
timelike, the orthogonal spacelike plane is also
invariant. Since the spacelike plane has a positive
definite metric, there always exist two real spacelike
eigenvectors in this case. The timelike plane, having an
indefinite metric, is more complicated and three
possibilities can occur: two real orthogonal eigen-
vectors exist, in which case one is spacelike and the
other timelike; no real eigenvectors exist; or, one
double null eigenvector exists. Churchill calls these
Case Ia, Ib and Ic, and Id, respectively—b and c
being merely designations for alternate canonical
forms for the same case. If the invariant plane is null,
it is unique, and Churchill calls this Case II. He
shows that, by appropriate choice of the orthonormal
tetrad, the physical components of 4, in each of these
cases may be brought to the corresponding canonical
form shown in Table I.

Reference 4 considers the matrix corresponding to
Ay, which we shall symbolize by A when we are
considering it as a matrix. Let its distinct eigenvalues
be symbolized by A;, 4,,--:, A, with respective
multiplicities ny , ny, -+ -, i (of course ny + n, 4 -+ +
n, = 4). A will always obey a minimal equation of the
form

(A—=T4)™A —T4)™ - - (A - I4p)™ =0, (2.2)

with m; < n;, of course. Each eigenvalue naturally has
a corresponding eigenspace, spanned by the eigen-
vectors, whose dimensionality depends on the multi-
plicity of the eigenvalue. If the eigenvalue is real, the
eigenspace is real as well. If this eigenspace contains a
(real) timelike vector, we symbolize the eigenvalue by
T. If its eigenspace does not contain a timelike vector
but does contain a (real) null vector, we symbolize the
eigenvalue by N. If its eigenspace contains only (real)
spacelike eigenvectors, we symbolize the eigenvalue
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TasLE 1. Classification of Einstein tensor by invariant planes
(Churchill). Subclassifications may be made on the basis of
coincidence of various eigenvalues, see Table IIL.

Canonical Form Geometric Characterization

Type

1 Two orthogonal invariant
planes, one spacelike, one time-
like; two eigenvectors in the
spacelike plane.

Wy
0
, (a): One timelike, one space-
I(a) like eigenvector in the timelike
0 W, plane.
g
0 b
0
1(h) —b a (b) [or (c)]: No (real) eigen-
w, 0 vector in the timelike plane.
0
0 w,
1 1 0
-1 -1 (d): One double null eigen-
I(d) vector in the timelike plane;
0 w; 0 null eigenvalue = 0.
0 w,
w, 0 -1 0
0 w 1 An invariant null plane; one
Ir triple nuil vector, one spacelike
1 1 w 0 eigenvector,
0 0 0 w,

by S. Finally, if the eigenvalue is complex, we sym-
bolize it by Z. The following symbol serves to sum up
this information:

(2.3)

where A, is to be replaced by T, N, S, or Z as appro-
priate for that eigenvalue. The various possible symbols
then correspond to the various possible types of
symmetric second-rank tensors. Table II is a chart
showing all the various possible algebraic types in
terms of these symbols, together with the various
possible degenerations between those of higher- and
lower-order minimal equations. Particular examples
of many of the types are given in later sections for the
case of spherically symmetric metrics.

The relationship between the two classifications is
summarized in Table III. Churchill’s types correspond
to the four nondegenerate types with minimal equation
of order four. By making the indicated equalities of
eigenvalues in Churchill’s canonical forms, the
degenerate types of minimal order three or lower in
the classification of Ref. 4 arise. We shall use the

’ ’
[nlA;. - n2A2 - = nkAk][ml—mz—' ©—mg]?
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TasLe II. Classification of the Einstein tensor by eigenvectors and character of cigenspaces (Ref. 4). The symbol T, N, or S is
used if the eigenspace of an eigenvalue contains a timelike vector, no timelike but a null vector, or only spacelike vectors. Dotted
lines indicate degeneracies of higher forms. The heavy lines connect types which have minimal equations of the same order.

Type of eigenvector 4 Eigenvectors

3 Eigenvectors

2 Eigenvectors

[Z‘%‘Srsz][ 1-1-1-1]

i

'l [ 7-5,-85-S' al [1-1-1-1]
1

v o .

[Z-2-25 ][1—1—-1] !

1

'

1
One- double [2 T"Sf“Sg][lfl ~1] [21v;‘S1—Sg][g_1_1]
eigenvector P
[T"zsl—é‘l][l—l—l] s 7 ro !
Pl 7 ] |
PRV ’
AV " !
Two double [27-28)1-137 [2N-82)s1 o+ !
eigenvectors ! , i \ y !
: / ! ' ! :
£l A 1 '
Triple ) /' [3T-8]-1) \ [BN=-8](s-11
eigenvector ! \ )
. / [T-3S ][ 1-1] \ |
/ \
I
/ \ /
¥ : e
Quadruple [4T 4N} + [4N]s]
eigenvector Ny \
\ f 3
2

symbols (2.3) to describe the various types in later
sections.

TasLe III. Comparison of the Churchill classification and the
classification of Ref. 4. (i, j, k is any permutation of 1, 2, 3.)

This classification scheme may naturally be applied

Churchill

Ref. 4

to the Ricci tensor, and was so applied in Ref. 4. We
apply it to the Einstein tensor G,’; since this is the
tensor which occurs in the field equations, its eigen-
values G; might therefore be expected to have more
immediate physical significance. Of course, since the
Ricci and Einstein tensors only differ by a scalar
multiple of the metric tensor, the use of one or the
other leads to exactly the same type for a given
metric, and merely shifts all eigenvalues by an equal
amount,

I(a)

1(b) or

3. SPHERICALLY SYMMETRIC METRICS ©

The condition of spherical symmetry imposes a
number of restrictions on the algebraic structure of
the Riemann tensor at a point. In the first place, as is
well known, the Weyl tensor must be of Petrov type
ID, or [2-2] in the Penrose notation'; which means or
that there are two doubly-degenerate Debever vectors.

Of course, the Weyl tensor may degenerate to the I
extent that it vanishes altogether; this case of con-
formally flat spherically symmetric metrics was

1(d)

wo#wli‘é‘?a#wa

Wy = Wy
W # W 7

W = 0; # Wy 7 Wy

W; = Wy
w; = o # oy

W; = W; = Wy ¥ Wy
w‘=w,=w.,;éw,,

Wy = Wy = Wy = Wy

Wy # W3
w; = Wy
Wy # Wy
Wy = Wy 7% 0

W, =0 w,#0

ws=0 w,#0
wy=w; =0
Wy 5 Wy

W = Wy

[T-8,~Sx-Ss)1-1-1-1]

[2T"S1"Sz][1-1-1]
[T—2S1"S|][1—1—1]

2 T—~2S][1_1]
[T—3S][1—1]

[3T-S ][ 1-1]

[4T))
[Z_Z"sl_si][l~l—l—l]
[Z-2-28)1-1-1)
[2N-8-83)[3-1-1)
[2N-28](2-1

[3N‘S][:—ﬂ

[4N]
[BN-S](3-1)
[4N];s)
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recently examined by one of the authors with another
collaborator.® At any rate, the Weyl tensor is char-
acterized in the spherically symmetric case by just one
invariant, the vanishing of which signifies that the
space is conformally flat.

The possible types of the Einstein tensor are also
limited by the spherical symmetry of the metric, as we
shall now show. In this section we give a geometrical
discussion based on the symmetry properties them-
selves; an analytic discussion based on an explicit
form for the metric is given in Appendix A.

We shall define a spherically symmetric metric as
one which has a group of symmetries (isometries)
which has the special orthogonal group SO(3) as a
subgroup (not necessarily proper), such that the orbit
(or minimal invariant variety) of this group at each
point shall be a two-dimensional manifold with
spacelike tangent plane (the inner geometry of these
surfaces is that of the two-sphere). Now we prove that
the tangent plane must be an invariant plane of the
Einstein tensor at each point.

The isotropy group at any point (i.e., the subgroup
of the rotation group which leaves the point fixed)
consists of the rotations in the tangent plane. Pick
any two perpendicular directions in the spacelike
tangent plane and consider unit vectors in these di-
rections, ,e* and j;e*. Then there exists a rotation R
in the isotropy group which takes ,e* into ge* and ze*
into —,e* (i.e., a rotation through 90°):

Roe" = ge*, Rge! = —zet. 3.1)
Now consider the effect of G,* on ,e* and ze*:
Gyt = 1, Gp'se" = v (3.2)

if we can show that #* and v” lie in the tangent plane,
then any vector in the tangent plane (which can always
be expressed as a linear combination of ,e* and ze#)
is also taken into a vector of the tangent plane¢ by G,*;
and the tangent plane is invariant. Suppose #* and v*
have projections ¥ and ¥ in the plane perpendicular
to the tangent plane (which is timelike, since the tan-
gent plane is spacelike). Then we can decompose u*
v* into their components with respect to these two
planes:

u “

v =uT +ull, vP=0vF +0i. 3.3)

Now perform the rotation R. Since R is an isometry,
G’ is unaffected by the rotation and Eq. (3.2) is
transformed into

Gu'ge® = Ru’, Gp'ye* = — Ro', (3.4)
8 R. Boyer and J. Plebanski, *‘Conformal Curvature and Spherical
Symmetry” (report of work prior to publication).
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Comparing (3.4) and (3.2), we see that
Ru* = v*, Rv* = —ut (3.5)

But #* and »% are unaffected by a rotation in the
tangent plane, so that (3.3) becomes

Ru' = Ry + ui, Ro'= Rt + 0% (B.6)

and since Ru4 and Re4 must still lie in the tangent
plane, comparison of (3.5) and (3.6) shows that
#* and v* must vanish. Thus, #* and v* do lie in the
tangent plane, which must be invariant. But the exist-
ence of a spacelike invariant plane means that there
must be two spacelike eigenvectors in the plane, and
the equivalence of all directions in the plane under the
isotropy group means all directions must be invariant.
Thus, there must exist a double eigenvalue corre-
sponding to this eigenspace. So only those types of the
Einstein tensor which have a 2S in them, or are
obtainable from these by further degeneration, can be
connected with a spherically symmetric metric.
Explicitly, this means the following “parent types”
may be expected to occur with minimum degeneracy
(i.e., minimal equation of third order):

(Z-Z-28)1 14y,

[(7-251-8:]n-1-13

[2N-28T;2- -
The further degeneracies that may occur are shown in
Table V, together with the criteria for their occurrence
in terms of the explicit form of the metric used in
Appendix A.

4. TWO DOUBLE EIGENVALUES

The preceding section and Appendix A show that
the spherically symmetric Einstein tensor always has
one double eigenvalue which we call G;. A look at
Table V shows that there are four subclasses in which
there is an additional double eigenvalue. In the
{27-28];,.,, and [2N-2S];,_,, cases, these are distinct,
while in the [4T],, and [4N], cases, a further
coincidence of the pairs of eigenvalues takes place.
We shall investigate this class of metrics in some
detail, showing that they contain a number of known
models of spherically symmetric spaces of physical
interest, as well as generalizations of some of these
models.

First we develop a canonical form for the line
element of this class of metrics, using a null coordinate
related to one of the Debever vectors of the Weyl
tensor (if the metric is not conformally flat), in terms
of which the Einstein tensor becomes exceedingly
simple. Consider the spherically symmetric line
element in the standard spherical coordinates (called
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TasLe IV. Canonical forms for the metric when the timelike-eigenvector congruence of the Einstein tensor has indicated properties.
The Einstein tensor for each form is given in Appendix B. In addition, condition (5.2) is assumed to hold where not automatically
satisfied by conditions in column two.

Properties of
timelike congruence

Conditions

Canonical form of metric

Expansion free (6 = 0) 2R

§+—R'-=0, Ry#0

1
(RR? )t — 2, dr* — R do?
R = R(=*, 7)

Rigid in Born sense Bo=0, R,=0 E(dxP) — %8 dr® — r* de?
.a = a:(x",r), 18 = ,8(?‘}
Killing vector Bo=0, Ry=0, A (dx%)t — 2B dr* — r? dw?
(static metric) o = f(x%) — A(r) A= Ar), B=B@r)
Geodesic =0 (dx*)? — RYdr* — R® doo®
R = R(x, 1)
]
Shear-free, nongeodesic By = R;i’ , o #0 (%9) dx®)? — R(dr* + dow?)
X R=R(1), R #0
Shear-free, geodesic bo=F» =0 (dx) — R¥dr® + dw?)

R = f(x%(n)

curvature coordinates by Synge®):

ds® = e'(dx")? — et dr* — PP do®. (41)
The nonvanishing components of the Einstein tensor
are® (with x°, x!, x%, x° equalling x°, r, 6, @, respec-
tively)

| 1
__GO — e—-l . ___) —
0 ( r 2 rt

r
v 1 1
_..Gi=e l<;+;§)—;;, (4.2)
-G = —G} = %e“(v” + P+ = A _ %y’l’)’

—GLl=e*fr, —G¢=e"ir,

and ) )

— de~(A + 312 — 3A9),

The eigenvalues of the Einstein tensor are
G| = G3(DOUBLE),
Gj = HGY + G + [1(G — GI* + GG, (4.3)
G} = ¥GY + G — [H(G — GI* + GIGHIE.

The condition for an additional double root is

}G) — G + GIGy

— _1_ —~3A—y 9_, 5*().+v))2 — (_é_ A)t:l =0 4.4
- rze [(are axoe - (44

Thus, a double root exists if and only if

9 tam_ 2
at Taes

® 3, L. Synge, Relativity: The General Theory (North-Holland
Publishing Company, Amsterdam, 1960). Metrics mentioned in this
paper for which no special reference is given may be found in this
hook.

(4:5)

[In principle, a plus or a minus sign could occur on
the right-hand side of (4.5). But, in the case of a
minus sign, the coordinate transformation x® — —x°
changes the sign to the positive one.] Now (4.5) is the
integrability condition for the existence of a function
u(x%, r) such that

eiu-fv) i

¢
= —U.

(4.6)

(Of course, both # and ¥ must be nonvanishing.)
Solving for e* and e* and inserting these expressions
into (4.1), we find

ds? = (—1fu'ydu? + 2 dudr — r*de?. @4.7)

But, since @ 5 0, we can invert u(x% r) and find
x? = x%u, r). Consequently, u can be used as a new
coordinate, easily seen to be null, and the line element
takes the form

ds? = Flu, r)du® + 2 dudr — r® dw?, (4.8)

which is thus a canonical form for a spherically
symmetric metric with two double eigenvalues. It
proves more convenient to represent this function F
in the form F =1 — f(u, r)/r so that the canonical
form is finally given by®

ds? = [1 — f(u,r)[rldu® + 2dudr — rtde?® (4.9)

= ~H, €

10 1. Bondi, Proc. Roy. Soc. (London) A281, 39 (1964) has con-
sidered a general form for the spherically symmetric metric based
upon the use of one null or “‘radiation” coordinate and involving
two arbitrary functions. When one of these functions (f) is set equal
to zero, the metric of Eq. (4.9) results. A. Papapetrou, Ref. 11, has
considered this metric along with a number of special cases and
shows that it may describe the field of a radiating star in certain
cases.
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TaBLE V. Algebraic types of Einstein tensor in spherically symmetric case. The heavy lines connect types which have minimal

equations of the same order. The parameters characteristic of each type are invariantly defined, since #(a + ¢)* — b* = }(G; — G)%,

A = (G; ~ G)G,; — Gy), and a — ¢ = (G, — G;) + (G; — G;). Although b is not an invariant as such; its vam§hmg or non-

vanishing provides a convenient criterion for distinguishing between types with the other criteria the same, but a different order
of minimal equation.

Criteria
*(a + c)’ - b g R et [Z‘Z—ZS][I—I—I]
A>0
*(a + C)’ i e ) [T_zsl"sll[l—l—l]
A0
Ha+ ) — b = 0-mcommmemcmeneel [2T-28](1-1]--=--==--msmmmmemnne [2N-28](a-11
A#0 b=0) b #0)
e \m—sm]
ameAD T [7-38T51]
3
@—c=0  cceecemre [4T)-- - mmm e em e [4N]2]
A=0 b=0) b # 0)\
\ )
1

The Weyl and Einstein tensors for this metric are
easily computed. The null vector formed from the
gradient of the null coordinate u is one of the double
Debever (or principal null) vectors of the conformal
curvature tensor, if the latter does not vanish. Thus,
an additional element of degeneracy is present in these
subcases; the null vector is also an eigenvector of the
Einstein tensor. Thus, the invariant angle between an
eigenvector of the Einstein tensor and an eigenvector
of the conformal tensor vanishes. The conformal
invariant of this class of metric is given by

C = £}(3C,,,C*7) = é(r‘zf)". (4.10)

The Einstein tensor has this remarkably simple
structure:

2 f.u iy f.r 0 0
Gi=1}r r (4.11)
1
0 0 —f. O
2r .
o o o Ly
2r "
Thus, the curvature scalar is given by
R = —G: = —r*rf),,. (4.12)

Note the simplicity of these results: all curvature

invariants are linear in the single structural function
Sf(u,r); the only quantity which depends on a u
derivative is GY; no second derivatives of u enter the
curvature. As a consequence, at any given retarded
time u (assuming we choose u as a retarded null
coordinate), the conformal tensor has just the same
structure as it would have if f(u, r) were to keep its
instantaneous value for all time (i.e., if the metric were
“time-independent™); the effect of time variation on
the curvature tensor is an “induction” type of effect
(of course, a true radiation type of effect in the Weyl
tensor, which represents the propagated part of the
gravitational field, is impossible in any spherically
symmetric case).

. Matrix (4.11) is already in a form which makes the
identification of our four subcases simple. The various
cases are distinguished by whether or not f ,, vanishes,
which determines whether the matrix is diagonalizable,
and whether or not (r—%f,) , vanishes, which deter-
mines whether the two double eigenvalues are equal
or not.

Also, we may classify the metrics according to
whether or not the conformal invariant and the Ricci
scalar vanish, leading to a total of sixteen subcases
of spherically symmetric spaces with two pairs of
double eigenvalues. We symbolize these cases by
adjoining to the previous symbol, the parenthesis
(R, C) which indicates whether or not the Ricci scalar
and conformal invariant vanish. Examining all
sixteen possibilities, we get the following results (first
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come the most degenerate types):

[477,,,(0, 0)

[4T],,,(0, ©)
[4T],,(R, 0)
[4T],,(R, C)

JERZY PLEBANSKI AND JOHN STACHEL

ds? = du? + 2 du dr — r? dw?, Flat space;

ds? = (1 — 2m/r)) du® 4+ 2 du dr — r? dw?, m = const # 0, external Schwarzchild, C = $mr—3;
ds® = (1 — (3Ar®) du® + 2 dudr — r? dw?, A = const # 0, R = —4A, de Sitter space;

ds? = (1 — 2mfr) — (3Ar?)) du? + 2 du dr — r? dw?, m # 0, A 5 0, Schwarzchild solution with

cosmological const, R = —4A, C = §mr3,

The cases of type 4N are more interesting. [4N],,(0, 0) is empty. The remaining possible types are

[4N],,(0, C)
$muyrs;

[4N];zy(R, 0)
—4A(u);

[4N](R, C)

ds? = [1 — Cm@w/r)] du* + 2 dudr — r? dw?, m(u) , # 0, Vadya’s radiating metric,)* C =
ds? = [1 — GA@)rd)) du? + 2 dudr — r*dw?, A(u) , # 0, radiating” de Sitter Space R =

ds* = [1 — Cm(w)[r) — GA@rH)d® + 2dudr — r*dw®, m,#0, A, 70, generalized

Vadya metric in “radiating” De sitter space, C = m(1)r—3, R = —4A(u).

The family of type [27-2S];,_,, represents a family of static space-times. The case [2T-2S];,_;;(0, 0) is empty.

The remaining possible types are:

[27-28}, 1,0, C)  ds*=(1 — 2m]r) + (e*/r®)) du® + 2 dudr — r*dw?, €* 7 0, Reissner-Nordstrom solution'®
for a point charge in Maxwell electrodynamics plus a point mass, C = §(m/r® — e*[r%).
We make the integration const e® positive for the physical interpretation.

[27-28;, 5(R, 0)

ds®= (1 4+ 2ar + br¥) du® + 2 dudr — r*dw?,a # 0, R = 12(a/r + b). A physical inter-

pretation is unknown. The conformal factor for this metric is given in Appendix B.
2T-28], (R, C) dst = (1 — (f(r)[r)) du® + 2 du dr — r*dew?, R = —r *(rf) ,, # 0, C = (r/8)(r %) ., # O,
static point charges in nonlinear Born-Infeld type electrodynamics.!®

Finally, the most general type [2N-2S], ,, represents a family of nonstatic space-times. The case
[2N-28],_;(0, 0) is empty. The remaining possible types are

[2N-2S];, 10, C)  ds? = [(1 — 2m(u)[r) + (EW[r)] du® + 2 dudr — r¥dw?, € #0, m?, + e, # 0, the
“radiating” Reissner-Nordstrom solution, C = §(m(u)/r® — e*(u)/r?).

[2N '2S][2_1 ](R’ 0)

ds® = (1 + 2a(wr) + (b@r?) du® + 2 dudr — rtdo?, a®, + b* # 0, R = 12(a(w)/r + b(w)).

A physical interpretation is unknown. The conformally fiat representation of this metric

is given in Appendix B.
[2N-28);, (R, C)

ds? =1 — (f(u,r)/) d? + 2 dudr — r*de?, (rf) ., # 0, (r2f),, #0,(r*f,) , #0,f , #

0. A physical interpretation is unknown (see Papapetrou, Ref. 11).

Among the 13 nonempty cases listed above, we have found a number of familiar metrics, as well as some

unexplored ones.

Birkhoff’s theorem for empty spaces, and a number of generalizations of it to nonempty cases may easily be
obtained from this classification by noting that all metrics of types 4T and 4N are necessarily static.

5. ONE TIMELIKE AND THREE SPACELIKE
EIGENVALUES
To treat the cases [7-25,-S;];, ,,, (and its degen-
erate forms [T-3S];,_,; and [3T-S}, ,,), we start from
a very general form of the spherically symmetric

11 p, C, Vadya, Nature 171, 260 (1953); see also R. W. Linquist,
R. A. Schwartz, and C. W. Misner, Phys. Rev. 137, B1364 (1965);
A. Papapetrou, Compt. Rend. 262A, 162 (1966).

32 H. Reissner, Ann. Physik 50, 106 (1916); G. Nordstrom, Ver-
handel. Koninkl. Ned. Akad. Wetenschap. Afdel. Natuurk. Sect. II,
26, 1201 (1918).

18 R, Pellicer, Ph.D. thesis, Centro de Investigacion y de Estudios
Avanzados del I.P.N., Mexico (1968).

metric, always locally valid®:

ds® = &*(dx")* — e* dr* — R?dw?; (5.1)
«, B, and R are arbitrary functions of x° and r =
x40 = x2, p = x%), and dw? = df% + sin® 0 de¢? In
general, it is possible to impose one additional
condition on the three functions without restricting
the type of the Einstein tensor, since only two arbitrary
functions are needed to describe spherically symmetric
space-times. Various standard coordinate conditions
give rise to the familiar polar, Gaussian, curvature,
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isothermal, and isotropic coordinates, as discussed
for example, by Synge. However, as we shall see in a
moment, by example, theimposition of certain relations
among the three functions may restrict the possible
algebraic type of the corresponding Einstein tensor.
Once we have restricted the algebraic type of the
Einstein tensor, a certain condition may not further
restrict the range of metrics, even though it is suited
only to that particular type or types. This may serve
as an example of the need for caution in setting
conditions on the coordinates in general relativity.
These conditions must be investigated to see whether
or not they imply restrictions on the class of metrics
that can satisfy them.

The Einstein and conformal curvature tensors of
the above metric are given in Appendix B. We note
that e?G} = —e**G?, so that if we impose the
coordinate condition

Ry — RyBy — Ryy =0, R#DO, (5.2

the Einstein tensor will already be diagonalized with
real eigenvalues; and one timelike, and three spacelike
eigenvectors along the coordinate directions. The
eigenvalues are given by

Gi = G = 63
[ R “R, AR
=62ﬂ|:___1_1__a _r R AR m}
R 11 81 R R 131 1
R BoRo Ry
e—zali_ﬂ)_i_ + g2 4 Befo Do% :|,
+ R 500 ﬂO R R 0/30
2
Gé = Gg — e—zﬂ[_ & — & + __ZRIﬂI:I (53)
R R? R
1 —Za[Rg 2R0/30j|
+ - —+—
TR TR
R} 2R
Gl =G = e“”[— R _ _11]
s R* R
1 —2a |:2R00 R; 2Ro°‘0:|
+=4e | —+=Z——1
R? R R? R

Condition (5.2) is understood to hold as well. Apart
from possible degeneracies, discussed below, it will
then always be of type [7-28,-Sb];, ;,,- Thus, the
metric (5.1) together with the coordinate condition
(5.2) represents a canonical form for spherically
symmetric Einstein tensors with one timelike and three
spacelike eigenvalues—one double, of course. Since
the vector ,e* = e#d%4 always represents the unit
timelike eigenvector under these conditions, this
system of coordinates represents a natural generaliza-
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tion of the idea of “comoving coordinates” !4 to the
general case where no assumption is made about the
nature of the sources of the gravitational field, except
that the stress—energy tensor has one timelike and three
spacelike eigenvectors.

The coordinate condition may be interpreted in
several ways. If « and R are given, it is an equation
determining 8,,

Rip — Ry

R (5.4a)

ﬂo=

We see this interpretation is always possible, unless
R, = 0. If 8 and R are given, it is an equation deter-
mining o,

RlO _ Rlﬁo

R, (5.4b)

% =

and we see that this interpretation is always possible,
unless R, = 0. Finally, if « and § are given, it can be
regarded as an equation for R, which is seen to be of
the standard form for a linear hyperbolic equation of
second order in two variables. Thus, one can in general
always find a unique solution locally if additionally one
gives either the values of R and its normal derivative
along any noncharacteristic curve in the (x°, r) plane,
or gives the value of R along two intersecting character-
istic curves (i.e., along r = const and x® = const).15
This formulation may prove particularly useful in the
problem of matching two solutions along some
boundary.

Now we enumerate the possible degeneracies. If
G, = G, # G,, the Einstein tensor will be of type
[T-3S)1—y; - If G, = G; # Gy, the Einstein tensor will
be of type [37-S],_,,. If G] = G; # Gj, the Einstein
tensor will be of type [27-2S], ,;, and if G, = G, =
Gy, the Einstein tensor will be of type [4T],;. The
latter two cases of pairs of double eigenvalues have
been discussed in the last section, where a more
useful canonical form was given.

The type [7-3S),_,, will include as a subclass
(certainly proper) those metrics which admit of a
standard macroscopic hydrodynamical interpretation.
In addition to being of this algebraic type, these,
in addition, must satisfy such conditions to assure
that the rest-mass density be positive at every point
in any local Lorentz frame and that the pressure be

4 See, for example, R. C. Tolman, Relativity, Thermodynamics
and Cosmology (Oxford at the Clarendon Press, Oxford, England,
1934); or L. D. Landau and E. M. Lifshitz, The Classical Theory of
Fields (Addison-Wesley Publishing Company, Inc., Reading, Mass.,
1962), 2nd ed., for discussions of comoving coordinates.

15 See, for example, R. Courant and D. Hilbert, Methods of
Mathematical Physics (Interscience Publishers, Inc., New York,
1962), Vol. 11, for a good discussion of hyperbolic partial differential
equations in two independent variables.
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nonnegative. These conditions could easily be formu-
lated in our coordinate system, but as they would not
be particularly illuminating (or easily satisfied) we
omit them. The type [7-2S,-S:),;.;; Will include all
other reasonable types of macroscopic, nonzero rest
mass, matter with differential pressures (or compres-
sive forces) in the radial direction and the two directions
normal to the radial one—such as might arise from
spherically symmetric shells of varying matter.
Whenever such an interpretation is possible, the
timelike eigenvector of the Einstein tensor may be
looked upon as the generalized velocity field of the
material sources of the Einstein tensor. The properties
of the timelike congruence everywhere tangent to the
timelike eigenvector are therefore of potential physical
interest.

These properties are particularly simple when
expressed in our canonical coordinate system. Since
the congruence is spherically symmetric, it is always
hypersurface orthogonal and therefore the rotation
of the congruence vanishes.'® Of the remaining six
possible invariants of the congruence, three also
vanish, so that only three remain: the expansion, one
component of the acceleration along the radial
eigenvector of the shear tensor, and one independent
eigenvalue of the shear tensor. They are given by

6 = expansion = e~* (ﬁ + 211:")

a = acceleration = (5.5

N R,
= shear invariant = ¢~*| f, — )

We now investigate various special cases when one
or another of these invariants vanishes, and we find
canonical forms for the metric in these cases.

First, suppose the congruence is expansion-free.
Then we have S, + (2Ry/R) = 0, together with the
coordinate condition (5.2). For the moment, we assume
R, # 0. Then we can solve these equations to get

= f(r)e?, R R®= g(x")¢", (5.6)
but we still have the coordinate freedom remaining
to let r' = r'(r) and x¥ = x%(x®) without changing
the form of our metric or violating our coordinate
condition. We may also use this freedom to make f(r)
and g(x°) equal to one so that the canonical form of a
spherically symmetric metric with an expansion-free
timelike eigencongruence of the Einstein tensor is

ds? = (RyRt dx%? — 1/Rédr® — R*du?, (5.7)

16 A discussion of first-order differential invariants of a timelike
congruence may be found in the article by J. Ehlers and W. Kundt,
in Gravitation: An Introduction to Current Research, L. Witten, Ed.
(John Wiley & Sons, Inc., New York, 1962).
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where we have dropped the primes on x° and r, and R
is an arbitrary nonvanishing function of (x°, r).

If we demand that the congruence be ngxd in the
sense of Born,® it is easily seen that this requires that
Bo = 0 and R, = 0 both hold, so that this is just the
case we negiected above. We can then use the co-
ordinate freedom of r mentioned above to set R =r,
so that the canonical form of the metric in this case is

ds® = e2a(a;°,r)(dx0)2 — ¢ (58)

Note that the coordinate condition is automatically
fulfilled.

If we additionally demand that the congruence be
Killing, i.e., that the metric be static, we get the
additional restriction that « = f(x%) — A(r), and using
the coordinate freedom on x?, we get the well-known
result that a static spherically symmetric metric can
be represented in the form,

28(r) dr2 - r2 dwz‘

ds® = ezl(r)(de)z - ezﬂ(r) dr® —

with 84 obviously the Killing vector.

If we demand that the timelike congruence be
geodesic, this means that o; = 0 in addition to the
coordinate condition (5.2). In this case, the metric
may, by similar methods, be reduced to any of
several standard forms, for example, the geodesic
normal form,

ds? = (dx%)® — Ridr* — R*de?,  (5.10)

where R is any nonvanishing function of (x?, r).

If we demand that the congruence be shear-free,
but nongeodesic, then we have f, = Ry/R, and «, 7 0
in addition to (5.2). Assuming R, does not vanish
(which would also make f, vanish and thus get us
back to the rigid congruence case), we can then put
the metric in the canonical form,

ds? = (Ry/R)¥(dx®? — R® dr® — R® de?, (5.11)

where R is again any nonvanishing function of
(x?, r) with nonvanishing x? derivative.

If we demand that the congruence be shear-free and
geodesnc, the requirements are that f§, = Ry/R and
o, = 0 in addition to (5.2). The freedom of x° trans-
formations can here be used to make the coefficient
of (dx®)? equal to unity, so that the metric takes the
form,

rt do?

(5.9)

2 = (dx®)2 — R¥(dr® + dw?), (5.12)

where now R = f(x%g(r) and all freedom of trans-
formations of x° and r has been used.

If we additionally demand that G, = G so that we
are in the type [T-3S];,_,;, where a hydrodynamical
model is possible, the form of g(r) is fully determined:

R = f(x9/(4e" + Be™), (5.13)
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where f(x°) is an arbitrary function of x° and 4 and B
are arbitrary constants. This class of metrics is seen,
by direct substitution into the expression for the
conformal invariant Eq. (B.11), to be conformally
flat. Now suppose neither 4 nor B vanishes. Then,
the substitution p = 2e"(|4/B|)? transforms the metric
into the form,
ds2 — (dxo)z - [f(xo)/z(lABl)%]z (dpz + pz dw2)’

1+ (p*4)

(5.14)

one of the standard forms of the Robertson-Walker
metric.'? If either A or B vanishes (it makes no
difference which we take as nonvanishing, since the
transformation r — —r takes one case into the other),
say 4 =0, then the substitution p = ¢" takes the
metric into the form,

ds® = (dx°)* — [f(x)/B]*(dp® + p* dw?), (5.15)

which is the “flat” Robertson-Walker metric.

It is well known that the Friedmann metrics can be
characterized as Robertson—~Walker type solutions to
the field equations for incoherent matter with a
velocity vector which is shear free and geodesic. We
see that the assumption about the nature of the matter
tensor is irrelevant, as long as it has a shear-free and
geodesic velocity vector field and a triple spacelike
eigenvalue.

The results of the various assumptions about the
nature of the timelike congruence of the Einstein
tensor, derived above, are summarized in Table IV.
The form of the Einstein tensor in each case is given in
Appendix B.

We also note that the assumption that the expan-
sion 6 is negative at a point in space-time is easily
seen to be equivalent to the statement that the volume
of a shell of matter at that point is decreasing at that
moment. Thus, the assumption that the expansion is
everywhere negative can be used for a generalized
definition of collapsing matter, and the resulting
inequalities may enable a discussion of some aspects
of spherical gravitational collapse to be carried out
with very general assumptions about the nature of the
matter tensor.

6. TWO COMPLEX AND TWO SPACELIKE
EIGENVALUES

The only remaining case to be discussed is that of an
Einstein tensor of the form [Z-Z-2S], ,,, ie.,
where there do not exist any real eigenvectors in the

17 A discussion of the Robertson-Walker line element with refer-
ences to the original papers and a detailed historical treatment is
found in J. D. North, The Measure of the Universe: A History of
Modern Cosmology (Clarendon Press, Oxford, England 1965).
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timelike invariant plane of the Einstein tensor. This
case may also be treated by the use of the form (5.1)
for the metric of a spherically symmetric Riemann
space. As noted in the last section, €*G} = —e*G?.
By picking unit vectors (e and ,e* along the (orthog-
onal) coordinate directions ¢ and r, respectively, it is
easy to show that this implies that G} = —G{3),
where the parenthesis around an index means pro-
jection onto the tetrad vector of that index so that these
are physical components of the Einstein tensor. By
looking at the canonical form of the Einstein tensor in
Case I(b) or (c) (Table 1), we see that if either G{g)
or G{}} vanishes, the Einstein tensor will already be in
canonical form with respect to a tetrad composed of
unit vectors along the four coordinate axes. If we

choose R = R(r) only, then G{}} will vanish if

e = R? + 2RRay; 6.1)

indeed, we could choose R = r (standard Schwarz-
schild r, or curvature coordinates in Synge’s terminol-
ogy®), if it were not for the requirement that e > 0,
which might otherwise be violated for arbitrary o.
However, this class of solutions in canonical form
depends “essentially” on only one arbitrary function
in the sense that « may be picked arbitrarily, and then
any choice of R(r) made to satisfy the inequality

R? + 2R,Ra, > 0. (6.2)

B is then fixed by Eq. (6.1). The physical components
of the Einstein tensor will then be in canonical form
I(c). No matter tensors corresponding to this case
have been studied.

7. CONCLUSIONS

We have seen that in the spherically symmetric case,
the subclassification of metrics by type of Einstein
tensor leads to the possibility of canonical forms for
the various types, which, particularly in the case of
two doubly degenerate eigenvalues, are closely related
to possible physical interpretations of the solutions.
This suggests, more generally, that when looking for
solutions of a certain physical type, the structure of
the matter tensor may limit the type of the Einstein
tensor in such a way that a more restrictive canonical
form for the metric can be used than symmetry alone
indicates without the loss of any solutions of the
desired kind. Thus, the method may serve to simplify
the search for exact solutions of certain types.

In addition, if an Einstein tensor is of a certain type,
only certain kinds of matter tensors will in general be
compatible with this type, so that the study of the type
of the Einstein tensor can help in the physical inter-
pretation of metrics. For example, in the case of an
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“electromagnetic field, it is clear from the structure of
the stress—energy tensor T,,” = [, f** — 6,"f;, f**, that
eigenvectors and invariant planes of the field tensor
Sf*" are also eigenvectors and invariant planes of 7}.
The study of the eigenvectors and invariant planes of
the Maxwell tensor (as found in Ref. 5, for example)
then shows that the only possible types for electro-
magnetic stress-energy tensors are: [4N],; for the
null Maxwell tensor, and [27-2S], ,; for all others
(and possible degeneracies of these, of course).

Certain canonical forms may prove useful in
general investigations where assumptions are made
about the matter tensor sufficient to limit the type of
the Einstein tensor, but not detailed enough to fix it
completely. For example, it was suggested in Sec. V
that it might be possible to study certain problems of
gravitational collapse with no more definite assump-
tions about the matter tensor than that it had a time-
like eigenvector (velocity field) whose divergence is
everywhere negative.

We have found a number of metrics with two
doubly degenerate eigenvalues in Sec. I'V which do not
seem to have been previously investigated. In partic-
ular, the “radiating” de Sitter metric, the “radiating”
generalized Vaidya solution, and the “radiating”
Reissner-Nordstrom solutions would seem worthy of
study for possible cosmological or other applications.

Finally, we add that the demonstrated usefulness
for general relativity of the study of the classification
of the Weyl tensor and of the traceless Ricci tensor
suggests that the “mixed” parts of the Riemann
tensor be studied and classified. Two traceless sym-

metric tensors can be formed from the Weyl tensor .

and the traceless Ricci tensor
D,y = CopS* and Dy = C,,,S™, (1.1)

is the Weyl tensor, S, is the traceless
Ricci tensor R,, — 1g,,R, and C}, ; is the dual of the
Weyl tensor. Six of the fourteen second-order differ-
ential invariants of the Riemann tensor are associated
with these two tensors, and may therefore be called
“mixed” invariants of the Weyl and traceless Ricci
tensors.’® As far as we krow, the study of these
“mixed” invariants has not been carried out. The
classification of D, and D, as traceless symmetric
tensors is, of course, similar to the classification of the
Ricci tensor. But the relation between its properties
and those of the Weyl and Ricci tensors for various
classes of metrics has not been investigated. In the
spherically symmetric case, there is too much sym-
metry for anything new to arise, but in more general

where Cg,,

18 See R. Debever, Cahiers Phys. 18, 303 (1964) for an extensive.
review of the algebraic decomposition of the Riemann tensor and
discussion of its invariants, including the definitions of Dug and

Dag.
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cases it should prove interesting to study this question.
The Weyl tensor describes the gravitational field
proper, algebraically independent of its sources; the
Einstein tensor tells us about that part of the gravita-
tional field that is tied directly to the sources of the
field. It is natural to speculate that D, and DJ;

should tell us something about the interaction of
sources and gravitational field proper.
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APPENDIX A

For the analytic study of the possible types of the
Einstein tensor in the case of spherical symmetry, it
proves useful to employ a conformal form of the
metric, already discussed in Ref. 8. It was shown
there that every space-time ¥, which is spherically
symmetric can be described, locally at least, in
isotropic coordinates by the following metric form
with two structural functions:

ds* = @72 (x°, w)[y*(x°, w)(dx")* — dx*dx"], (Al)

where w = x°x® = r2, with the three-dimensional
summation convention. The conformal curvature
invariant in these coordinates is given by

C* = e(CopysC™) = We'y 'y )" (A2)

Of course C2is an invariant and as mentioned above,
it characterizes the Weyl tensor in this case. All
further information about the curvature of the
spherically symmetric spaces is contained in the
Einstein tensor G§. When computed in the above
isotropic coordinates, this has the following form®:

Gy = Aj — g1 (A3)
A5 has the following structure:
A3 =a, A=y bx(w),
x°x? (A4)

45 = —ybxtiot, Ay= —cT=;
the coefficients x, @, b, and ¢ are given by
X = 4wyl o + 497Ny, — BWOR

— 8¢9, + 12weg?, — 3(y 7 p,)?
+ 20y (v 9 0) 0 — 4wy W@ ol

@ =APWYTY oy + AP YT Y. + 490+ 2097

X (¥ 90) o — 4WY 4@ 1),
= 4w (¥ 0) us

2, —1

¢ = —4WPY Y ou + BWQP - (A3)
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As we shall see shortly, y is a scalar; therefore, Ajisa
tensor and the study of its algebraic structure is
equivalent to the study of that of the Einstein tensor.

First we determine the minimal equation of A%,
considered as a matrix, symbolized by A. If we
define A = b? — ac, it is easily proved that

A® — (@ — )42 + AA =0, (A6)

Thus, the minimal equation of the matrix A is of order
less than or equal to three, so that at least one double
root must occur, in contrast to the general situation
(see Table II) where the minimal equation may be of
fourth order with no degeneracies. This is, of course,
a result of the spherical symmetry.

Further degeneration of the minimal equation
occurs in two cases: when A = 0, then A obeys a
minimal equation of second order,

A?— (a— c)A =0; (ATa)
when b = 0, @ = —c, then A obeys
A2 — gA =0, (A7b)

while A = a2 need not vanish.
A little further algebra yields the eigenvalues of A,
and consequently of G. These are

Gi = — (the double root)
Gy = —y + ¥a — ) + [(a — ¢* — A}, (A8)
Gy=—1+ ¥a— o) — [}a — cf* — AL

These facts enable us to give the algebraic classifica-
tion of the spherically symmetric Einstein tensors,
which can have quite diversified structures, in contrast
to the conformal curvature which has only two types,
as we discussed earlier.

When

—A+Ha—cp=ia+ o —b52<0, (A9

the eigenvalues G, and G; are complex conjugates.
The eigenspace belonging to the double eigenvalue
G, = —y must then be spanned on two spacelike
eigenvectors. Hence, when (A9) holds, G is of the type
[Z-Z-28},_, ;;]- [Note that (A9) necessitates that
A>0,b#0]

If

—A+ia@—cf=41a+cpP—5>0 (Al0)

then the two eigenvalues G, and G are real and
distinct. If A 5% 0, neither can coincide with Gj.
From this we infer that if (A10) holds and A # 0,
then G is of type (T-28-Se)y g gy - If

—A+ 3a—cF=0, and A0, (All)

then G, = G; # G,. Two subcases are possible here.

SPHERICAL SYMMETRY 281

Suppose first that b # 0. Together with A # 0, this
rules out the possibility of a minimal equation of
second order, (A7a). From this, one can infer that
when (A.11) holds and 5 # 0, then G is of the type
[2N-2S8)p yp, With N = —y + }(a — ¢)and § = —y,
of course.

The second possibility arises when b = 0. Together
with (All), this implies that @ = —c¢, and minimal
Eq. (A7b) holds, and G is diagonalizable. Thus, if
(3.11) holds and & = 0 (or equivalently a = —¢),
then G is of type [27-2S],_,;, with T= —y +
¥ a—c)and S = —y.

The next possibility of degeneration of the eigen-
values is the case when G, coincides with either of
G, or G,, which remain distinct. Since it is easily
seen that A = (G, — G)(G; — G,), this can only
happen if A = 0. In that case, minimal Eq. (A.7a)
applies; the two different eigenvalues are —y and
—y + (@ — ¢). From this we infer that when A = 0
and (¢ — ¢) # 0, then G is either of type [37-S];_y;,
or type [T-35],_y;.

The final possible degeneracy arises if A = 0, and
a =c. Then G; = —y becomes a quadruple eigen-
value of G. The minimal Eq. (A7a) then becomes
(G + xI)? = 0. Two subcases again arise. If b # 0,
the matrix G + I is nilpotent of order two. It thus
follows that if A =0, @ = ¢, b # 0, then G is of the
type [4N]y;. If 5 =0, G + I is nilpotent of order
one, and consequently vanishes, so that the minimal
equation is of first order. In this case, where A = 0,
a=c, b=0, Gis of the type [4T],;,.

The results of the above discussion are summarized
in Table V, which gives a table of all the possible
algebraic types of a spherically symmetric Einstein
tensor.

APPENDIX B

In this Appendix we shall give some useful formulas
for various canonical forms of spherically symmetric
metrics mentioned in-the text.

The Einstein tensor of metric (4.9) with two double
eigenvalues has already been given in Eq. (4.11). If we
introduce the following null tetrad:

n* = —%(1 “{)55 4o,
11 1
m = ?/—;;(5: +— a;:), (B1)

where /* and n* are two real null vectors, and m* is a
complex null vector, then /* and »* are the two double
principal null vectors of the metric, and the only
surviving physical component of the Weyl tensor with
respect to this tetrad is ¥, in the Newman—Penrose
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notation?:

Yo = (=121 + (£:/3r) — (f,/12r).  (B2)

The metric is then conformally flat if (B2) vanishes,
which has as its most general solution

1— (fIr) =1+ 2a@)r + bGwyrt.  (B3)

The conformal factor for this class of metrics is easily
found. Let

’

r
r=——m—m———,
A(u) + B(u)r’

where 7’ is a new variable, and A(x) and B(u) remain

to be chosen [we assume only that A(x) > 0]. We now

require that 4(u) and B(u) be solutions to the equa-
tions

A,=AB+a) and 2B, =B+ 2aB+ b, (BS)

and then introduce a new variable u' = [A(u) du.
If we invert this relationship to get 4 = u(u’), we can
then rewrite f4(u) and B(u) as functions of #':

AW) = A[u(w)], B@) = Blu@)). (B6)
Substitution of these new variables #' and r’ into

metric (3.9) with f given by (B3), then shows that it
takes the form,
ds* = [#A() + B)r'T?

X [(du')® + 2du dr' — (r')*dw?, (B7)
which is already the conformally flat representation
of the metric in null coordinates. The arbitrariness in
choice of constants of integration in (BS5) and (B6)
corresponds to the freedom of choice in the conformal
factor due to the possible transformations within the
conformal group.8

If we make the Ansatz 4 = A,w2, where 4, is any
nonzero constant, this implies that B = (—2w,/w) —
a, and leads to the linear differential equation for w,

W, + 122, — @ + B)w = 0. (B8)

If @ and b are constants, the integration is easily
carried out, and the results may be expressed as
follows. If we write @ = —efl, b = (e/A?) 4 (¢[I®)
(where e, € can take on the values 1, 0, or —1), which
can always be done, then the conformal factor
becomes

(B4)

€ 1, ot , g ’
[1+(2A)=u(u +2r)+lr] (B9)

1% See E. T. Newman and R. Penrose, J. Math. Phys. 3, 566 (1962);
and A. Janis and E. T. Newman, J. Math. Phys. 6, 902 (1965), for a
discussion of the projection of the Riemann tensor onto a null
tetrad, the definition of the five complex \I”’s that result, and the
relation between the ¥"s and the Petrov type. When the.metric is
type D, the use of the double principal null vectors always eliminates

all components except'¥, = Curpomenriomo.
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For e = 0, this gives the representation of spaces of
constant curvature (de Sitter spaces) in stereographic
coordinates.

In the case of one timelike and three spacelike
cigenvectors, we have used the metric (5.1); the
Einstein and Riemann tensors for this metric may be
found in Ref. 9. It is convenient to introduce the
orthonormal tetrad adapted to the coordinates in this
metric:

0f = €78, e = e,

1 &, (B10)

Rsin 0

" = (1/R)B}, o¢* =

If we then define a null teirad by I* = je* + e,
= }(oe" — 1e#), m* = 1//2 (s + ipe*), then again
only ¥, will be nonvanishing, Thus /* and »* are the
double principal vectors of the Weyl tensor. ¥, is
given by

_ 1 2f_ Roo Rex 2
‘I’,—G{e ( R+ R + Boo + Bo
BoRo Ry
—_— 0 ﬁo+ )
R R?

Rf) 1 }

— =)+ = (Bl1
R R + R? (B
The tetrad components of the Einstein tensor with
respect to the orthonormal tetrad (B10) are given by

G = e—ﬁﬂ(__ 2_R1_1 —_— E M)
(00) R R? R
R 2R, 1
e-za(_g + _.u) L
telpt R ) TR
i {2Rie 2Ry 2Ry
Gop = —¢€ (ﬂ+«>(_19 _ 2Ry _ __1)
(o1) R R R
R} 2R,
Guny = — "”(-———‘——‘—) B12
) € R R (B12)
_ g _2&_‘_1*_3_2‘1‘&) 1
( R R R R*’
Gaa) = Gy = —e"”(— '%;‘1 — oy — o}
R R

(e e BB )
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The Einstein tensor for metric (5.7) with an expan-
sion-free timelike eigencongruence is given by

2R;R 1 3
1 2p2 14V01 8
Gl=—5R1R —TR +-R_§_E,
GY = —5RR® — 2R,R®* + 1_3

0 1: 11 Rz R“’

RR (B13)
G = G = —4R’R® — (31{11 + —RI‘;‘—I)R”

0

Rh; R 4
+ (—021 -~ —ql—l)R4 + -
RE R, R

The Einstein tensor for metric (5.8) with a rigid
timelike eigencongruence is given by

120\ , 1
e W¥|— -2 -
Gl = 2(, r‘)+2,

r r

Gy=e (121- + 2—’3‘) + 12 (B14)
r r r

Gi=Gl= e_”(—ocu - - ﬁl + ,Blotl)

We omit the Einstein tensor for the static metric
(5.9), which may be found in Ref. 9, and any number
of other texts.

The Einstein tensor for metric (5.10) with a geodesic
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timelike eigencongruence is given by
Go =122 + Pults, (B15)
RR,
G§=G§=%"+%’°+%’.

The Einstein tensor for metric (5.11) with a shear-
free nongeodesic eigencongruence is given by

1 2R1R01
G}=E§( oy +1)+3,
1 2R
63=R“z(“'R_u+E3+l) +3, (B16)
=6t = L By 2l &) 3,
R\ R,  RR R

The Einstein tensor for metric (5.12) with a shear-
free geodesic timelike eigencongruence is given by

2
G}=I~§—2(1—5;+R:+2RWR),
G3=;:‘z(1 21;1‘+3112+R) (B17)
Gz_Gs—-l—( R11+ +R2+2R00R)
2 =0=

We omit the Einstein tensor for the Robertson—
Walker metrics, which may also be found in in-
numerable textbooks.
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This paper describes an abstract formalism for tensor analysis in Minkowski space which entails
considerable notational simplicity and calculational advantages, as evidenced when compared with the
- usual component techniques. The need to express tensor equations in component form is eliminated, and
manipulations become formally the same as those in Euclidean space. The method is based on an
extension to Minkowski space of the intrinsic concepts of vectors, differential operators, and polyadics
in three-dimensional Euclidean space. Several examples from special relativity have been selected to
illustrate the advantages-of the formalism. In the first example, expressions in dyadic form for the Euler-
Lagrange equations and canonical energy-momentum tensor are obtained and specialized to the electro-
magnetic field. From the electromagnetic-field dyadic, invariants and other useful relations are derived
easily and economically. The dyadic form of the field equations is also shown to be particularly amenable
for a derivation of the Dirac-like form of Maxwell’s equations with the base elements of the Pauli
algebra emerging in a most natural way. Further illustration of the practical utility of the method is
given by considering several properties of the restricted homogeneous Lorentz transformations. Various
dyadic expressions for these are obtained, and a detailed derivation of their eigenvalues and eigenvectors
is given. By combining some of the results from the discussions of Lorentz transformations and the
Dirac-like form of Maxwell’s equations, it is;shown how an isomorphism between the three-dimensional
complex orthogonal group and the Lorentz group can be established in a simpler and different manner
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from other approaches appearing in the literature.

1. INTRODUCTION

The use of intrinsic vector algebra (in which vectors
and their operations are defined axiomatically) in
Euclidean spaces is recognized in modern mathemati-
cal physics to result in considerable notational
simplification and calculational advantages, in com-
parison to the old-fashioned component techniques.
Likewise, the intrinsic representation of tensors by
means of polyadics has similar advantages over the
representation in terms of components. Many authors?
discuss dyadics in three-dimensional Euclidean space,
and some? have applied them to various physical
problems. On the other hand, in Minkowski space the
component representation of tensors is used almost
exclusively.? Within the framework of the component
method there are, however, some useful simplifications
which eliminate the need to distinguish between
covariant and contravariant components. One of these

1 See, e.g., J. W. Gibbs and E. B. Wilson, Vector Analysis (Dover
Publications, Inc., New York, 1960); A. P. Wills, Vector Analysis
with an Introduction to Tensor Analysis (Dover Publications, Inc.,
New York, 1958); C. E. Weatherburn, Advanced Vector Analysis
with Applications to Mathematical Physics (G. Bell and Sons,
London, 1944); T. B. Drew, Handbook of Vector and Polyadic Analy-
sis (Reinhold Publishing Corporation, New York, 1961); L. Brand,
Vector and Tensor Analysis (John Wiley & Sons, Inc., New York,
1947); P. M. Morse and H. Feshbach, Methods of Theoretical
Physics (McGraw-Hill Book Company, Inc., New York, 1953).

2 8. Chapman and T. G. Cowling, The Mathematical Theory of
Non-Uniform Gases (Cambridge University Press, Cambridge,
1960).

8 However, vectors in flat Riemann spaces are sometimes repre-
sented intrinsically. See, e.g., A. Lichnerowicz, Elements of Tensor
Calculus (Methuen and Company Ltd., London, 1962); D. E.
Rutherford, Vector Methods (Oliver and Boyd, Edinburgh, 1954).

is the introduction of the imaginary fourth component.
Several objections to this approach are listed by
Foldy,* who suggests a system of notation based on a
modification of the Einstein summation convention
combined with a modified differentiation with respect
to tensor components.

The purpose of this paper is twofold: (i) to present
a more abstract formalism based on an extension of
the intrinsic concepts of vectors and tensors to
Minkowski space, whereby manipulations become
formally the same as those in Euclidean space, and
the need to express tensor equations in the cumber-
some component form is eliminated; and (i) to
illustrate the advantages implicit in these techniques
by applying them to some specific problems in special
relativity.

The discussion is divided into two main parts. The
first part deals primarily with vector and dyadic
algebra in Minkowski space. In addition a brief
introduction to polyadics is given as well as some
useful rules of differentiation.

The second part is devoted to the various applica-
tions. First, the Euler-Lagrange field equations are
derived in dyadic form from a variational principle and
then applied to obtain the canonical energy-momen-
tum dyadic. These results are then specialized to the
electromagnetic field leading to the dyadic form of
the Maxwell field equations and the symmetric
energy-momentum dyadic. By an alternate derivation

4 L. L. Foldy, J. Math. Phys. 6, 1871 (1965).
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of these dyadic field equations, a form for the electro-
magnetic-field dyadic is obtained, which is then used
to illustrate how easily the invariants of the field and
other useful relations can be found. The dyadic form
of the field equations is shown to be particularly
amenable for a derivation of the Dirac-like form of
Maxwell’s equations®® with the base elements of the
Pauli algebra emerging in a most natural way. Next
the techniques are applied to prove several properties
of homogeneous restricted Lorentz transformations.
Explicit dyadic forms for these are derived and some
familiar results are presented in an interesting manner.
In addition, a detailed derivation is given of their
eigenvectors and eigenvalues, which are then used
for expressing the transformations explicitly in terms
of the eigenvectors. Finally, the results obtained in
the discussion of the Dirac-like form of Maxwell’s
equations are used to show how the isomorphism
between the Lorentz group and the three dimensional
complex orthogonal group can be established by a
simpler and different approach than others appearing
in the literature.”®

2. INTRINSIC TENSOR FORMALISM IN
MINKOWSKI SPACE

A. Basic Definitions and Notation

Let e, denote® an orthonormal set of basis vectors
of the Minkowski space 4, which satisfies

€€ = Guvs (1)
where g,, is the metric

Euv = 0 (:u # v)’

g1 = 822 = 8as = —Foo = L. 2
The reciprocal basis e#, which satisfies
e-e, =0y, 3

where &% is the Kronecker delta (6% =1 for u = v
and 6* = 0 for u # v), is given by

ef =e,,

&= e @
In addition, by defining

g =¢'-¢e, ©)

5 H. E. Moses, Nuovo Cimento Suppl. 7, 1 (1958).

¢ J. S. Lomont, Phys. Rev. 111, 1710 (1958).

7 B. Kursunoglu, J. Math. Phys. 2, 22 (1961).

8 A. J. Macfarlane, J. Math. Phys. 3, 1116 (1962).

? In the following discussion we use underlined boldface type to
denote four-vectors in Minkowski space in order to distinguish them
from vectors in Euclidean space (for which the conventional boldface
roman type is used). Latin indices will take on the values 1, 2, 3, and
Greek indices will take on the values 0, 1, 2, 3. Unless otherwise
stated, the summation convention will apply to repeated indices in
any expression.
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it follows that

g = guw- (6)
In terms of this basis any four-vector a (i.e., a vector
in A(,) can be written as

— gfla — g ot
a=ae,=aqe,

Q)
where a* and q, are the contravariant and covariant
components of a, respectively. It is easily seen that

“l

a*

It
I
1

’ ®)

a =gu-

5]

"
The rules for raising and lowering indices are derived
as follows:

a* ",

Il
o Ie

* (avgv) = 9_” * gvav = g"vav s

a=e
Vv, —_ v o v
a a=e,-(a’e)=¢,-€a = g,a"

€)
In view of the above results the product a - b can be
written in terms of components in the alternate forms:

Il

.
u u

a- h = (augu) ¢ (bvgv) =€, gvaﬂb\' = guva”bv
= a,b’ = a"b,,. (10)
Since the vectors e, span a three-dimensional
Euclidean subspace &; of A, any four-vector can be
expressed as the sum of a vector in & and a vector
along e,. In particular, the four-vector x, which
locates an event with position r € §; and time ¢ in a
given reference frame, can be written as

X= x“gu =r+ x°g0 =r -+ xog°, (11)
where
x0 = —Xg=c¢t (12)
and
r = x'e,. (13)

We now derive an expression for the four-gradient
operator [J defined by the infinitesimal relation

df = f(x + dx) — f(x) = dx -0/, (14)

where f(X) is an arbitrary function of the four-vector
x and dx is an arbitrary infinitesimal change in x.
First observe that f can be regarded as a function of
the components x* and, therefore, it must also be
true that

df = dx“a,,f, (15)
where
_ 0
0, = @

Substitution of dx* = dx - e* into this equation gives

df = dx - €9,f. (16)
Since dx and f are arbitrary, comparison of the Egs.
(14) and (16) shows that

0 =ed,, (172)
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which can also be written as
O=V+e9,=V

- _e_an ’

(17b)

where V is the usual gradient operator in three
dimensions
V = €0, = ¢,0,.

B. Summary of Dyadic Algebra

Here we review some of the basic definitions and
operations of dyadic algebral® in the space JM,.
First recall that a dyad is a tensor product of two
four-vectors a and b, and is denoted by placing them
in juxtaposition:

(17¢)

ab.

A sum of dyads constitutes a dyadic:
v
A=3aph,. (18)
1=1

Two “dot” products of a dyadic A with a vector x
can be formed according as x appears as the prefactor
or the postfactor in the operation. Thus we have,
respectively,
[ [
y=x-A= x-yab=>(x-2)b,

l=1 i=1

(19a)
and

§=2 ab)- X—Zaz(_z x). (19b)

It should be noted that the four-vectors y and z are,
in general, different. Two dyadics A and B are regarded

as equal if
Ax=B-x

for all four-vectors x. From this definition of equality
follows the uniqueness of the operations of addition
of dyadics and of multiplication of dyadics by scalars.
Furthermore, the following distributive and asso-
ciative laws hold for the above tensor and “dot”
products:
@) A-x+y=A-x+A.y,
X+y-A=x-A+y-A
(i) ab+c)=ab+ac, (b+c)a=>ba+ca; (20)
@) A- () = AA-%), (AD)-A = A(x- A);
(iv) (A = a(Ab) = A(ab).
Some additional operations are:

(1) The scalar of A, denoted by A,, is defined as
A= (; g;l_»,) =38.b, @1

1% Dyadics will be denoted by sans serif type, while boldface
Greek capitals are used for the few higher-order polyadics which
appear in the text.
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(2) The vector of a dyadic A in &, (i.e., 8;, b; € §;):
Ay = (Ea;b;) =Ya;xbh,.
1 X 14

(3) The transpose of A (denoted by either Aor Ap):

A= Ap = (; !zl_’z)T = ;'—’lgl'

(4) The “dot” product of A with another dyadic
B = 3, wy,, which yields a new dyadic:

co s g (o) - oo

(5) “Cross” products of a vector and a dyadic both
in & (fora,, b,, ve &y):

Axv= (z a,b,) xv=>a(b,xv), (25a)

(22)

(23

vxA=vx (z a,b,) = 3 xah,. (25b)
i i
(6) “Double dot” product of two dyadics:

A:B = (;gz!z)=(29k!k) = ;g(az-l_lk)(l_n-n).

k

(26)
(7) Exterior product* of two four-vectors a and b:
aAb=ab—ba @7
A dyadic A is said to be symmetric if
A=A, (28a)
and to be antisymmetric if
A=—A (28b)

Making use of the previous definitions we obtain
the useful relations

~

A:B=(A.B),=(A.B),, 29)
a-A=A.a, Aca=a.A (30)
bAs=—anb. ©))
Antisymmetry of a A b:
@Abr=bra=—aAb. €)

The covariant and contravariant components of a
dyadic A with respect to the basis e, are obtained
as follows:

Anv = (gngv):A =¢€,- A. €,
A = (')A =¢" - A.¢'.

11 For example, see Lichnerowicz, Ref. 3; also H. Flanders,
Differential Forms (Academic Press Inc., New York, 1963).

(33)
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Likewise the mixed components are given by

44, = (e'e,):A =¢"-A-e,,

A =(ee):A=¢,-A-¢ (34
In terms of these components the dyadic A can be
expressed in the alternate ways:

A= A", = A, = A" e = A4 ¢,. (35)
Examples of some of the operations written in terms
of the components are

(A-xy=¢"-(A-x)=¢"-A.(e'x,) = 4"x,,

(A-xy = A"g,;x",

(A-BY™ = 4B = 4%%g, B™,

A:B = A4"B,, = A, B",
A=A} =g,A",
(A =A™
By the last equation it is evident that a dyadic A is
symmetric if

(36)

4, =4

vp uv?

(37a)
and antisymmetric if
A, =—4

va e (37b)
The unit dyadic (or identity dyadic) |, is a unique

dyadic satisfying

1

=I4¢§=§'|4 (38)
for all four-vectors x. It may be expressed as
Iy = e'e, = g.e" = ee;, — &€y = I3 — €€y, (392)

where l; is the unit dyadic in &;:

ly = e'e, = eey, (39b)
which satisfies
€ ly=1I3-¢=0 (399
and
r=l.r=r-lg (39d)

for an arbitrary vector r € &;. The ¢, component of a
four-vector is annihilated by l5:

Xelg=lyeX =1y (r + x%) = lg-r=r. (40a)

Thus 13 is a projection operator onto 8. Similarly I,
annihilates the e, component of the [J operator:

D.ls=|3.|:]=Is-(V+g°ao)=|3-V=V. (40b)
Note that the unit dyadics are symmetric:

@D

(s =4, (I, = 3. (42)
We now discuss some of the properties of the
dyadic a x I; which will be used extensively in the

|4=|4, |3=|3,

and that
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sequel. First we show that the dyadics a x I; and
I3 x a are equal. A compact proof is

axly=l-@xl)=(sxa)ly=1I,xa (43

In order to make this calculation more transparent,
we write Eq. (43) with I; = e,¢, . Hence
axee =ee-(axee)
= (g6, x 2)- &, =€, X &

This shows explicitly that the second step is simply
an interchange of the dot and cross in the vector triple
product €, - a x €.

The “dot” products of a x 1I; with a vector b are
obtained as follows:

b-(axl)=(xa)-l;=bxa,

(@axl):-b=ax(l3-b)=axh. “4)
Also, we have
(@axly)-(bxi)=ax(xly)=ba—a-bl;. (45

The dyadic a x [; is antisymmetric, as can be seen
from

(axl)y=(axee)=eaxe,
=—egexa=-—lhxa=—axl;.

(46)

We now make use of the above results to derive
the most general form for an antisymmetric dyadic G
in M. To this end note that

G=(l3— e G-(ls —eey) =C+eyAb,

where we have used the antisymmetry of G to write

EO'G'E(l:O’
b=|3.G.SO=G.SO=—EO.G,
C=1-G.lg=—C.

Since |, is the projection operator into &, it is evident
that b € &, and the dyadic C is composed of vectors
in &3. Moreover, from the antisymmetry of C we have
that

C=3C-O)=1C -0 -e
= §(C.e —¢,-Cle,
= —3C x g8, = —1C, x |y,

where use has been made of the operation defined by
Eq. (22). Introducing the vector in &; dual to C by

a=13C,,
we finally have

G=—axly+eAb (47a)
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It is interesting to observe that the above result
written in terms of components yields

G=1{a-(& x e)Muy + bMow,  (47)

where

M(uv) = gu A Ev (48)

are the six generators of the infinitesimal Lorentz
transformations.?

Associated to any antisymmetric dyadic G there is
another useful dyadic *G, called the dual of G. For
the purpose of defining *G we digress briefly and
introduce the concept of polyadics.

A polyad of order n is defined as a tensor product
of n four-vectors. A polyadic of order n is then defined
as a sum of polyads of order n. For example, a
polyadic of order 4 can be written as follows:

¥
P = kgl el fig: .

The “double dot” product of @ with a dyadic
A =3 ab, is defined as

®:A= (g Skgkfkgk)) : (; El!_’z)
= % 2 cui(fi - 2))(gx + by)-
2
As a generalization of Eq. (27), we define the “exterior

product” of four vectors ¢, d, f, and g to be their
antisymmetrized tensor product, and it is denoted by

cAdafag

“9)

In particular, the exterior product of the basic
vectors e, is
T=e nesAeg Ag =g, = —cue’ee’e,
(50)
where €*** is the conventional Levi-Civita symbol
defined by ,
+1 if wvAd is an even permuta-
tion of 1230,
if wuvAdisanodd permutation
of 1230,
0 if two or more of the indices
uvAd are equal.

—1
HVAS — —
€ =€ =

(1)

T is the only independent totally antisymmetric
tetradic; thus any other one is proportional to it, e.g.,

cAdAfAg=Cc'df g, Ne,Ae e,
= C"dvflgaeuvu& A€ Ae3A g,
= c*d’f g%, 1T (52)

12§ S. Schweber, An Introduction to Relativistic Quantum Field
Theory (Row and Peterson, Evanston, Illinois, 1961), p. 40.
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Making use of I', we now define the dual *G by

*G = 3I'G, (53)
Furthermore, in Appendix A we show that
*(epAb)=—bx I3
and
*axl)=eAa.
Fence, if
G=—axl;+¢eAb,
then
*G=—bxl;—eAa (54)
and B

**G = *(*G)=axl;—eAb=—G. (55)

2.3. Rules of Differentiation

To conclude this section, we review briefly some

useful differential operations in A4 involving dyadics.

(1) The four-gradient of a four-vector function

u(x) is the dyadic: .

O = ¢*(3,w). (56)

(2) The four-gradient of a dyadic function A(x) =
21 8,(x)by(x) is the triadic:

OA=¢" ; (auﬂl)hl + ¢ ; ‘_‘z(aul_’z)- 57

(3) The four-divergence of a dyadic function A(x),
obtained by contraction of the previous result, is the
four-vector:

D'A=§(D'Et)l’z+§(§z'n)l_’z- (58)

(4) The partial four-gradient with respect to u of a
function f(u, v, - - - ,) of the four-vector u and other
quantities can be defined as a simple generalization
of Eq. (14), and will be equivalently denoted by O,/
or df]ou.

(5) The partial derivative with respect to a dyadic
of|dA, where f(A, - - - ,) is a function of the dyadic A
and other quantities, is a dyadic defined by the
infinitesimal relation

df =f(A+dA, ) —f(A,---,)=dA:9f]oA
(59a)
with all other independent variables kept fixed.

Observing that f can be regarded as a function of
the components 4", - - -, we can alternatively write

A\ af —_— . A4 i-— : \ af
df:: dA" a—A_‘l; = (dA.g“g ) aA”v - dA' (E”-e- aA“v)’

(59b)
which, by comparison with Eq. (59a), yields

of of
L/ 60
TSR YT (60)
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Making use of the above defined operations, we
obtain the identities

O-(A-By=(Q-A)-B+ (A-[I)-B
=(d-A)-B + A:(OB), (61)
CI(A:B) = (00A):B + (0IB):A, (62)
ofe) =2 L=@w-L, @
x Ou ou
oA of _ ., . 0f
Of(AX) = x ' 3A =(0A): A (64)

3. APPLICATIONS TO SPECIAL RELATIVITY

As an illustration of the operations developed in
the preceding section, we first derive the Euler—
Lagrange equations and the canonical energy-
momentum tensor in dyadic form for an arbitrary
four-vector field. The advantages of the four-vector
and dyadic techniques over the usual tensor formalism
will be further demonstrated by considering applica-
tions to some specific topics regarding electromagnetic
fields and Lorentz transformations.

A. Euler-Lagrange Equations and Canonical
Energy-Momentum Tensor

Consider a Lagrangian density of the form £(n,
O, x), where n(x) is an arbitrary four-vector field.
The Euler-Lagrange equations are then obtained
by the usual requirement that the action integral

=f Ld*x
Q

be stationary for arbitrary variations J% such that
dn = 0 on the surface bounding the four-dimensional
region of integration €. Thus
0=40I=9$ r Ld'x
= [[on- 2 + ocm:

where (1) =

___] d4
o

Od. Integratlon by parts yields

0=06l = f d*xém - [gfl u- (3(2:’0))]

and since o9 is arbitrary, the above equation implies
the Euler-Lagrange equations

g% - (a(al:lﬁn))

To obtain a defining equation for the canonical

(65)
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energy-momentum tensor,!? we take the total gradient
df/dx of the Lagrangian:

L oo (Dn)—n+(um)%—+a,(66a)
which, after substitution from Eq. (65), becomes
oL oL oL
|:|s:=m-( )+(Dc|)—+-—
! o) o(Cm)

(1:1 a—’:) G+ = (DD)+—_.

o(Om) o(Cn)

(66b)

Moreover, making use of Eq. (61) gives
O-7=-— o , (67)

23
where
oL

T =— (@0 — 68
2 *(Om (68)

is the canonical energy-momentum tensor.

In particular, the appropriate Lagrangian density
for the derivation of the electromagnetic field equa-
tions is

£ = —16m)F:F + (1/c)J - A, (69)
where
A=A+ ge (70)
is the four-vector potential,
J=j+ cpe, (7H
is the four-vector current source, and
F=OAA=DA—DA (72)

is the electromagnetic field dyadic. In this case, from
Eqgs. (60) and (72), we have

oL 1 0 1 oF

= —-——(F:f)= — ~——:
"aoA) 46(DA)( ) 29(0A) F

-3 lom @] F

0
= = — F = —F, 73
[3(DA)DJ 7
and
o0 190 1
Z 223 AH==1
oA oA (-4 cJ 4

13 For a comparison of the dyadic forms obtained below with
their corresponding component representations see, for example,
L. D. Landau and E. M. Lifshitz, The Classical Theory of Fields
(Pergamon Press, Ltd., Oxford, England, 1962), Chap. 4; V. Fock,
The Theory of Space, sze and Gravitation (Pergamon Press, Ltd.,
Oxford, England, 1964), Chap. 2. Also see Ref. 12, Sec. 7d.
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Inserting these results into the Euler-Lagrange equa-

tions
aC ot
oA (a(nA))

yields the Maxwell equations
O:-F=—(n/c)d (75)
in dyadic form.
Equation (68) for the canonical energy-momentum

tensor becomes

oL

T= 2OA) I:IA el
——Lr@a+Llrn 134, 06
4 — 16w cT
and substituting into Eq. (67) results in
@m0 (—F - DA + §F:FlY
=c?*0d-A) — (@) - Al

In order to symmetrize the term on the left-hand side
of the above expression, we add to both sides the
quantity (4=)~'00 - (F - OJA), whereby
(4m)O- (F-F + }F:FlY
= cYOA - ) + (4m)O- (F- OA)
= cYOA- D) + G=[(@-F)- DA
— (F-0)-OA]

= c[0A-J - CA-J),

ie.,
@m0 (F-F 4+ §F:Fl) = cF. J.

The dyadic

an

T = (4n)*(F- F 4 }F:Fl) (78
is the well-known symmetric energy-momentum
tensor for the electromagnetic field. The quantity
(1/c)F + J is the four-force per unit proper volume,
also known as the Lorentz force density.

B. Dyadic Form of Maxwell Ficld Equations

Equation (75) for the dyadic form of the Maxwell
source equations was derived by postulating a Lagran-
gian density and by making use of the Euler-Lagrange
equations (65). Here we present an alternate and
straightforward procedure for obtaining the field
equations in dyadic form. The electromagnetic field
dyadic F will be expressed directly in terms of the
electric and magnetic field variables E and H, a form
which in some cases is more convenient for calcula-
tional purposes.

We consider first the two Maxwell source equations

VxH-—la—E—iE
[4

, V.E=4mp,
c ot i P

(79a, b)
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and write the derivatives in terms of the [J operator:

VxH=0-:lgxH=0-(bxH)=0-(Hx |y,

(80)

S o eoE=-D-@B, 6D

E=@-)-E=0-(;-E)y=0-E. (82)
Substitution of (80) and (81) into (79a) gives

O-Hxly—O-¢E=@n/dj,  (83)

and multiplication of (79b) on the right-hand side by
€, results in

0O - Ee, = 4mpe,. (84)

Addition of Eqs. (83) and (84) and multiplication by
(—1) yields, finally,

a- F= "(4“7/0)£,
where

F=—Hxl +¢eAE (85)

is the alternate dyadic form of the electromagnetic
field tensor.

By applying the same procedure to the second pair
of Maxwell equations

VxE+1aait{—0 V-H=0,

we obtain
O-*=0, (86)
where, in accordance with Eqgs. (A3) and (A4)
*F=—-Exlg—¢AH 87

is the dual of F.

The usual covariant tensor form of Eq. (75) can
be obtained simply by taking the dot product of both
sides with e#:

(€'9,) - F-¢* = —(4m/c)] - ¢,
or, from the antisymmetry of F,

0,F* = (4n/c)J*. (75")
Similarly, from Eq. (86) it follows that
0 FF» = 0. (86"
The components F#* are given by
_Fkl) 1;‘01: —_ EO «Fo ek
=€ (—Hx I3+ ¢ AE)-¢
= ¢ - ¢E . ¢* = EF,
sz=_e_k,|:,sz = _gk.Hx Ez

=€ X ¢ e, H" = €, H",
W=E°-F.E°=O.
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The corresponding components of *F are obtained
by replacing E by —H and H by E in the above
equations.

The basic simplicity and typographic economy of
the dyadic forms, Eqs. (75), (85), (86), and (87), are
evident when compared with their corresponding
component equations. The situation is analogous to
the familiar economy of vector expressions in contrast
to their component forms. In addition to its aesthetic
appeal, the dyadic formalism entails considerable
calculational advantages, as will be demonstrated in
the following discussions.

C. Invariants of the Electromagnetic Field

The two invariants of the field under proper
Lorentz transformations can be easily derived as
special cases of the “double dot” product G:G’ of

the arbitrary antisymmetric dyadics
G=—axlg+eAb, (88a)
G'=—a"xlg+eAb. (88b)

First, recalling Eq. (29) and using the antisymmetry of
G, we have
G:G' = (G- G), = —(G-G),.

Furthermore,

(89a)

GG =(—axlgteAb)-(—a xlg+eAb),
=ax(a xl)+axbe —ebxa’
+ (e Ab)- (e A D)
=a'a.-l;—a-a'l;+ axbe, —ebxa’
— €9 ebb’ — b b'ege,
=a'a+bb —a-a’l;+ a xbe,
—eb xa’ —b-beg,.
Consequently,

(90)

G:G'=—~a"ra—b:b +a-a(ly),—axb ¢
+e-bxa +b-be,-e
=—a'-a—b:b+3a:a"—b.b
=2(a-a" —b.b) (89b)
In particular, setting G=G' =F (ie., b=b"=E
and a = a’ = H), gives the first invariant quantity
F:F = 2(H? — E?). on

The second invariant is obtained by setting G = F
and G’ =*F (ie, b=E, a=H, b’ = —H, and
a’ =E),

Thus

F*F=2H-E+E-H)=4E-H. (92
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Note that the substitution G = G’ = *F results in
*F:*F = —F:F,

Hence there are only two independent invariants.
From the symmetric energy-momentum dyadic T
given in Eq. (78) we can obtain another interesting
quantity'® T:T which is a linear combination of the
two above derived invariants. To this end note that

T:T=(T.T), 93)
and
ToT = @ [(A)F:PR,

+ 3F:FF-F+F.-F.-F.-F. (94)

Furthermore, by specializing the result in Eq. (90),
we have
F.-F=HH + EE — Hl; — E x He,
— &E x H — E%eg,,
*F.F* =EE + HH — E*; — E x He,
— &FE x H — H?ge,,
F-*F = —E.HIl, = —}F:*Fl,.

Hence
F.F = *F.*F — }F:Fl, 95)
and
FeF.F-F=F.«F.(*F.*F — }F:Fl,)
= —}(F:*F)F - *F — }(F:PF - F
= (F)(F:*Fl, — }(F:FF.-F.  (96)
Substituting this last result into Eq. (94) yields
T.T = (167)2[(F:F)2 + (F:*F)2l,, 97
and, by Eq. (93),
T:T = (8m)2[(F:F)?2 + (F:*F)2]. (98)

By combining Eqs. (97) and (98), we have the identity
T.-T=}T:T,. 99)

The invariant T:T can be used to obtain a covariant
representation of the energy and momentum properties
of the electromagnetic field. For this purpose, let n
be a unit time-like four-vector, i.e.,

n-n=—1
We can then write

—(2e)7T:T = 2¢)2(T:Tn - n = (26)~%(T: Tl:nn
= c—z(T . T):ﬂl
=c-T-T-n=P-P, (100

where

P =(1/9Tn. (101)

14 H. 8. Ruse, Proc. London Math. Soc. 41, 302 (1936).
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In the particular Lorentz frame where n =¢,, P
reduces to
_I_’ = (I/C)T * €5

which is the usual four-momentum density of the
electromagnetic field.

D. Dirac Form of Maxwell’s Equations

Here we show how a Dirac-like equation for the
electromagnetic field can be derived from the dyadic
form of Maxwell’s equations (75) and (86). The
procedure is more concise and direct than other
approaches given in the literature, with the base
elements of the Pauli algebra emerging naturally in
the form of dyadics.

We begin by multiplying Eq. (86) by i and sub-
tracting from Eq. (75). This results in

O:G=—(4n/c)d, (102)
where
G=F—i*F=iZxl;—ie,AZ) (103a)
and
Z =E +iH. (104

Since e, + Z = 0, the dyadic G can be expressed as
G = (il; x |5 + egls — €:808) - Z
= [ily % I3 + ely — e,(ep A )]+ Z, (103b)
and Eq. (102) becomes

O-%-Z = ~(4n/o)d, (105)

where

Z=ilgx |3+ egly — ex(eg A &) (106)

is a triadic. Note that
So * z = |4 >

i
3 _ e o= L
e T=ig,xly—eAre=— 2‘kzmM(lm) — Mon >

(107)

where the M,,, were introduced in Eq. (48) as the
generators of the infinitesimal Lorentz transforma-
tions. The four dyadics ¢* - Z follow the Pauli algebra,
with €°«Z being the identity and ¢*- X satisfying
the relations
(€ -Z)- (e T) = —e& + & ¢y + ie, X e€
— ieg€y X €, — € * €848 + &:&;
= ifi(e, x €;) X Is — € A (& % &)]
+e-el,
= l€gn€™ + B + Oyly.

(108)

E. Lorentz Transfo;mations

We now apply the techniques of Sec. 2 to the study
of some properties of the restricted homogeneous
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Lorentz transformations

X'=L-x(=L"ee -x), (109)

which, by definition, satisfy the conditions:
X .x' =x-X, (invariance) (110a)
L% > 1, (orthochronicity) (110b)
det (L*,) = +1. (110c)

From Eq. (110a) it immediately follows that
LoL=L.L=1, 11

To derive explicitly the pure Lorentz transforma-
tion L, connecting two inertial frames S and S’, where
S’ is moving with velocity v relative to S, consider a
point P at rest in S’, which, therefore, moves along
the world line in the direction of ¢,. This point is
seen by an observer in S as moving with velocity v,
and consequently its world line is along the direction

f = y(eo + v/c), (112)
where ‘
= (1 - Uz/ cz)—*’
and f has been normalized to make
f-f=-—1

The four-vectors €, and f must be related by the

Lorentz transformation L according to
Lo+ f = e,

(113)

where the sign on the right-hand side has been selected
so that the orthochronicity condition be satisfied, i.e.,

sign (g - Lo+ ) = sign (e, - ).

Moreover, since in this case the ¢, v plane remains
invariant, there is a unit four-vector w in the plane
such that

Lyew=1. (114)

To find w use is made of the invariance of the inner
product

0=Eo'°=f'to°|-o"1=f'!, 115)

i.e., w will be orthogonal to f and is found, by inspec-
tion, to be

w = [V + (v/c)eo). (116)

The sign in the above equation has been chosen so that

lim w(v) = ¢

v-0
in order to satisfy the determinantal condition Eq.
(110c). Also, since L, will act as the identity in the
plane perpendicular to the ¢;, v plane, two unit and
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mutually orthogonal vectors ; and i, in this plane
will remain invariant, i.e.,
LO * i1 = il H
LO . iz = i2 .

(117)

Thus we have four linearly independent vectors which,
by making use of Eqs. (113) and (114), can be used to
express L, as

Lo = 1d, + Ll + 0w — ef = I; — 9% — e f + ¥w.
(118a)

Alternatively, by substituting Eqs. (112) and (116)
into the preceding expression yields

Lo = Iy — 9 — ylege, + (v/c)eg¥] + v[#¥ + (v/c)¥e]

= (I — 9 + egep) + (W — ee)cosh g

+ ¥ Aeysinh ¢, (118b)
where the identification
cosh ¢ = p, sinh ¢ = p(v/c)
has been made. Furthermore, since!®
(FAe)* =W —epg, k=1,2,--,
and
(6A90)2k+1=€'/\90, =03152;'."

we can rewrite Eq. (118b) in the exponential form
Ly = Iy — (30 — e4ep)(1 — cosh @) + ¥ A ¢y sinh ¢
= cosh (p¥ A ) 4 sinh (pV A &)
= exp (—gey A V). (118¢c)
Similarly, for a pure rotation it can be easily
verified that
Ly = fifi — esey + (I3 — fift) cos n — (f x Iy) sin n,
(119a)

where fi is a unit vector along the direction of rotation
of the reference frame and » is the angle of rotation.
By observing that
(ﬁXI3)2k=(_1)k(|3_ﬁﬂ)’ k=l’2,“"
and
@ x ) =(-Dfxly, k=0,1,2,---,

Eq. (119a) can be written, in analogy to Eq. (118¢c),

in the exponential form
L =exp (—n x Iy). (119b)

Equations (118c) and (119b) are particular cases of
Lorentz transformations expressed as exponentials

15 The kth power of a dyadic will be defined by
(A =A-(A¥F1, and (A)® = I,.
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of an antisymmetric dyadic of a special form. Clearly
the more general form

L=exp(axls+e,Ab), (120)

where the exponent is an arbitrary antisymmetric
dyadic, is also a Lorentz transformation. It will be
shown later that any restricted homogeneous Lorentz
transformation can be expressed in this way. Presently
we shall consider the problem of expanding Eq. (120)
into an explicit dyadic. For this purpose first note
that, for arbitrary q and ¢/,

%13 —iegAq)-(q x I3+ ieg A q)
=4qq¢ +9q—q-ql; —iq x q'e,
—ieq X q — q-q'ee
=(q xly4+ie,Aq)-(qxI;—ie;Aq),

ie.,t®
lgxl;—ie,Aq,q x1;+ie,Aq]=0. (121)
Therefore, by writing
axly+eAab=Q+ QF (122)
where Q and Q* commute and are defined by
Q=pxly—ieAp (123)
and
p=ia +ib), (124)

the exponential in Eq. (120) can be separated as

L=—exp(Q + Q*) =expQ-expQ* (125

The preceding step has the particular advantage
that the resulting exponentials can be easily expanded
by making use of the relations

Q2Ic=(_1)kp2k|4, k=0, 1’...’
and
Q2k+l = (_l)kp2kQ’ k = 0’ 1, s,
where
p=@-p = a* — b + 2ia- byt = pe®,
p = 4[(a® — b + 4(a - b)*]E,

¢9=%tan‘1(2a.b )

a® — b®
Thus
exp Q = Il,cos p + Qp~'sinp, (1262)
and similarly,
exp Q* = Iy cos p* + Q*(p*)~!sin p*. (126b)

Note that in the special case p = 0, Eqgs. (126a) and

16 The commutator of two dyadics is defined by
[A,B]=A"B—B"-A.
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(126b) are to be understood in the limiting sense as
p—>0 e,

exp Q,o =limexpQ =1, + Q,
-0
exp Q*, = limexpQ* =1, + Q*. (127)

»*—0

Substitution of Eqs. (126a) and (126b) into (125)
finally results in the following explicit dyadic form
for L:

L = I, cos p cos p* + Qp~! sin p cos p*
+ Q*(p*)sinp* cos p
+ Q- Q*(pp*)~* sin p sin p*
= |, cos p cos p* + [pp~ sin p cos p*
+ p*(p*) sin p* cos p] x Iy
— iey A [pp~sin p cos p* — p*(p*)~* sin p* cos p]
+ [p*p + pP* — P P*(ls + o)
— ip x p*e, — iegp X p*](pp*)~1 sin p sin p*.
(128)
Although the above expression is exhibited in terms
of complex quantities, it is evident, from its form,
that it is real.
Making use of some of the previous results it
becomes rather straightforward to prove that an
arbitrary restricted homogeneous Lorentz transfor-

mation can be written in the form of Eq. (120). As a

first step we observe that L can be expressed as
L=Ly-Lp=exp(—gegA¥)-exp(—nxly). (129)

(A simple proof of this statement is given in Appendix
B.) Moreover, since Eq. (129) is a special case of the
more general form

L=-exp(a; x 13+ e Ab)-exp(a; x |3+ ¢;Aby),
we consider the latter. Following Eq. (125) we write
L=exp(Q + Q) - exp(Q: + Q2)
=exp Q- exp Qp-exp Q) - exp Q;, (130)

where Q,, Q;, p;, and p, are defined in analogy to
Eqgs. (123) and (124) as

Qi=p1 % lg—iegAp,
and
Q;=p; X Iy —ieg A Py,
P = ¥(a, +iby), and p; = ¥(a; + iby).
To complete the proof it is sufficient to show that
exp Q- exp Q;
can be written in the form 7 exp Q with

Q=pxly—ieAp,
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and 7 equal to either 1 or —1. Equation (126a) is
used to expand exp Q; - exp Q, as

exp Q, - exp Qy = (s cos p; + Q;pr" sin py)
+ (I cos p; + Qup3 ™ sin py)

=ls+txiyg—igAt, (131)

where
§ = COS p; COS po — Py * Pa(pyp2) ! sin py sinp,  (132)
and

t = py(p) ! sin p, cos p, + Pa(pe) ! sin p, cos p;
+ P1 X Pa(pype) ! sin p, sin py. (133)
We now look for a vector p such that the equations

pplsinp = 7t (134)
and

coOsp =15 (135a)

are simultaneously fulfilled for one of the possible
values of 7. Solving Eq. (134) for p yields

p = 7p(sin p)~'t
with
sin? [(t-t)}] for t.t 0,

0 for t-t=0.

It should be noted that in the case t-t 3¢ 0 any one
of the multiple values of p is permissible. In either
case, in order to determine =, observe that a straight-
forward calculation from Eqs. (132) and (133) yields

1—t-t=s%

P

Consequently, by Eq: (134) we have

cos?p=1—t-t=s?
that is,
cosp = s (135b)
or

Cos p = 7.

Thus 7 is defined by the sign on the right-hand side
of Eq. (135b). Substitution for s and t from Egs.
(134) and (135a) into (131) results in
exp Q- expQp = lyrcosp
+ 7(p % I — ieg A p)p~* sinp
= 7(lycos p + Qp~sin p)

= rexp Q. (136a)
By complex conjugation we also have
exp Qf < exp Q; = Texp Q*. (136b)

Finally, inserting these results into Eq. (130) gives
L=(rexpQ) - (rexp Q*) = exp(Q + Q*). QE.D.
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F. Eigenvalues and Eigenvectors of Restricted
Homogeneous Lorentz Transformations

We use the decomposition in Eq. (125):
L =exp(axl;+ e Ab)=expQ-expQ¥,

where Q and Q* are given by Eq. (123). First there
is the trivial case
a=b=0

in which every vector is an eigenvector of L with
eigenvalue 2 = 1. The other two cases follow.

Case I: p # 0. The fact that Q and Q* commute
suggests looking for simultaneous eigenvectors of
Q and Q*, which, of course, will also be eigenvectors

-

of L. First let us define the real unit vector m as
follows:

(@) If p x p* # 0 (i.e., a x b 52 0) where p = p~p,
then
o= i[(p - p*)* — 1174 x p*)
= [a?%? — (a b ¥ x b). (137)
Clearly 1 satisfies the orthogonality conditions
mep=rm-p* =mm-.¢ =0 (138)

(b) If p x p* = 0 (i.c., a x b = 0), then let 1 be any
real unit vector satisfying Eq. (138). We now show
that the vectors

Wi, = € + 5P, (139)
(140)
where s = +1, are eigenvectors of Q with eigenvalues
Yy = —isp:
Q- Wi, =pdx 13 —ieg AP)- (e + sp)
= p(iPeo - € — ieosP + ) = —isp(€, + sp)
= UV,
Q-wy,=pP x |; —ieg A D) (th + isp x 1)
= p(P x th — isth) = —isp(il + isp x M)

W, , = W + isp x i,

= /‘3'12.3 .
Taking complex conjugates gives
* * PR S *__ %k
Q- Wis = 1Sp Wy o = U Wy,

Q*

i.e., wy, and w3 are eigenvectors of Q* with eigen-
values u¥ = isp*.

For given values of s and s’, we write the equation

% sk % *__ ¥k
* Wy, = ISP W, = UsWo,,

— * *
Wyt W, = BWE .+ BoWo s

which is to be solved for «,, «y, f;, and 8,. If there
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exists a nontrivial solution (o, , &y, f;, f Dot all zero),
then the vector

* *
U = Wy, + W, = BiW) o + BaWa . (141)

is a simultaneous eigenvector of Q and Q* with
eigenvalues u, and u¥, respectively, i.e.,

Q- W = Ul s

Q*-

Substitution from Egs. (139) and (140) into (141) gives
a(eo + 5P) + (i + isp x 1)

= Bi(ey + 5'Pp*) + Bo(f — is'D* x m). (143a)

Taking the “dot” product of Eq. (143a) with (—1)e,
gives

N (142)
U o = gl e

o = 5 1>
and the “dot” product with fa gives
ag = f.

Substitution of these last results into (143a) gives
o (5P — 5'P*) + oi(sh + s'P*) x th = 0. (143Db)

The vectors sp — s'p* and (sp + s'p*) x h in the
above equation are parallel, as can be seen from the
following:

(sp — s'B*) x [(sB + 5'p*) x ]
= (sp + SP*)(sp — 5B*) - 1
— (sp — 5'D*) - (sp + s'D*)ih,
= —(s? — 5 = 0.
Thus there will be a solution of Eq. (143b) where «,

and o, are not both zero. To obtain the solution, first
take the “dot” product of Eq. (143b) with sp* to give

(P P* — 55) — agip x Pp* -1 =0, (144a)
and the “dot” product with sp* x 1 to give
oyp x P* « fh + ogi(P « Pp* + s5) = 0. (145a)
Note that
pxprod=—il(p- P — 1 (146)

is true whether § is parallel to §* or not. Substitution
from Eq. (146) into (144a) and (145a) gives

% (B« p* — 55°) — ag[(P - P*)* — 1 =0 (144b)
and
— oy [(B - P*)2 — 1]F + (P« p* + 55') = 0, (145b)

respectively. If ss’ = —1, then p - p* — ss’ 5 0, and
division of Eq. (144b) by (p - p* — s5")} results in

a(d - P* — s — au(P - P* + ssH = 0. (147)
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If ss' = 1, then p - p* + s5’ 5 0, and division of Eq.
(145b) by (—D(@ - p* + ss')t again yields Eq. (147).
From (147) we obtain
o = a(p - p* + 55},
oy = (P p* — ss)i,
where o« is arbitrary. Substitution for «; and «, in
Eq. (141) gives
U, = al(®-P* + s)hw  + B 9* — s5)iw ]
= 3@ - p* + s5)¥(eo + sP)
+ 3 - p* — s + isp x 1),

(148)

(149)

where we have put « = } to normalize u, ,- according
to
Uty =1,

Uy, =1
Note that, by Eqs. (142), we have
Q+ Q" u, = (—isp + isp*), o
Consequently,
Lew,,, =(expQ-expQ*) -, . = 4,4, ,, (150)

where

Ay = exp [—i(sp — s'p")]. (151)

The vectors u, ., which are null and satisfy the
orthonormality properties

U, el o= —3( —5)" —5"), (152)
can be used to construct the unit dyadic
ly=— E 550, W g, (153)
from which it follows immediately that
L=L:ly=— les’ls,,,gs,sm_l_s,_sl. (154)

Thus we have an alternate explicit expression for the
restricted homogeneous Lorentz transformation.!?

Case 1I: p = 0, a and b not both zero. In this case,
all eigenvalues of Q + Q* are zero. There will be
only two possible eigenvectors!® v, and ¥;:

(155a)
(155b)

Q+QY-v.=0,
Q+Q%-v,=0.

17 Other polynomial forms for finite restricted homogeneous
Lorentz transformations are discussed by S. L. Bazanski, J. Math.
Phys. 6, 1201 (1965).

s E, Wigner, Ann. Math. 40, 149 (1939).
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One eigenvector v, is null and may be obtained from

‘ep” )*., ,

*
PP
= lim (p- 2 Hm p* + ss'pp")ie, + sp7p)
p-)
+ (- p* — ss'pp 0 + isp~p x )]
=e + i(p-p*) ' x pY).

In the calculation of this limit, use was made of the
fact that p x p* # 0 in this case and that

v;=1im<

- p=0

(156)

. * . *
b = ipxp _pxp
o [@ep) -l PP

. *
limpxﬁl=px(lpxg)

?-0 p-p =0

. * .9 %
i(p- — ,
_ i p)p*zpp = ip,
p-p =0

.1 , '
fim - p* +ssp") — (-9 — s = 0.
p—

The other eigenvector v, is found by inspection and is

i=p+p. (157)

It is spacelike and orthogonal to v,.

In order to construct a basis we look for two
generalized eigenvectors® w, and z,, which, together
with v, and v;, form a linearly independent set, i.e.,
we require that

Q+ QY .w.=0 (158)

and
(Q+QH™-z,=0

(where m and n = 2 or 3). By inspection it is found
that, for the choice

(159)

w, = —i(2p-p*)(p — "),
z

=(2p-p") e, (160)
one has

Q+QH -w,=v, (161)
and

(Q+Q%.z,=w,. (162)

Consequently, it follows that

(Q+ Q" -w,=0
and
(Q+ Q*°*-z,=0.

18 B, Friedman, Principles and Techniques of Applied Mathematics
(John Wiley & Sons, Inc., New York, 1956).
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Hence w, and z, are the desired generalized eigen-
vectors. Note that if we replace z,, w,, v;, V, (respec-
tively) by

Z, = piZ, + YW, + ya¥1 + pe¥.,  (163a)
W, = pW, + 01¥,, (163b)
V1= po¥y + oY, (163c)
V.= p¥l, (163d)

for p, # 0, ps 0, then Eqs. (155a), (155b), (161),
and (162) remain invariant. In particular, by selecting

pr=Qp- P*)%, pe=1/p1, y3=—Q2p)7,

and
M=7ve=7,=0,

the above vectors will be normalized according to

\£1 !1=!e.‘18=1,

Yoo Z, = -1, (164)
Ee'Ze=!e'Y_e=0’

Xe'!1=!e Ee,:!l'ﬂe:!l'Ze:‘_ve'zc:O-

Also observe that, by exponentiation,
Levi=exp(Q+ QY -vi=1,

L.y, =exP(Q+Q*)-§e
L-w,=exp(Q+ Q¥ w,

Y

= [

1+ (Q+ Q% w,
=W, +V, (165)
L-z,=exp(Q+ Q%)-z, = [l, + (Q+ Q¥
+ 3 Q + Q%2 -2,

=z, +W,+1y,.
The unit dyadic in this case is
ly = vy, + wW, — vz, —125,, (166)
and
L=L-li=vv + W + Y)W, — vz
= (Z + W + i)Y,
=V¥+ WW, — VY, + Y AW,
— Yz, —Zy,. (167)

G. Three-Dimensional Complex Orthogonal
Representation of the Restricted Homogeneous
Lorentz Group

Making use of the transformation properties of the
dyadic G defined by Eq. (103a) together with Egs.
(121) and (125), we show how an isomorphism
between the three-dimensional complex orthogonal
group and the restricted homogeneous Lorentz group
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can be established by a simple and direct procedure.
Let L be an arbitrary restricted homogeneous Lorentz
transformation. The dyadic G transforms under L
according to

G'=L-G-L, (168)
which by Eq. (125), can be expressed as
G’ = (exp Q . exp Q*) . G . exp (_Q*) . exp (—"Q).
(169

Recalling the defining equations (103a) and (123) and
the commutation relation (121), we see that

[Q*, G]=0.
and therefore

G' = (expQ)- G-exp(—Q).

We note also that the dyadic

(170)

S=pxl;+ie,Ap
satisfies the commutation relations

[G,$]=1Q,§] =0,
and we write
G =(expQ-expS):G-exp(—S)-exp(—Q)
=exp(Q+5): G exp[—(S + Q)
=exp(2p x 13)- G-exp (—2p x I3),
=exp (2p x l3) - ((Z x |3 + ey A Z)
<exp (—2p x lg).
Now observing that

exp (2p X Ig) - €y = €y exp (—2p x Iy) = ¢,

(171)

and

exp(2p x 13)-Z x lz-exp(—2p x Iy
= exp (2p % ly) - (Z x e)e, - exp (—2p x ;)
= [exp (2p x l3) - Z] x [exp (2p x ) - ¢;]e,
exp (—2p x 1)
=7 x [exp (2p x Ig) - g exp (—2p x Iy)]

=7 x|
where
Z =exp(2pxly-Z, (172)
Eq. (171) becomes
G =iZ' xl3+eAZ. (173)
In summary, we have
G=L-G.L=L.(Z-2).[=2.2, (179
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where Z was defined in Eq. (106) and
L=exp(axls+ e Ab)—exp(2pxl)
= exp [(a + ib) x lg]

is the desired isomorphism.

(175)
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APPENDIX A

In this Appendix we derive explicitly the dual of
the antisymmetric dyadics e, A w and u x l5. For this
purpose we first prove that T, as defined in Eq. (50),
is invariant under rotation of the orthonormal basis
vectors e, in &. Thus, if e, is rotated into e;, we have

I'=¢ AejAeAe,. (A1)

But
€A e A€ = eneieie, = € X € - e,
= —ei(e; X €, - e)een, = —€€; X €8,

=—lzxl;=¢ Ae;AE;.
Hence

I'=T. (A2)

Now making use of the definition of the dual in Eq.
(53) and choosing a rotated basis with e; in the direc-
tion of u results in

*(eo Au) = $T':(e; A W)
= ju(e; Aez AesAeg)i(en A ey)
= —u(e] A ez A €3 A &):(eseq)
=ue; Aey = —u(e; x e) x g

=—ug§xl3=—ll)<|3.

(A3)

C. P. LUEHR AND M. ROSENBAUM

Similarly,

*(u x l) = §T:(u x Ig) = jul':[(e] x e3) x Iy]
= —ju(e] A e3AesAeg)i(el Aey)
= —u(es A €0 A &1 A €3)i(€1€2)
= —ue; A€ =€ Al

APPENDIX B

Here we show that an arbitrary restricted Lorentz
transformation can be expressed as a product of a
pure Lorentz transformation L, and a pure rotation
Lz. To this end let

(A4)

§=L.Eo.

(B1)
Since g is a unit timelike four-vector, it must be of
the form

g = (I — w/e?) e, + wjo), (B2)

where u is defined by
u=—cl(e-g)7'g + &l
By introducing the unit vector
Y= (1 —#c)Ha + (u/c)eo]

which is in the plane of €,, u and is orthogonal to g,
we can construct, as before, the pure Lorentz trans-
formation

Ly = I3 — @@ — eg + fy. (B3)
Clearly
Lo g =e. (B4)
Substitution of Eq. (Bl) into (B4) yields
Lo+ L€y =cey, (BS)

i.e., the transformation Lz = L, L (which, by the
group property, must also be a Lorentz transforma-
tion) is one that leaves the direction e, invariant and
is, therefore, a pure rotation. Hence

L=L1,-Lz. QED. (B6)
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In the semiclassical descriptions, it is usual to describe a quantum-mechanical system in a classical
language with (i) a correspondence between classical functions and operators of quantum mechanics and
(i) with a real, but not necessarily positive, probability density function in phase space corresponding to
a particular quantum-mechanical state. The general forms of such semiclassical descriptions is discussed.
The conditions for the two descriptions to be equivalent are also examined.

INTRODUCTION

After Sudarshan' gave a completely equivalent
classical description of Glauber’s? theory of photon
correlations, the phase-space formulation of quantum
mechanics has been used much in the study of the
coherent properties of the electromagnetic field.?
Such a formulation allows one to compute the
quantum-mechanical expectation values as classical
statistical averages over suitable distribution functions
on the phase space. Indeed, all these distribution
functions turn out to be particular cases of a general
form. With a general form for the distribution function
on hand, it is the purpose of this paper to compare the
semiclassical and quantum descriptions at a universal
level instead of restricting the treatment to particular
cases (of overcomplete sets of states). Such a compari-
son in algebraic terms is necessary because it has some-
times been asserted that* “the apparent equivalence
of these two vastly different types of descriptions,
results from the paucity of the set of measurements
so far considered for the radiation field and not from
any intrinsic unity of the descriptions.” For this
purpose, we will consider the mapping of semi-
classical to quantum description and also the inverse
mapping of quantum to semiclassical description.
Then we algebraically answer the questions, “When
are the two descriptions identical and when does one
contain more information than the other?” It turns
out that the semiclassical description resulting from
Weyl’s association of operators to functions is
identical with the quantum description and no informa-
tion need be lost in going from one to the other. On
the other hand, antinormal ordering yields a semi-
classical description which is more general than the

¥ E. C. G. Sudarshan, Phys. Rev. Letters 10, 277 (1963).

2 R. J. Glauber, Phys. Rev. Letters 10, 84 (1963).

3 L. Mandel and E. Wolf, Rev. Mod. Phys. 37, 231 (1965).

#Y. Aharanov, D. Falkoff, E. Lerner, and H. Pendelton, Ann.
Phys. (N.Y.) 39, 498 (1966).

quantum description, provided we allow for arbitrary
derivatives of the é function.

Further, on the basis of these observations we
discuss the dynamics of the system by building up the
associative algebra in the classical function space
which corresponds to the algebra in the quantum-
mechanical operator space.

1. GENERAL THEORY

The linear mapping of classical functions to opera-
tors is written as

G = j E(, p)G(g, p) dq dp, 0

where G(g,p) is the classical dynamical variable.

" The cap over every quantity denotes the corresponding

operator. When G is a bounded operator, we get its
expectation value for any normalized vector |a) with
(x]ay=1as

0l G oy = f (@ E(q, p) 14)G(q, p) dg dp.  (2)

Thus, if the distribution function F,(q, p) is given as

Fa(q9p) = <0CI E(qu) I“); (3)
Eq. (2) reduces to
(@l G oy = f 4. PG ) dgdp. (4

Thus, with the correspondence established by Eq.
(1) between operators and functions and by Eq. (3)
between state vectors and distribution functions, the
expectation values remain the same.

We also note that instead of the state |«) being
given if the density matrix j is prescribed, the expecta-
tion value will be

() = Tr (Gp)
- f Tr (E(g, )PG(a, p)dgdp  (5)
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such that Eq. (3) for the distribution function reduces
to

F(g, p) = Tr (E(g, P)P). (6)

The mapping (1) is however not power preserving
or more generally, product preserving, and the
squares and other powers of expectation values do not
agree with the expectation values of the squares of
these operators unless by accident. In different semi-
classical descriptions we choose different forms of
E(g, p) and we prefer a correspondence (1) such that
g™ and p" map, respectively, to §™ and f" for any
positive integral m and n.

We now note how the operators are defined for
different semiclassical descriptions. For simplicity
we are taking one ¢ and p. This can be immediately
generalized for any finite number of degrees of
freedom.

(a) For Weyl’s correspondence,® we have

B, p) = f exp (igd + ip7)

X exp (—igh — ipr) d dr.

@m)*
M

This gives us, with (q|«) = y,(¢g) in coordinate

representation,

F.(q, p)

- o f | a'Xa'| exp (g0 + ipr) |a) dg’

X exp (—iqb — ipr) db dr

1 f y2(q’) exp (iq’0 + 5"0.,)

~ @y
X exp (—iqb — ipr) dq'y(q’ + 7) dO dr

= (217)2 fwf." (q — g) Ya (q + g) exp (—ipr) dr, (8)

which is Wigner’s distribution function.
(b) It may be seen that in the correspondence
described by Cohen®

E@p = f exp (g6 + ip7)f (6, 7)

x exp (—iqd — ipr) df d.

@n)
©

The procedure for the verification of this is identical
as above and (8, 7) is the same function as introduced

5 C. L. Mehta, J. Math. Phys. 5, 677 (1964)—the earlier references

are quoted here.
¢ L. Cohen, J, Math. Phys. 7, 781 (1966).

S. P. MISRA AND T. S. SHANKARA

-by Cohen. This is easily seen when we note that in

Ref. 6,
F(4, p)

= (217)2 Jf ap: (u - ;) exp (ibu)y, (u + %) du

% f(6 7) exp (—igB — ipr) df dr

(2 )2 ff<°‘| exp (3ip) exp (i§0) exp (3ipr) |o)

X f(6, ) exp (—igf — ip7) db dr

(2 )2f (o | exp (i40 + ip7) |
X f(0, ) exp (—igb — ip7) dO dr.

The conditions

f6,0)=1,
[0, =1

are necessary to ensure that

f F(q, p) dp = |p(I®

and

f F.(a, p) dq = |y (D)%

respectively. However, when we further want that
g™ and p” should map, respectively, to §™ and p" by
Eq. (1), it is necessary that (9/d8)*/(0, v) and (9/dr)*
f(8, 7) both vanish when 6 = r = 0 for all integral
k > 0. It is also to be noted that if /{6, ) depends on
|«) the mapping from state vectors to expectation
values of operators will not be bilinear but the linear
mapping (1) can still be true for diagonal elements of
G. Here we have to take a basis for which g is diagonal,
and if

(o ﬁ Iﬂ) = duﬁPa9 (10)
then

Tr (G4) = 3. (el G ) P,

a

a1y
where

(@) G la) = f (@l E(g, p; @) 1) G(q, p) dg dp. (12)

In this way we circumvent the impossibility of
defining nondiagonal elements of the operator G
for such a mapping, and it is clear that the definition
of the operator is incomplete.

(c) Recently a correspondence between classical
systems with a noncommutative Grassmann algebra
and quantum systems has been established by one of
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the authors” and the distribution function obtained.?
We see that this also falls under the same general
scheme. We note that there

1 1
Qn)? J‘ —ibr

x exp (—iq0 — ipr) dO dr.

E(q’ P) = [exp (lqe)9 eXp (lﬁT)]

(13)
To see this directly,

1
—i0r

f B, p)g™p" dq dp = f [exp (i46), exp (ip7)]

x imtrgm (@)™ (r) do dr

[ sm4-1

9"
(m + D(n + 1)
[¢™*, ™™

SimtDmt D)

We note that the above is the mapping in Ref. 7.
Any other correspondence may also be similarly
verified. We further note that it belongs to the category
of distributions introduced by Cohen® and here

sin (6+/2)
(6r)2)

An+1]

f6,7) = (14)
Thus, although obtained in a totally different way,
it is the same distribution function of Born and
Jordan®?
(d) When we want standard,® normal, or antinormal
ordering,'® we take

1
(2m)?

Eq.p) = f Q(exp (idh + ipr))

X exp (—iqf — ipr)df dr, (15)

where Q((46 + p)") equals the nth degree expression
written as an nth order polynomial with the operators
appropriately ordered. For the distribution function
to be real, we need that Q((46 + pr)*) be Hermitian.
We now explicitly verify this for the above types of

orderings.
Let
§=x5+yi,
p=xE+ ', (16)
and
Q(any operator) = the ordering with all £ to the
left (and all 4 to the right). (17)

7 T. S. Shankara, Nuovo Cimento 47, 553 (1967).
8 T. S. Shankara, Progr. Theoret. Phys. (Kyoto) 37, 1335 (1967).
® M. Born and P. Jordan, Z. Phys. 34, 873 (1925).
( 9125()3 L. Mehta and E. C. G. Sudarshan, Phys. Rev. 138, B274
1 .
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Now here

f (g, pq™p” dg dp

1
(2m)*

X exp (—iqf — ipr) d0 drq™p" dq dp

f O(exp (i40 + ip7)

- f O(exp (140 + i5r)i™ 8™ (6)8 () db dr

= (= 1y 25 (018 (- , Qg0 + pr)™")
= | (=D " (r) do d (m % !

= (— 1y f 8™ 6)8™(x) db dr

> Q((x£0)"(v70)*(xEr)**(y'7m)*)

511851551 5,!

3

where s; + 5, + 53 + 5, = m + n and the s, are posi-
tive integers or zero. Thus we obtain,

fE(q, p)q"p" dq dp

m! n!
= 2

51183 A52+84,.51.,82,.7
\ ’ E 1 3)7 2 4x ly 2x Sgy!.M
s1+8g=m Sz+84=n S] . 32! S3. S4!

= Q((x& + yiy"(x'E + i)

= 0(¢"p"). (18)
This proves the earlier statement that for any poly-
nomial, the mapping (1) with (15) gives the desired
ordering and (3) or (6) gives the corresponding
distribution function.

In order to show the equivalence of the above
results with the over-complete set of states used by
Sudarshan,? let us have in particular, corresponding
to Eq. (16),
g+ip
V2
—i
NG
Thus, the prescribed ordering defined by Q = Q,, is
antinormal ordering. Further, we have the states

dlz) = (x + iy) |2). (20)

This gives us, with the state |k) being the state with
number operator 4'd diagonal,

amaln am d2 Atn
(@matny = fzkacla 12 (2l d" 19

Il

a

=§

=N
™

At
a

=7. (19)

=pr(z)z’"z*" d*z, @y
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wherel®

pa(2) = ;IT é paiz | Xk | 2),

=151, 2)
m

In the corresponding semiclassical picture defined by
Eq. (15),

amatm _ q +ip\" (q — ip\"
(@a >—jdqdpFA(q,p)( 7 ) ( 7 ) 23)
where
Fyap) = (237 . f Tr {Q.((exp (i46 + i#7)F)
-exp(—iqgf — ipr)dbdr. (24)

The identity of the results (21) and (23) for arbitrary
m and n signifies that we should take

q+ip

x+iy= — 25
+ iy 2 (25
and with this association we obtain
pa(x + i) = 2F,(2x,v/2))
or
+i
F.(4 ) = 4. (‘iﬁl’) (26)

where the equality holds for finding moments for any
polynomial in ¢ and p.

It may be noticed that the above results can be
generalized to any set of states |z) which may be
overcomplete! and are eigenstates of £ with &' = 4.
The corresponding semiclassical description in terms
of F(g,p) can immediately be obtained where we
consider the equations corresponding to Egs. (21),
(23), and (25).

II. EQUIVALENCE OF SEMICLASSICAL AND
QUANTUM DESCRIPTIONS

In the above, we have considered the mapping of
classical variables to quantum operators and have
obtained the quasiprobability density functions.
We now consider the inverse problem, i.e., mapping
of operators to semiclassical variables and see how
far they can be identical.

We write the mapping (1) as

@ Gip)= f («| £(g, p) |18)G(q, p) dg dp. (27)
In case an inverse of (27) exists, we have
G(g, P) = 2 K. 5(9, PXo G

= Tr (R%(g, p)G),

11 3, R. Klauder, J. Math. Phys. 5, 177 (1964).

(28)
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where
K: o(a, p) = (Bl R(q, P) |)-
Symbolically, we have mappings £ and K such that

¢ (29)
and
R
G>G. (30)
Now for the mapping KE to be identity (in the
space of classical dynamical variables), we require
that

G(q,p) = f Tr (R%(q, P)E(q’, p'))G(q', p') dq’ dp’

for arbitrary G(g, p) so that we must have

Tr (R'(q, p)E(G', P)) = 8(g — )8(p — ). (3D)

Similarly, for mapping EK to be identity (in the

operator space of quantum mechanics), we require
that

lGIpy =3 |l Ea, p)PX='| Kig, ) IF)

_ x (a'| G|B") dq dp
for arbitrary operators and thus

f @ B(g, p) 1B’ R(@, P) |B') dq dp = 8,085 (32)

In case both (31) and (32) are true, the mapping will
be bi-unique and no information need be lost in going
from one space to the other. On the other hand, if
Eq. (31) is true, but not Eq. (32), the mapping K does
not have a unique inverse and there are more than one
distinct operators which map into the same function.
This will imply that there can be information in
operator space which will be lost in the semiclassical
description and there will be nonzero operators
which map to zero functions.

The roles will be reversed if Eq. (31) is not true for
some functions, but Eq. (32) is true. In this case the
semiclassical description would contain information
that may be lost in the quantum-mechanical descrip-
tion and some nonzero functions would map to zero
operators.

These comments are relevant when we build up the
associative algebra in the function space to corre-
spond with the algebra in the operator space (next
section).

We also note that we can determine the density
matrix when the mapping K exists as in Eq. (28) and a
distribution function F(q, p) is given. Thus,

J. G(q, p)F(g, p) dq dp
= j Tr (R*(g, PYG)F(4, p) dq dp,
= Tr (Gp),
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which gives the density matrix g as

p=[R@pF@pdadn. G

In Weyl’s association, the inverse K exists both as
a left and right inverse. To be more general, if we take
the mapping of Cohen,®i.e., Eq. (9) in Sec. I, we can
see that

R, p) = !

o fexp (—ig0 — ipr)
x (f(6, 7)) exp (igf + ipr) dOdr (34)
satisfies Eqs. (31) and (32).

To see that with Eqgs. (9) and (34), Eq. (31) is
satisfied; we first note that

Tr {exp (—ig0 — ipr) exp (i§0’ + ipr')}
= [ exp (~ig0 — ipm) ') dp
x (p'| exp (i¢8’ + ip7’) 19"y dq’
= [expGa @ ~ 0+ 1w’ ~ D' | p)F da’ dp
= 228(8 — 6)8(r — 7).
Hence Egs. (9) and (34) give us

Tr (K¥(q, D)E(q', P"))
= (27) f 278(6 — 6")d(r — ~)F (0, ) (6, =)

exp (ig0 + ipr)exp (—iq'6’ — ip'v’) dO' dr’' dO d~
=d(g — ¢)o(p — ).

In a similar way, Eq. (32) may also be verified.
However, it is assumed that the integral on the right-
hand side of Eq. (34) should exist in a formal way to
justify various changes in the limit. In such a case, the
mapping from semiclassical to quantum descriptions
is bi-unique.

Also, Sudarshan! has given the expression for p
when F(q, p) is given. Proceeding the same way for
anti-normal ordering, we have
z*n zm

(n‘)& (rn_').} Prm- (35)

pa@ = palre) =L T

T n,m

This gives us

Pum = f pa(DK (2) d'z, (36)
where N ,
¢ iy — ' (_n') (m') iln—m)o | __ 1 hm
Kinlre) = ¢ r(n+ m)! ( dr) o0
37
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In the above, it is understood symbolically that

f F(r)(— &‘ir)"a(r) dr = f (dir)"F(r)a(r) dr,

_d"F(r)
ar®

Although we have written the above only for j, here
it is clear that the mapping EX is an identity in oper-
ator space, but KE is not necessarily so. Thus, the
semiclassical description is more general than quan-
tum mechanical description, but we have to allow
for distributions containing arbitrary derivatives of
the J function in the semiclassical description.

III. DYNAMICS

Next we consider the dynamics of quantum and
semiclassical systems. The dynamics of the quantum
system in a Heisenberg picture is given by the quantum
Poisson bracket. We shall find the expression for the
corresponding bracket in the semiclassical description.

We first discuss the case when we do not have a
meaningful inverse mapping K of Eq. (28). We
observe that

r=0

[4, B] = f (£, p), Bq, P')]

x A(q, p)B(q', p')dq dp dq’ dp'.
Now if an L exists such that

[£(q, p), E(q’, )]
= J L(q,p, 9’ P’ 4", P)E(q", p") dq" dp", (39)

(38)

then
[4, Blops = —il4, B]= f Eq",p")C(q", p")dq" dp”,
(40)
where
C(q", p")=—i f L(g,p, 9,7, 4", p")
X A(q, p)B(q’, p')dq dp dq'dp’. (41)

Clearly, Eq. (41) defines the corresponding semi-
classical Poisson bracket when Eq. (39) is true.
Thus,

{A(4, p), B(4, P)}sc1.p.5.
= _ifL(q’ D, Q’, P" q”! P")

x A(q', p)B(q", p") dq’ dp’ dq" dp". (42)
In all earlier discussions,® essentially, the above
arguments are put forth to deduce the classical

12 J. E. Moyal, Proc. Cambridge Phil. Soc. 45, 99 (1949).
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bracket. The Moyal bracket' can also be derived in
the above manner, though of course, the derivation
may be lengthy.

The problem is much simpler when the inverse K
exists. Then we define

A(g, p) X B(q, p)
= Z, K59, p)el ,13 Ly

= J Tr (K4, D)E(q’, P)E(G", P"))

" A(q', p')B(q", p") dq’ dp’ dg" dp”. (43)

With this rule of “multiplication” of functions
which is necessarily associative, the semiclassical
description merely becomes a different representation
of the same algebra as that of the quantum mechanical

S. P. MISRA AND T. S. SHANKARA

system, and then the expectation values, dispersions,
and dynamics of both become identical. The Poisson
bracket in semiclassical description is defined as

{4(9. ), B, P)} sapm =
—i(4(g, p) % B(g,p) — B(g,p) X A(g, p))-
If only Eq. (39) is true, then the dynamics, of any
specific operator is the same in semiclassical and
quantum mechanics, but not so the dispersion or for
that matter the expectation values of products of

operators.
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The commutator and propagator distributions associated with free-particle fields are represented as
boundary values of analytic kernels in complex space-time. A distribution product of such quantities is
then defined as a boundary value of the product of the analytic kernels of its various factors, with the
proviso that the product kernel be understood in the sense of Hadamard’s *“finite part” in those cases
when it would otherwise be nonintegrable. For the case of quantum electrodynamics, the momentum-
space representation of the products of causal propagators are derived. It is demonstrated by explicit
calculation that the second-order scattering matrix elements thus obtained are identical to those usually
obtained by means of Pauli-Villars regularization and renormalization.

I. INTRODUCTION

The ultraviolet divergence difficulties of quantum
field theory are directly related to the problem
of multiplying Feynman (caunsal) propagators. The
Feynman propagators belong to a collection of
tempered distributions, called “invariant distribu-
tions,” or “invariant functions” which arise as
commutators and propagators of various quantized
fields. Since these distributions contain singular terms
such as the 6 function, their products are not uniquely
defined. In order to give meaning to certain of these
products, it has been necessary to first represent the
factors as limits of sequences of approximating func-
tions (using regularization methods due to Pauli and
Villars' and Feynman?®), and before passing to the
limit, subtract from the product of approximating
functions certain terms which diverge in the limit.
In the case when the products represent scattering
amplitudes for particle interactions the subtracted
quantities may be interpreted in terms of increments
in particle mass and charge that result from the inter-
actions. The subtraction of the divergent terms is then
justified, in fact necessitated, by the argument that
such increments in mass and charge are not physically
observable. There are serious disadvantages to de-
fining distribution products in this way: the calcula-
tion of scattering amplitudes is extremely complicated;
the regularization procedure introduces into the
theory extraneous parameters such as fictitious masses
or energy cutoffs which have no physical meaning and
the infinite subtraction terms often intrude in such a
way as to make rigorous arguments all but impossible
and greatly detract from an otherwise elegant theory.

In Secs. II and III of this paper we represent the
invariant distributions as analytic functionals. By

* This work supported in part by NSF Contract GP-4106.
! W. Pauli and F. Villars, Rev. Mod. Phys. 21, 434 (1949).
2 R. P. Feynman, Phys. Rev. 76, 939 (1948).

“analytic functional” we mean a linear mapping of a
space of test functions into the complex number
system C which is defined by integrating the test
function against a given analytic kernel over a given
contour in the complex plane or more generally over
a given surface in the space C” of n complex variables
(see Gel’'fand-Shilov®). With such representations it is
possible to remove from the field theory all considera-
tions of jump functions, delta functions, etc.,
so that the mathematical operations used are well
defined within the context of complex analysis. More
important, it is possible to form a Lorentz invariant
product of several invariant distributions without
recourse to Pauli, Villars, Feynman type regulariza-
tions and without introducing into the theory any
extraneous cutoff parameters. In Sec. IV this product
is defined and its Fourier transform is derived. Finally,
in Sec. V, we use this definition of multiplication to
calculate the scattering amplitudes for the lowest-
order vacuum polarization, electron self energy, and
vertex part processes and show that the expressions
thus obtained are identical to those arrived at through
the standard regularization and subtraction procedures
but have the advantage of requiring only finite
renormalization.

Notation*: Points in space are labeled with vectors

X1

X3

events in space-time by 4-dimensional vectors

Xq
x =< ) Lorentz innerproducts are denoted by
X

31. Gel'fand and 1. Shilov, Generalized Functions (Academic
Press Inc., New York, 1964).

4 N. N. Bogoliubov and O. V. Shirkov, Introduction to the
Theory of Quantized Fields (Interscience Publications, Inc., New
York, 1959). Throughout this paper we shall follow the notation
and nomenclature of this book.
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x k = g, x*x", where

1 0 0 O
0 -1 0 0
@Gw) = 0 0 —1 0
o 0 0 -1

In particular x x = x%. An invariant distribution D
is also displayed as a generalized function D(x). The
result of applying this distribution to a test function
S =f(x) is written

[#sp0916 = .1,
where ( d*x denotes integration over-all 4-space.

II. THE FREE-MESON FIELD
A. The Meson Kernel and its Associated Distributions

It has been observed by several authors, in par-
ticular, Wightman,® that the vacuum expectation
value of the product of several field operators is a
generalized function which is the boundary value of
some analytic function in the following sense: a
generalized function T(x) defined on the x axis is
said to be the boundary value of function B(x)
analytic in, say, the lower half z = x + iy plane, if

(T.f) = f_ide(x)f(x) = lim f_:dx*s(x — i)

for every function f in the test space of T (see
Bremermann and Durand®).

One of the simplest examples of a quantum-field
invariant function which is the boundary value of
an analytic function is the negative frequency com-
mutator

D (x) = i (0] $(x)$*(0) |0)
_ i
@

f Ak — mDI(—Ke™® (1)

of the free field ¢ corresponding to a meson of mass m.
Indeed, the integral on the right-hand side of (1) does
not converge as it stands and is to be understood as
a generalized limit in the following sense: for all
admissible test functions f(x)

(D)) = f dxD () () = lim, f dxD(x; 9 (%),
%)

5 A. S. Wightmann, Phys. Rev. 101, 860 (1956).
¢ H. J. Bremermann and L. Durand III, J. Math. Phys. 2, 240
(1961).
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where
D(x;¢)
=i 4 2 _ 1,0\ ik (g~ € )~k x
= 2y fd kd(k* — m¥)O(—k°)e
= o= [(% — i9® = R ml(xy — i6)" — R,

&)

R? = x - x and H is the Hankel function of the first

kind. Thus, D~ is a boundary value of the analytic

function
m

D(z) = —— HP[m()}

(@) = oy BV (Y]

which we call the “meson kernel”; here we have
completed x to a complex valued 4-vector

- () o1()

and have written z® = g,,z#z" = x% — y* + 2ixy. It
is a remarkable fact that not only is D~ a boundary
value of the meson kernel (4) but so is every other
invariant distribution associated with the free meson
field ¢.

Denote by [g|* = g2 + g% + ¢% + ¢ the square of
the “Euclidean length” of the real or complex 4-
vector . Define a “p strip” in the space C* of complex
4-vectors z to be the set: {z/x € R4, |y|* < p?}, where
p > 0. Let £ be the space of all functions f(z) which
are analytic in some p strip, where p can depend on f,
and in that strip f(z) vanishes at infinity faster than
any negative power of |x|; (i.e., for every integer n,
[x]™ 1 f(2)] — 0 as |x] — co uniformly for all | y|* < p?).
For example, the space A includes all functions of
the form exp {—c|z|*}P(z), where ¢ is an arbitrary
positive number and P(2) is an arbitrary polynomial;
in particular A includes the Hermite functions. It is
not difficult to verify that the space # is invariant
under the full real Lorentz group in the sense that if
f(z) e A as a function of z then f[L(z)]e#A as a
function of z’, where z’' = L7(z) and L is any real
Lorentz transformation. We shall use £ as the space
of test functions for all distributions considered in
this paper. We have adopted this space simply for
reasons of mathematical convenience; however, it
should be pointed out that distributions defined on A
can be easily extended to other more commonly
considered spaces by making use of the fact that
functions in these other spaces can be approximated
arbitrarily closely by linear combinations of Hermite
functions.

The meson kernel (4) is analytic in the 4-vector z,
except for polar and branch singularities on the light

(C)
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cone z2 = 0 as displayed by the representation:
1 m? i ym
Vz)=——+— |1 +—log |~z
@ 47%iz* + 1672 [: o g ( 2 ):]

= (=imzy | 1

=it + D 1677

) (_im222)i itlq
{1 =1, 5
><g}j!(j+1)!( +kz=1 ) ®)

where log y = 0.5772 - + - is the Euler constant. These
singularities will play a central role in our definition
and analysis of the invariant distributions. Let us
temporarily restrict our considerations to vectors

Z0 x© . yO)
z = = + i
(=)0
that have purely real spacelike parts. For such vectors
the meson kernel can be expressed in the form

D(z) = D(2° x) = m

+ A(Z", R) log (z; — R®) + B(z", R),

where for fixed R, A and B are entire functions of z°.
For fixed x let us specify the “principal sheet” of
D(z° x) by constructing branch cuts {Re (z%)| > R,
Im (z°) = 0 along the real axis of the z° plane and
stipulating that

Im {log (z{?* — R®)} = 2 arg (zX2— R) = 0
for a point z; which lies on the upper edge of the
right hand branch cut (see Fig. 1).

Let o~ be a contour on the principal sheet of D(z°, x)
which is parallel to the x® axis and passes below both
right and left hand branch cuts (see Fig. 2). By making
use of this contour we can dispense with the limiting
process in representation (2) and write equivalently

(D, ) =Jd3xj dz"D(2°, x) f(z° x) )
for each test function fe€ 4 provided ¢~ lies within
the strip of analyticity of f. Indeed, it follows from
Cauchy’s Theorem that the value of integral (6) is

I

| l

branch cuts \l\_ |
] =
-R ¢ R

Past l
|

|

Future

Time-like | Space-like Time-=like

FiG. 1. The principal sheet of the meson kernel D(z°, x).

z -plane
o
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F1G. 2. Commutator contours.

independent of the particular choice of contour ¢~
provided that o~ remains within the strip of analyticity
of f and passes below the points of singularity
2" = £ R. Consequently, o~ can be pressed upward
against the real axis to give the same limit as in Eq.
(2). Next we shall show that the other invariant
distributions of the meson field are also analytic
functionals.

The distributions to be considered are listed below:

(a) The “Negative Frequency Commutator™:
D(x) = i (0] $(x)$*(0) |0).

(b) The “Positive Frequency Commutator™:
Dt (x) = i[$(x), $*(0)].
(c) The “Full Commutator” (Schwinger function):
D(x) = i[¢(x), $*(0)].
(d) The “Causal (Feynman) Propagator”:
De(x) = i{0| T4(x)$*(0) [0).,
(e) The “Advanced Propagator”:
D*(x) = i6(x")[$(x), $*(0)].
(f) The “Retarded Propagator”:

D*4(x) = iB(—x)[$(x), $*(O)].

T is the time-ordering operator and 8 is the Heaviside
function.

Let D')(x) be a generic symbol designating any one
of the distributions in the above list. We associate
with each D*)(x) a corresponding contour o¢’ in the
principal sheet of the meson kernel D(z% x). These
contours are depicted in Figs. 2 and 3. Using these
contours and the meson kernel (4) we define the
analytic functionals D!’ on the space # as follows

(D, f) = f D (x)f (x)

Efdax f dz*D(2°, x) f(Z°, x), @)
for each f e 4.
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2. et

Fic. 3. Propagator contours.

It is not difficult to verify that the definitions of
invariant distributions given by (7) are equivalent
to the usual definitions. Indeed, the invariant distri-
butions given by the usual definitions are known to
satisfy the following relations

D+(x) = —D_(x), D(x) = Dl'et(x) __vDa.dv(x)
D™Y(x) = D°(x) + D*(x),
D(x) = 6(x")D(x) — 6(—~x")D*(x).  (8)

On the other hand, the corresponding topological
relations which hold for the contours o) (e.g.,
0™ = ¢° + ¢*, etc.) imply the analytic functionals
given by (7) also satisfy the relations (8). This fact
together with Eqs. (2), (3), and (6) is sufficient to infer
the equivalence of (7) with the usual definitions.

As it stands, integral (7) is the sum (over R3)of a
3-parameter family of contour integrals. However, it
will be helpful to regard it instead as a surface integral
over a four-dimensional manifold in the eight-
dimensional space C* of complex 4-vectors z. Indeed,
let s' be a smooth four dimensional surface in C*
which lies in the sub-space y = 0 and whose intersection
with each plane x = constant is the contour ¢'’. Then
we may rewrite (7) as the surface integral

(D), f) = f dD)f(z) for fed.  (9)

Clearly, the surface s'’ is not unique. A four-
dimensional version of Cauchy’s Theorem asserts that
the value of integral (9) is unchanged under continuous
deformations of s’ which avoid the complex light-
cone z? = 0. Also, real Lorentz transformations of
s') leave the value of (9) unchanged. Thus, there is an
equivalence class of surfaces s‘’, any member of
which can be used to determine the invariant distri-
bution D) through Eq. (9).

A glance at Fig. 2 reveals that one can always
select the surfaces s—, s+, and s, associated with the
commutator distributions, to be uniformly bounded
away from the light cone z2 = 0 which is the only
place where the kernel D(2) is singular. The integrand
of (9) vanishes rapidly as |x| - oo [see Eq. (19)].
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Consequently, integral- (9) is absolutely convergent
for the commutator distributions D~, D+, and D.
The surfaces s°, s™', and s*3%, associated with the
propagator distributions, each touch the complex
light cone at the single point z == 0. This may be seen
from the fact that the contours ¢°, 0*, and ¢*? pass
through the gap between the branch cuts and are
pinched by the singularities as R — 0. Nevertheless,
the singularity of D(z) is sufficiently weak [see Eq. (5)]
to allow integral (9) to converge absolutely also for
the propagator distributions D¢, D, and D,

B. The Momentum-Space Representation

The Fourier transforms of the meson invariant
distributions are themselves analytic functionals.
Even though this fact is well known, it will be inter-
esting to review here the momentum space formalism
and note how closely it resembles the space-time
formalism described above.

Let us extend the momentum vectors k into the
complex and write

e () == () )

and let us denote by A the space of all functions g(h)
such that g(z) belongs to A when considered as a

function of z instead of . We shall use £ as a space
of test functions for distributions defined over
momentum space. The Fourier transforms D!’ of the
distributions D'’ are defined as analytic functionals

on the space 4 as follows:
(8", ) = [ a5 i0g(t
= f dskfdh"(m2 — by + K 7'g(h% k), (10)
where ! are the familiar contours depicted in Figs.

4 and 5.
Denote by

D(h) = (m* — k) (11)
A r

V)

wisml +k3

Fi1G. 4. Commutator contours.
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I
Y

w?=m?+k?

F1G. 5. Propagator contours.

the momentum space representation of the meson
kernel, and let § be the four-dimensional surface
swept out by the contours & as k ranges over R2
Then we can rewrite (10) as the surface integral
B9 = andoem, (12

50
which has the same formal structure as the integral (9).

The distributions D!’ and the Fourier transforms
D) are coupled by the equations

(2 )] =f D) (;r)

Dt )(k) = [D( )(x)’ e—ik:c] =f d4Z':D(Z)e_ikz.

DO(x) = [ (13)

(14)

It should be emphasized that integrals (13) and (14)
are not convergent and must therefore be evaluated
by means of some limiting procedure such as (2) and
(3). When this is done one obtains as generalized
limits the invariant functions D)(x) and DU (k).
Comparing Eqs. (9) and (12) one is motivated to say
that in a certain sense the analytic kernel D(k) is the
“Fourier transform” of the analytic kernel D(z), and
that with respect to these kernels the surfaces §'’
are “Fourier transforms” of the corresponding
surface s¢ 1.

III. FREE-SPINOR FIELDS

The analytic formalism described above generalizes
in a straight forward way to include all free-spinor
fields of Kemmer type. Let x(x) = (xy(x), - -+, x2(x))
be an arbitrary Kemmer-type field operator which
belongs to a spinor space of dimension n. Associated
with this field are the various invariant functions
KO (x) = ([K")(x);,]), which are n X n matrices whose
components K‘’(x) are distributions defined on #.
For example, the causal propagator is K°(x),, =
i (0] Txg(x)xy(0) [0). As may be recalled, Kemmer-
type fields are characterized by the property that their
invariant functions can be derived from those of the
scalar field of same mass by means of a linear first-
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order differential operation

KO(x)gy = (iT%0, + M) D (),

where 1"::,,, u=0,1,2,3,and M, are n X n matrices
of constant coefficients indexed by spinor numbers
&, n; we shall use the symbol 0, as shorthand for
0/0x* or 0/dz* depending on context.

Let us associate with the field y the analytic “par-
ticle kernel” J.(z) = [(J(2),)] which is the n x n
matrix whose components are given by

K(2)ey = (T%,0, + M )D(2), (15)

then for every spinor f(z) = [fi(2), - -+, £,(2)] whose
components f,(z) belong to the space 4, we have

K" e= ( f KO f09), = ( [ =K

= %J;( ) d'zX,(2) f(2), (16)
where the surfaces of integration s'’ are the same as
those used in the preceding section. Thus, the invariant
distributions of free particle fields are all analytic
functionals, being simply various “boundary values”
of their respective analytic kernels.

To illustrate these ideas let us consider the fields
of quantum-electrodynamics. The “electron—positron
kernel” associated with the Dirac field y is the 4 x 4
spinor matrix

8(z) = (iy*0, + M)D(2)
M* HOM(E i?’
M(z*)*] —
G w2’
where M is the mass of the electron and y*, u =

0,1, 2,3 are the 4 X 4 Dirac matrices. The invariant
functions of this field are defined by

(O, f) = f SO f(x) = f d28()f().

HOIMEY,

The “photon kernel” associated with the electro-
magnetic potential A (in a preselected gauge) is the
second rank tensor

g‘(Z)uv = guv®(z)lm=0 = Eur

. b
4n%iz®

and the invariant functions of the electromagnetic field
are defined by

PO = [axPO0os) = || ataaif.

When the invariant distributions are represented
as analytic functions the problem of multiplying then
is considerably simplified. We treat this problem in
the next section.
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IV. MULTIPLICATION OF INVARIANT
DISTRIBUTIONS

A. Products in Configuration Space

Let J*) and K’ be two invariant distributions of
the same type, that is, both causal propagators, or
both negative frequency commutators, etc. [In
quantum field theory we encounter only products
whose factors are of the same type. This is because the
time-ordering operator T, Heaviside function 6(x?),
etc., which multiply products of fields affect equally
all of the fields which occur in the product.] We wish
to define the product distribution J*) - K’ as a linear
functional on the space #£

(- KO, f) = ~fd“xJ U)K (x) f(x).

Clearly, two properties that must be required of this
product are: (i) Lorentz invariance, and (ii) away
from the light cone x® =0 where the invariant
functions behave like ordinary functions, this product
should behave like the usual function product.

Since J) and K') are “boundary values” of their
respective analytic kernels (z) and J(2), it would
seem natural to take for their product the corre-
sponding “boundary value” of the product of their
“kernels”

VK9 N Ef”d"zx(z):}c(z)f(z), for fe#
a7

This definition certainly fulfills the above-mentioned
requirements, but unfortunately integral (17) con-
verges only for the cases where J*) and X} are com-
mutator distributions. Indeed, when J? and K!? are
propagators the surface of integrations s') touches
the light-cone at the origin and the singularities of the
kernels F(z) and J(z) combine to make F(z)H(z)
nonintegrable in the neighborhood of this point. (It
is this nonintegrability that is responsible for the
divergence of the second-order self-energy processes.)
We shall therefore temporarily reject definition (17)
and seek some modification which will preserve its
essential properties but will eliminate the divergence
difficulties.

From Eqgs. (5) and (15) it is clear that the strongest
singularity of the product §(z)}.(z) (or more generally
the product of any finite number of kernels) is a term
of the form

(const) Lz, Tz,
( z2)b

where a and b are nonnegative integers and I are

FRANK B. THIESS

constant matrix coefficients. Let us call
=2b—a—4 (18)

the “index of divergence” of F(z)¥(z). Since § > 0
for any product, §(z)J(z) is nonintegrable through
the origin. However integral (17) would converge
there if f(z) had a zero at the origin of order 6 + 1.
Let us therefore adopt the following definition for the
product of two invariant functions of the same type:

@O KO, fy = f dBZHDEC)
8
X {f(z) — g()]l‘ (am v auff(o))zul e zm}’ (17/)

for each fe 4. This definition is clearly Lorentz in-
variant and it makes no use of cutoff parameters or
limiting procedures. [It is interesting to note that
while 0 given by (18) is the smallest upper limit of
summation for which integral (17’) converges at the
origin, it is also the largest upper limit for which (17’)
converges at infinity provided J and X correspond to
fields with nonzero mass. This surprising fact follows
in a straightforward way from the fact that analytic
kernels (15) have the asymptotic behavior

—(374)/4 3 _imHY
H(z) ~ (09, + M) & (21’) ¢

8 (22)% (19)

as z®— oo.

m

Thus, the value of index 6 is uniquely determined by
the requirement that integral (17’) converge both at the
origin and at infinity.]

The product JO(x)K*'(x) defined by (17) and the
product defined by (17) are identical except possibly
at the origin. Indeed, the formal difference between
these products is the distribution

8
za’(“)' 0P OM8(x),
j=0

where !

al(tl)' o EJ;( )dAZz'(Z)‘K’(Z)Zm Ty

In the case of products of commutator distributions
(17) and (17°) are even identical at the origin, since
al)...,, =0 by virtue of the fact that the contours
ot and ¢ can be closed in the upper and lower half-
planes, respectively. In the case of products of
propagator distributions, integral (17°) represents a
“Hadamard-type” 7 regularization (“finite part”) of
integral (17). Such regularizations are often used in
the theory of distributions because they have the

7 J. Hadamard, Lectures on Cauchy’s Problem in Linear Partial
Differential Equations (Dover Publications, Inc., New York, 1952).
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important property of preserving derivatives, in the
sense that the derivative of the Hadamard regulariza-
tion of a function is equal to the Hadamard regulariza-
tion of the derivative of the function. In light of the
foregoing remarks, it is clear that equation (17) can
be regarded as the definition of multiplication pro-
vided that the integral is understood in the sense of
Hadamard’s finite part (17') whenever it would
otherwise diverge.

The scattering matrix terms which correspond to
second-order self-energy processes have the following
structure

J d*x f dhx, o (x; — x)K(x; — x)d(xp(x,),

where the functions ¢ and y are determined by the
incoming and outgoing states. The above definition
of multiplication enables us to calculate these quan-
tities without encountering ultraviolet divergences.

(To simplify the exposition we shall now restrict
our considerations to products of causal propa-
gators.)

Next in order of complication among the scattering-
matrix terms that usually diverge is the third-order
*“vertex part” which has the following structure

Jd"xljd"xzjd“xg (xg — %) K (x5 — x)L(x5 — Xp)
X () p(x2)€(xs).

In order to evaluate such quantities we shall define
the product J°(x)K°(x 4+ #)L°(u) as a distribution

(J()K(x + w)L'(u), f(x, u))
- f d*x f UK (x + )W) f(x, ) (20)

on the space 42 of all functions f(z, w) which are
analytic in the two complex 4-vectors z = x + iy
and w = u + iv in some “strip”: | y| + |v]2 < p? and
within this strip vanish at infinity faster than any
negative power of |x|? -+ |u|% Again applying the rule
that the product of “boundary values” of various
analytic kernels should be the “boundary value” of the
product of these kernels, we define (20) as the two-
fold surface integral

(K (x + wL(u), f(x, w))

= f P f o EWBER( + WEW) W), (2D

which is to be understood in the sense of Hadamard’s
finite part as will be explained below.

1

[

-2 ly_-(»gd
]

-2° - |y +x]

- ol + Jul v

Fi1G. 6. The contour ¢°(—z).

First let us describe the surfaces of integration: the
z integration, which we have elected to perform last,
is to be taken over the causal surface s°. Therefore,
for purposes of describing the w integration we can
suppose that y = 0, and that —z° lies in the interiors
of the 2nd or 4th quadrants except when it passes
through the origin. The kernel of the w integration
has singularities on the complex light-cones w? = 0

0
and (w+ 2)>=0. For fixed z = (‘;), and fixed

w =u + {0 these singularities are located in the
w? = 4% 4+ 10 plane at the points w® = +|u| and
wl = —2z° +|u + x| (see Fig. 6). Let us construct
branch-cuts from infinity parallel to the real axis
which terminate at these four points. Let ¢°(—z) be
defined as that contour which threads through the
gaps between these branch cuts as depicted in Fig. 6.
Then integration over s°(—2) is defined by

f d4w---Efd3uf aw®- -
$%(—2) 0%(—z)

Clearly, one can make the contours o°(—z) depend
on u in a suitable continuous way so that s°(~z)
becomes a smooth four-dimensional surface in w
space. Also, by collecting s° and s°(—z) together, we
can re-express the iterated integral (21) as a surface
integral over a smooth eight-dimensional manifold,
call it 5§, in the sixteen-dimensional space of the two
complex four-vectors z and w:

[JIK(x + w)L(w), f(x, u)]

= f f d'z A dWHDR(z + WEW) S (z, ). (22)

The singularities of the integrand of (22) lie on the
three 14-dimensional surfaces z2 = 0, (z + w)2 = 0,
and w? = 0. The surface of integration s touches
these singular surfaces when z =0, z = —w, and
w =0, respectively. However, s{ touches these
surfaces one at a time except for the case z = w = 0.
Therefore, we shall assign a finite value to (22) by
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taking its Hadamard finite part at the pointz = w = 0:
VK (x + w)L(u), f(x, u)]
= f f A2 A dWIDR(z + w)EW)

1 H1, .. ARV, . . AVr
{f(z W= 3 T P 2D
X (0,002, - Z,,Wa, w} 22)

Here 0 is the smallest upper limit of summation for
which (22') converges.

B. Momentum-Space Representation
of Products

The usefulness of the analytic functional representa-
tion for invariant distributions and their products
stems from the fact that these quantities are defined
completely within the context of complex analysis.
As a consequence, the causes of ultraviolet diver-
gences can be traced to bona fide singularities of
certain analytic functions, and methods can be devised
to “regularize” these singularitics without violating
the conditions of causality and Lorentz invariance.
However, it is certainly not intended that scattering
matrix elements be evaluated by computing compli-
cated surface integrals in complex space-time. For
this purpose, we shall employ the usual momentum-
space representation for causal propagators, viz.,

Fk M

where € — 0%),
2t ie ( € )

K(k) =

—-m

and re-express products such as (17°) and (22°) in
terms of these comparatively simple expressions.

For reasons of brevity the derivations presented in
this section are purely formal. However, the same
results can be obtained in a rigorous way by applying
essentially the same argument using sequences of
functions which approach the causal propagators,
but whose members form convergent convolution
integrals. P

The Fourier transform J°-K° of the product of
causal propagators J°- K is defined by the identity

N .
Je- K",f) = (J°: K% f), wherefis the Fourier trans-
form of f. Thus

N
f %I - K007 (k)
= f dxlJ° - K% f(x)
= f d*x[unreg J° - K°|(x)

x {f(x) —,é,jl—! o1 QMf(O)x,, -+ xm}’ (23)
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where [unregJ°- K°] stands for the “‘unregularized”
distribution product which is defined on the subspace
of test functions that have 6 + l-order zeros at the
origin. Taking the Fourier transform of (23) and
using the fact that the transform of the unregularized
product is the (formal) convolution integral

/\ 4
(onreg JKCT) = [ T ) RGe — p)
We obtain
PN
f I K10 f (k)

T N
- f d*k[unreg JK°i(k)[f — El(k)

4 p ] C,
- j d kf (2)f(p)K(k p)[f zl(k), (24)

where

PN
If — S)k) =7 (k)
[}
- go Jl_‘ TR a“’f(O)[m(k).

But the Fourier transform of x, - - x, is
T~
d,,0(k).

(%, %, 1) = ()2m)9,, - - -
Substituting this expression and the identity
(i)j(21r)4a”‘ - a‘”f(()) —_ (—)jfd‘ik'k'"‘ - k"‘f(k')

into (24), we find

N
d'klJ°- K°Yk)f (k)

= f d'k f (‘21;1;4 J(p)R'(k — p)f (k)
_ f % f d'p f 4% J(p) R*(k — p)

x z( )(a,,l -3, 8Pk - - - kW P(k").  (25)

i=0 ]

In the second term on the right-hand side of (25) we
integrate out the k variable and then drop the primes
to obtain

f SRR ) = f d f on f°(p):K°(k )

- 2( a“l Kc(_ pYkF - k“’}f(k),
=0 j!
where
¢ —_ e ._a_ C(le —
(_)jalu [l}K( p) ak“‘ ak‘“ K (k P) o
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Therefore

N
7 K¥)(k) = f d‘pf°(p>{1%°(p — k)

8 ¢ _N\J .
— ;)gj_') am ce a”ch(__p)k‘ll . kuj} (26)

It is evident from the symmetry of the convolution
operation, viz.,

f d*pJ(p) Kk — p) = f dpR(p)J(k — p),

that the roles of J°and K must be interchangeable in
representation (26), i.e.,

N

e KU = [dp K| Tk~ )

—_ Zo(_;_‘): a‘u e a”jjc(__P)kul Ce k“i}’ (26’)

in order that (26) be the Fourier transform of a
uniquely defined product. This is indeed the case, as
may be verified by a somewhat intricate calculation
which consists of showing that the coefficients of
various combinations of the k#t- .- k* terms in the
difference between (26) and (26') are integrals of a
differential of a three form which vanishes at infinity.

The Fourier transform of the distribution product
(22') is defined by the equation

/\
f ' f PR + L]k, 9)f K, q)
= f d'x f duT K (e + u)Lw)f(x, u).
A calculation similar to the one given above yields
/\
VK (x + w)L(w](k, 9)
= f d“p13°(p){f°(k - L —p)

_ (_).’H-r
gﬂ (J+n!

X (av1 e av,Lc(—P))kul' . k“lq"l . qu}. (27)

@y "+ 0, (=)

Thus, the effect in momentum space of taking the
Hadamard finite part of a product in configuration
space is to subtract from the integrand of the divergent
convolution integral obtained by formal Fourier
transformation of the product, the first few terms in
its Maclaurin expansion.

V. EXAMPLES FROM QUANTUM
ELECTRODYNAMICS
A. Vacuum Polarization

The scattering amplitude corresponding to second-
order vacuum polarization (Fig. 7) is given, before
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Fic. 7. Scattering amplitude correspondence to
second-order vacuum polarization.

regularization and renormalization, by the divergent
convolution integral

unreg [T (p)
uv
Tr f dky,

where # = y*a, . According to the definition of distri-
bution products given in the preceding section, we
should instead describe this process by the convergent
integral

I =

uv (27]’)41

(]

_ e 1
Q)i

1
K—M+ic "k p—M+ic

2

e 1
Tr (d*ky, —————
f T M+

% 1 _il_[i... 4
{k—p—-M+ie Sjtlopt opm

] )
K—¥—M+iel=0 ’

the upper limit of summation 6 = 2 being the index of

divergence of the kernel product 8(z)8(—z) that

occurs in the space-time description of this process.

Carrying out the indicated differentiations and simpli-

fying we find

el 1
- Tr [d%y, — L
=55 rf PR M + e
1 i
X 7,
N p—Mt il k- M+
1 1

X},}(—-M+ieyk—M+ie'

By the standard techniques, this integral can be
evaluated in a straightforward way to yield

].;‘_!,- (p) = Zzzf)z(pupv - g‘”p2)
M2

. (28
M* — &1 — 5)p2) @)

B. Electron Self-Energy

X fo "dEt — B¢ log (

Before regularization and renormalization, the
second-order electron self-energy process (Fig. 8) is

FI1G. 8. The second-order electron self-energy process
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described by the divergent convolution integral
unreg 3 (p)

e J‘ P . 1
i) KR i) p—Kk—M+ie ™
Applying the definitions of Sec. IV, we replace this
expression by the integral

3 () === fd‘k :
(2m)4 K + ie
xy“{ 1 B 1
g—Kk—M+ic —K—M+ie
1 1
+ -—k—M+iep-}<—M+ie}7"
= 82 fd4k 1 ’}’“ 1
2m)i K+ie" p—)k—M+ic
1 1

X ,

P M+ Mt

where we have subtracted from ( — X — M + ie)™?
the first two terms in its Maclaurin expansion in
accordance with the fact that the kernel product
8(2)T(z), which occurs in the space-time description
of electron self-energy, has index of divergence 6 = 1.
A comparatively simple calculation gives

& [t M2
Z (p) = g;; j; déCM — 57) log (—m) . (29
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?
F1G. 9. Vertex part.

C. The Vertex Part

The vertex part (Fig. 9) is described by the divergent
convolution integral

2
1
unreg I"(p, k) = —% a
reg " )(m#J‘q@—qf+u
. 1 ,_ 1

X .
y4—k—M+ie7 ;{-M+ie7“

When this amplitude is modified according to (27)
(with 6 = 0), we obtain the expression

(p, k)

e 1 1
= dt "
(2")41'}‘ ‘1{(p_m2+i€7 d—K—M~+i

o1 " 1 }v 1
q2+iey q—M+i€?g—M+iey”

A standard-type calculation yields

& 1 1-¢
I(p, k) = 8 {"'?’v + y"J; déf dn log ((
w (1}

1 — &Hm? )

L—8m? — &1 — &p* — (1 — nk* — 2&np - k

(1 —&m® — &1 — &)p® —n(1 ~ Pk ~ 2&np- k

+[ e[ a . (30
L fﬁ Tyt = amk” + (g — M) x (B + KL — ) — dm(p'E - k'n)} 9

It may be easily verified by direct computation that
amplitudes (29) and (30) are related by the Ward

identity 9, X (p) = I',(p, 0).
D. Finite Renormalization

In this section we shall use an asterisk to indicate
quantities that are renormalized to second order.

The vacuum-polarization amplitude T],, given by
(28) agrees precisely with the renormalized amplitude

%, that is obtained for this process by means of the
standard regularization and subtraction procedures

I,:VI* (r) = g (2), (31

and consequently it requires no renormalization.
‘Thus to second order we have Z; = 1.

The renormalized second-order electron self-energy
amplitude >* is characterized by the (formal)

properties
d
3*(@) ey =0 and 5}2 (p) lﬂ=M = 0.

This amplitude differs from (29) by a first-degree
polynomial in g/

*@)=2@) - M~ (1 —-z)F— M), (32)

where
M =3 Dn =25 M,
32 7t

and

U—M=%X%m- (33)

[The quantities (29), (30), and (33) contain an infra-
red divergence; therefore during intermediate cal-
culations we shall assume that the photon has an
infinitesimal mass.]
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The renormalized vertex part amplitude differs from
expression (30) by a constant

F*(P, k) = PV(P’ k) + (1 - 21)%-

Taking z, = z;, I'* will satisfy the Ward identity with
respect to > *.

The effect of subtractions (32), (34), and trivially
(31) is the finite renormalization

M—>M*=M+ oM~ (1 + s55)M,

4
22(23)%
Thus, when second-order scattering amplitudes are
calculated in accordance with the definitions of
distribution products given in Sec. IV, no ultraviolet
divergences arise and the only renormalization
required is that corresponding to a small increment
in electron mass.

The definition of distribution products given in
this paper constitutes a type of regularization which
has been anticipated by a number of authors; in
particular, see the extensive work by Caianiello.®
Indeed, the “finite part” integrals (17') and (22) are
special realizations of the Caianiello “J integrals.”
However, it should be noted that (17") and (22') are

(34)

e—e* = e=e.

8 E. R. Caianello, Nuovo Cimento 13, 637 (1959); 14, 185 (1959);
18, 505 (1960).
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not precisely “finite parts” in the strict sense of
Hadamard, since we do not first split off the polar and
logarithmic singularities of a nonintegrable product
of particle kernels and apply the regularization only
to these singular terms. Besides simplicity, the ad-
vantage of applying the regularization to the entire
product lies in the fact that the exponential decay at
infinity of kernels corresponding to particles of non-
zero mass allows us to avoid the introduction of
regularization cut-offs and the nonuniqueness that
such cutoffs entail. Unfortunately, when particles
of zero mass are involved, infrared divergences are
encountered. However, this is a well-understood
problem which can be handled by the introduction of
infinitesimal masses in the intermediate calculations.

It is possible to generalize the definition of distri-
bution multiplication given in Sec. IV.A to include
all such products of causal propagators as arise in the
perturbation description of scattering. This generaliza-
tion will be described in a subsequent paper soon to
be published.

The author wishes to express his sincere apprecia-
tion to Professor M. M. Schiffer whose questions
began the work contained in this paper and whose
criticism and suggestions (particularly the one con-
cerning the use of Hadamard’s finite part for
regularization) have been invaluable.
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orders in the fine-structure constant. They are never-
theless not entirely logically satisfactory. For to
obtain a finite result it is necessary to give the photon
a nonzero mass A (or to cut off the integrals in the low-
energy region), to compute the sum of an infinite
number of terms, representing the probabilities for the
emission of n soft photons, and only later to take the
limit A—0. In this limit each individual term in
the sum vanishes (when computed to all orders
in «) although the sum remains finite.

It has long been realized® that the fundamental
reason for this unfortunate circumstance lies in the
assumption, implicit in the conventional perturbation
calculation, that the asymptotic states contain finite
numbers of photons and so belong to the familiar
Fock representation of the canonical commutation
relations. In reality, if the initial state contains a finite
number of photons, the final state will in general
contain infinitely many soft photons, though with
finite total emergy. A correct description of this
process must therefore involve the use of representa-
tions unitarily inequivalent to the Fock representation.
If we are to allow the initial and final state to belong
to any one of the possible representations, then we are
forced to use a nonseparable Hilbert space, which may
be decomposed into the direct sum of an uncountably
infinite number of separable Hilbert spaces.

A significant step in this direction was provided by
the paper of Chung® which aimed to show that one can
find certain states, outside the Hilbert space of the
usual Fock representation, between which the S-
matrix elements are finite. Two criticisms of this
approach can be made, however. One is that it still
retains, as a calculational tool in the intermediate
steps, the device of giving the photon a finite mass.
This is inevitable in any method which relies on
summing Feynman diagrams. The second point is
perhaps rather more technical, but also more import-
ant if one wishes to place the theory on a satisfactory
mathematical foundation. The asymptotic states are
taken to be coherent states, suitably generalized to
allow an infinite expectation value for the total
photon number. However these states are only
rather loosely defined, and as a result the calculated
matrix elements contain infinite phase factors which
are simply discarded. Of course an over-all phase
factor in the S matrix is unobservable and it might not
be unreasonable to discard such a factor even if it
were divergent. However the relative phases of different

5 See, for example, K. O. Friedrichs, Mathematical Aspects of the
Quantum Theory of Fields (Interscience Publishers, Inc., New York,
1953), Secs. 14 and 19.

¢ V. Chung, Phys. Rev. 140, B1110 (1965).
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S-matrix elements are in general observable, and
should be retained.

It is one of the main aims of the present paper to
remedy this defect, and to show that generalized
coherent states can be defined in a rigorous way, and
that the S-matrix elements between them are finite.
This provides a more rigorous justification for the
approach adopted by Chung. It is natural to define
these states in terms of the infinite tensor product of
Hilbert spaces introduced by von Neumann.” In fact
we shall define a nonseparable subspace Jg of this
tensor-product space which contains all the states
belonging to representations of interest in the discus-
sion of the infrared problem. The space decomposes
into the direct sum of uncountably many separable
Hilbert spaces in each of which the representation of
the canonical commutation relations is irreducible.
The representations so obtained are among those
which have been discussed by Klauder, McKenna,
and Woods,® and our work at this point may be
regarded as a specialization of theirs.

An important feature of von Neumann’s treatment
of the infinite tensor product is the distinction he
draws between equivalence and weak equivalence of
product vectors. Equivalent vectors belong to the
same irreducible representation, and have well-defined
finite scalar products. Weakly equivalent (but non-
equivalent) vectors on the other hand belong to
irreducible representations which are unitarily equiv-
alent® but defined on distinct, mutually orthogonal,
separable subspaces of the tensor-product space.
Their scalar products are represented formally by
infinite products with divergent phase factors to which
the value zero is conventionally assigned. A particular
physical state may thus be represented by any one of
an uncountably infinite class of weakly equivalent
vectors. It follows that the conventional labeling of
states is not adequate to select a particular vector
(or even ray) in the tensor-product space, and must be
supplemented by an additional label which serves to
distinguish the various equivalence classes within each
weak equivalence class. (One can, however, define a
generalization of the concept of a ray such that the
generalized rays are in one-to-one correspondence
with the physical states of the system.)

We begin in Sec. 2 with a brief discussion of the
photon states in the familiar Fock representation.
This discussion serves mainly to introduce the
notation, and to summarize some of the properties
of the coherent states. The explicit construction of

7 J. von Neumann, Composito Math. 6, 1 (1938).

8 J. R. Klauder and J. McKenna, J. Math, Phys. 6, 68 (1965);

J. R. Klauder, J. McKenna, and E. J. Woods, J. Math. Phys. 7,
822 (1966).



COHERENT SOFT-PHOTON STATES AND INFRARED DIVERGENCES

generalized coherent states belonging to the various
infrared representations in terms of the infinite tensor-
product space is carried out in Sec. 3. An important
role in this discussion is played by certain unitary
operators defined as tensor products of unitary
operators on the Hilbert spaces from which the
tensor-product space is formed. These operators
essentially provide an extended representation of the
canonical commutation relations on the entire tensor-
product space, and by restriction on its subspace Xy, .

In Sec. 4 we consider the interaction of the electro-
magnetic field with a given classical current distribu-
tion. We compute the scattering matrix elements
between generalized coherent states, and show that a
unitary S operator can be defined on the space ¥ry .
Indeed we show that the S operator may be identified
with one of the unitary operators already introduced.
The conclusions are summarized in Sec. 5.

The interaction of the electromagnetic field with
other quantized fields may be handled in a similar
way. However, the problem is somewhat complicated
in this case by renormalization problems and by the
need to consider wavefunctions for the charged
particles with the characteristic Coulomb asymptotic
behavior. This problem will therefore be deferred to a
subsequent paper.

2. PHOTON STATES IN THE FOCK
REPRESENTATION

Mainly in order to fix our notation, we begin by
discussing the states of a free electromagnetic field
in the usual Fock representation.

The field may be described by a vector potential of
the form

AG) _f (2my2k

with k° = |k| and k- x = k - x — k°x% The creation
and annihilation operators satisfy the commutation
relations

[4,(), @} (K)] = 7,,((Q2m)2k0(k — k), (2)

where y,,(Kk) is a function depending on the choice of
gauge. Since we wish to use a Hilbert space with
positive-definite metric containing only physical
states, we must choose y,,(k) to be a projection
matrix of rank 2, orthogonal to k,; that is, we require

Ye)p,(K) = p,,(K),

[a,(k)e™= + aj()e ™, (1)

vu(k) = 2, (3)
k”'y,“(k) = 0.
Its most general form is
yuv(k) = 8uv — kulr(k) - lu(k)kv’ (4)
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where /*:/ =0 and k-/=0. For example, in the
radiation gauge, the only nonvanishing components
are

vis(K) = 0, — kk;[k?, %)
corresponding to the choice
I = (—k° k)/2Kk (6)

Now let us consider the labeling of single-photon
states. We introduce first the space Xp of photon
wavefunctions f#(k) which satisfy the conditions:

kf (k) = 0, M
and
[aapmtrorw < o ®)
We denote the scalar product in this space by
*0) — dk o,
(f*g) (_—277)32k°f uw(K)gH(K). ®

This scalar product is positive-semidefinite, but not
definite, since X p contains a subspace X, of vectors
of zero norm, namely those of the form

fHk) = kg(k), (10)
which by virtue of (7) are orthogonal to all vectors in
¥ p . Two wavefunctions which differ by an element of
3z describe the same physical one-photon state. In
other words, the physical one-photon Hilbert space 3
may be identified with the factor space X.p/X,. In
the scalar product defined by (8) is of course positive~
definite. The choice of a gauge amounts to choosing a
particular representative from each of these equiv-
alence classes of wavefunctions, namely, the one
which satisfies

Yun(K)S(K) = f,(K). (11)
Now let us consider the Hilbert space J¢ of the Fock
representation. Corresponding to each '€ X.p we may
introduce creation and annihilation operators de-
noted, by an obvious extension of the scalar-prod-
uct notation (9) by (a*f) and (f*a). These operators
are gauge invariant; that is to say they are unchanged
either by making a gauge transformation of the
operators
a,(k) — a,(k) + k,A(k)

or by adding to fan element of X ;. They have there-
fore a well-defined meaning as operators on 3¢,
independently of any choice of gauge, and may be
regarded as being labeled by elements of X rather than
Xp. From the commutation relations (2) together
with (4) and (7) one derives the commutators

[(F*a), (a*8)] = (f*g). 12)
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It is often more convenient to re-express these
relations in terms of the unitary operators obtained
by exponentiation,

ul) = e(a‘f)-(f‘a)
= e(a‘ne—(f‘a)e—i(f‘f), (13)

in the form

(UNU(g) = U(f + gt n-0"1 (14)

The coherent states? in J€ are labeled by the ele-
ments of J, and are defined by

If) = U()10), (15)
where |0} is the vacuum state defined by the condition
(g*a)10) =0, (16)

for all g € X. These states are all eigenstates of the
annihilation operators (g*a):

g*a) 1) = NHE. )

It follows that these states are in one-to-one
correspondence with classical solutions of the wave
equation. In fact

f1 A4, 1) =

_f @nyP2k°

RO
006%™ + £ 500e7)
(18)

They form an overcomplete family of states in J
with the scalar products

(g |f> — e(u'f)—%(a'a)—%(f‘f)’ (19)
and the formal completeness relation
[warks =1 (20)

The measure [df] may most simply be defined in
terms of an orthonormal basis {e,} in X. If we set
= (e}f) then
d*f, d(Re f,) d(Im f,
) = 42 - réRef)dingy)

(This definition can be made rigorous, but we shall
not make it so here.)

Finally we note the effect of translation operators
¢'T% on the coherent states. One has

erNf) =11,
fo) = e (k).

? J. Schwinger, Phys. Rev. 91, 728 (1953); R. J. Glauber, Phys.
Rev. 131, 2766 (1963); S. S. Schweber, J. Math. Phys. 3, 831
(1962); V. Bargmann, Proc. Natl. Acad. Sci. U.S. 48, 199 (1962).

(21)

where
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In the following section we consider the problem
of defining generalized coherent states corresponding
to wavefunctions f#(k) for which (f*f) = ¢o.

3. INFRARED REPRESENTATIONS

This section is devoted to an explicit construction of
a certain class of “infrared” representations of the
canonical commutation relations. These representa-
tions are among those which have been discussed by
Klauder, McKenna, and Woods,® using the infinite
tensor-product spaces introduced by von Neumann.’
Our discussion differs from theirs mainly in the
emphasis we place on the role of the coherent states.
We also define and discuss a certain nonseparable
subspace of the tensor-product space, which will
play an important role in our later discussions.

Although we are of course primarily interested in
the case of the electromagnetic field, our discussion in
this section will be more general. We assume that we
are given a one-particle Hilbert space X in which a
scalar product (f*g) is defined, and seek representa-
tions of unitary operators U(f) satisfying (14). In
fact, when we come to look for representations other
than the Fock representation, it is too strong a
requirement to demand that every operator U(f) be
represented. We shall require this not for all fe X
but only for those in some dense linear subspace
# of J. It will not be necessary at this stage to specify
# more precisely. In fact, however, for application
to the infrared problem, the essential feature of the
functions fe A4 is that they should vanish appropri-
ately at k = 0.

Now let {e,} be an orthonormal basis in J such that
each e, € A. For each feJ we denote by {f,} the
sequence of complex numbers f, = (e)f). For later
convenience we also define A* to be the dual vector
space to 4. Thus for each feA and ge #A*, the
“scalar products” (f*g) and (g*f) are well defined. In
particular, since e, € £ we can extend the representa-
tion by sequences from X to A*, and for each g € A*
define g, = (efig), although of course the sequence
{g,} need not be square-summable or even bounded.
Clearly also the scalar product may be represented by
the absolutely convergent sum (f*g) = >, f*g, . Note
that £ < X < A*. In our case A* will represent the
extended space of possible photon wavefunctions.

For each n, let J¢, be a Hilbert space on which an
irreducible representation of the commutation rela-
tions for a single degree of freedom

[an, a7] =1 (22)

is. defined. We denote the corresponding unitary
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operators defined for all complex numbers z by

U(2) = exp (a3z — z*a,). (23)
The vacuum state y,, € ¥, is defined by
a, Yo, = 0. 24)

We now recall the definition of the infinite tensor-
product space

Ko =T[®%,. (25)
To every sequence ¥ = {y,} of normalized vectors
y,€¥X,, |y,| =1, we assign a product vector

lvy =TI ® v

(The map from sequences to product vectors is not
required to be one-to-one. The conditions for the
product vectors defined by two sequences to be equal
will be specified below.) Two such product vectors
I¢) and |y) are equivalent, |¢) ~ |p), if and only if

211 = (¢, pa)l < 0. (26)

In that case, their scalar product is defined to be the
convergent product

(| v)= I;I(¢n’ Yn)-

27
Scalar products of inequivalent product vectors,
represented formally by divergent products, are
conventionally assigned the value 0.

Now consider the vector space X, consisting of all
finite linear combinations of product vectors, with
scalar product defined by linearity from (27). In order
to ensure that the scalar product so defined is positive
definite, two such linear combinations are defined to be
equal if their scalar products with all product vectors
are equal. Then the complete direct-product space g
is the completion of ¥, with respect to the norm so
defined. It is a nonseparable Hilbert space. However,
the closed linear subspace J€g () spanned by product
vectors equivalent to a given product vector |y) is
separable. (This space is called the “incomplete
direct-product space determined by |y),” although the
name is rather unfortunate since the space is complete!)

Let us now consider a sequence {U,} of unitary
operators, with U, an operator on J¢,. Then we show
that one can define a tensor-product operator

Ue=J]o®U, (28)
as an operator on Jg by its action on product
vectors,

U [I®v.=TI® U,v,. (29)
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Clearly the right-hand side is again a product vector.
To show that Uy defines an operator on X/, it is
enough to show that if

lp) =zlcf].—.[ ® Y =0,
1= n
then also Ug |p) = 0. But

0—<')U|1p Z,Z ckH(WmﬁWkn)

r
i E CTCk ]._.[ (Unwm > nwkn)

= |Us |9

(By convention, terms involving divergent products
are zero.) This shows also that on ¥, , Ug is unitary.
It can therefore be extended by continuity to a unitary
operator on .

Note that if |¢) ~ |p), then also Uy |¢) ~ Ug |p).
Hence Ug maps each incomplete direct product
space JCg(y) isometrically onto ¥ g (") with |¢') =
Ug lp). Only in special cases is it true however that
Ug ly) ~ |p). When this is the case, then Uy defines
a unitary operator on ().

We note also that if {U,} and {V’,} are two sequences
of unitary operators, then

I
M- 1

]

Va). (30)

We now define certain unitary tensor-product
operators. Let 1= {1,} be any sequence of real
numbers. Then we define?

Vo) = [ ® . (31)

If the series 3, A, converges absolutely, we denote its
sum by

) =2 4,. (32)
n

(This notation is consistent with our earlier notation

for scalar products.) In that case,

Vo(d) = e, (33)

However if the series >, |4,| diverges, then V(1) is
not a multiple of the identity operator on ¥4 . Even
in that case however, two sequences define the same
operator if their difference yields a series which con-
verges absolutely to zero or a multiple of 2.

Just as in the familiar case of a separable Hilbert
space, two vectors differing only by a phase factor
describe the same physical state, so here two vectors
related by one of these generalized phase transforma-
tions Vg(A) are physically equivalent. For Vg(4)
evidently commutes with all operators which can be
constructed out of the operators a, and a¥. Thus it
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would be reasonable to define the generalized ray in
X s determined by a vector |y) as the set of all vectors
of the form Vg(2)ly). Then each physical state
would be represented by a unique generalized ray.

Two product vectors |¢) and |yp) are said to be
weakly equivalent, |$) ~ ,|y), if and only if

Ve 19) ~ v,
for some A. The condition for this is that

In that case, V() maps ¥ g(¢) isometrically onto
Lo y).

Next, we define a unitary operator Ug(f) for each
f e A* (Note that we do not restrict f to belong to X.)
Let {f,} be the corresponding sequence, f, = (e} f).
Then we set

(34)

Use(f) =TI ® Un(f) (33
with U,(f,) defined by (23).

The multiplication law for the operators U,
together with the formula (30) yields for these tensor-
product operators the relations

VeWWVel) = Vol + u), (36)
Ve(Ue(f) = Ug(N)V oA, @37)
Us(NVUe(g) = Ug(f + )V oilf*s — £*fD, (38)

where of course }i[f*g — g*f] denotes the sequence
{(ilfFe, — g¥f.]}. In the case where the scalar
product (f*g) is defined, that is when f or g belongs
to 4, or when both belong to X, the corresponding
series converges absolutely, and
Ve(ilf*s — g*f1) = exp 2(g*%f) — (f*g)].

For vectors f € £ which are finite linear combina-
tions of the basis vectors e,,, Ug(f) lw) ~ |y) always,
and so Ug(f) defines a unitary operator, U(f) say,
on each of the incomplete direct-product spaces
¥ (w). Thus if we were interested only in such finite
linear combinations we could obtain a representation
of the canonical commutation relations in each such
space, since (38) clearly reduces to (14). For our
purposes however we need only a much more restricted
class of representations, which may conveniently be

described in terms of coherent states.
The vacuum state |0) € X is the product vector

10) =TI ® von- (39

For each fe A* we then define a coherent state, as in

(15), by

1) = Ug(f) |0). (40)

W. B.
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It is easy to verify that for two coherent states,
[/~ |g) if and only if the sum

(f*g — 1% — tg*g)
=2 (frgn — 21— Hlal (D)

is absolutely convergent. Their scalar product is then
given by

(flg) =exp(f*g — 3f*f — 3g%g). (42)

In particular, of course, |f)€Xg(0) =X, the
carrier space of the Fock representation, if and only
if fe X. On the other hand [f)~ ,|g) if and only if
the real part of (41) converges, that is if and only if
f—gek.

It will also be convenient to define the generalized
coherent states

I, &) = Ug(f)V e(A) 10)

for all fe A* and all sequences 4 of real numbers.
(Actually it is sufficient for our purposes to consider
only those sequences A which can be constructed as
linear combinations of sequences {f*g,} with f, g e
#A*.) The scalar product of two such states is

(fi 4| & w) = exp (J*g — 3/*f — dg*g — ik + ip),
44)

if the sum formally denoted by the exponent converges

absolutely, and is zero otherwise. It is easy to see that

If, &)~ ,lg, w) if and only if f— ge X, and that

|f, A) ~ |g, u) if and only if, in addition, the sum.
Gilf*g — g1+ 44—

converges absolutely.

Let us denote the closed linear subspace of X
spanned by the generalized coherent states by X;g.
This space depends of course on the choice of A*
or 4. It is clear that the operators Ug(f) and Vg(2)
map ¥r onto itself, and therefore define unitary
operators (which we again denote by the same
symbols) on this subspace. It is interesting to note that
if we had made the trivial choice £ = X = A*, we
would have obtained for J;y the subspace spanned by
vectors weakly equivalent to those of the Fock
representation.

It is easy to see that we have obtained a representa-
tion of the canonical commutation relations, that is of
unitary operators U(f) for all fe A on each of the
incomplete direct-product spaces ¥ g(g, 4) contained
in ¥ . For to prove this, we have only to show that
Ug(f)lg, A) ~|g, A), since we already know that
Ug(f) maps Xy(g, 4) isometrically either onto itself
or onto some other incomplete direct product space.

(43)
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But by (38)

(g, Al Ug(f) I8, ) = O] Ug(—g)Ug(f)U(g) 10)
= exp [—3(/*) + (8% —f*)). (45)

and each term in the exponent represents a finite
scalar product since feA. It follows that Ug(f)
defines a unitary operator U(f) on (g, 1), and that
the operators so defined satisfy the relation (14).
[They can moreover easily be shown to satisfy the
requisite weak continuity condition which allows the
generators (a*f) and (f*a) to be recovered via Stone’s
theorem?®.}

The operators U(f) define a cyclic representation
of the relations (14) on ¥ (g, 4), which is completely
characterized by the expectation functional (45).1!
In fact, since Ug(g) acts as a translation operator on @
and a* according to the formal relations

Ug(—8laUg(g) = a + g,
Ug(—gla*Ug(g) = a* + g%,
we may identify the representation on ¥4(g, 4) with
the Fock representation of the translated operators
a — g and a* — g*, with |g, 1) as the corresponding
cyclic “vacuum” state.

It is obvious from (45) that the representations on
K (g, A) for given g are unitarily equivalent for all 4.
Indeed, Vg(d) maps Kg(g) isometrically onto
X (g, ) and commutes with Ug(f). Moreover it is
easy to verify that the representations on ¥ o (f, ) and
Xe(g, u) are unitarily equivalent if and only if
|5 AY ~ ,lg, u), that is if and only if f — g € K. For
then Ug(—g) maps ¥ g(g) onto £y(0), Ug(g — f)
maps ¥ ¢ (0) onto itself, and U g(f) maps ¥ (0) onto
K 5 (f). Thus

Ug(NUglg — NVe(—8) = Ve(iil/*e — g*f)
maps Jy(g) isometrically onto ¥ (f), and induces
the unitary equivalence. (The unitary inequivalence
for weakly inequivalent | /) and |g) has been established
by Klauder, McKenna and Woods.?)

An interesting consequence of the interpretation of
the representation on Jg(g) as a Fock representation
of translated operators is the following. We know that
in the Fock representation on J¢(0) the operators
U(f) are defined for all fe X, not merely for fe £,
and that the corresponding coherent states (15) form
an overcomplete basis with the scalar products (19)
and the formal completeness relation (20). It follows
that for all fe X, the operators

Us@Ug(fNUg(—8) = Ug(N)V (" — f*g)
10 See for example, F. Riesz and B. Sz-Nagy, Functional Analysis

(Frederick Ungar Publishing Company, New York, 1955), p. 380.
11 H. Araki, J. Math. Phys. 1, 492 (1960).
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define unitary operators on Jy(g), and that the
corresponding states

Ug(g)Ug(f) 10) = |g + f, }i(g*f — [*8)) (46)

form an overcomplete basis in ¥ g(g) with the same
scalar product and completeness relation as (19)
and (20). Thus although the operators (a*f) and (f*a)
can be defined in all of these representations only if
fe#, we can nevertheless define operators which
play the same role for all fe X, namely ([a* — g*1f)
and (f*[a — g)).

We have so far defined these representations in
terms of the infinite tensor-product space J€ g, whose
definition rests on choosing an orthonormal basis in
J.. However, this is not the only way of defining ¥ .
Instead we can work directly in terms of the integral
which defines the scalar product in X. We now sketch
this definition.

It will be convenient at this point to specialize our
discussion by introducing a particular choice for .
Let A consist of those functions f'e J for which

(KR (k) < 0. (47)

(2 )32k°
Then A* may be identified with a set of equivalence
classes of functions fu(k) for which

_dk
(2 )32k° k° +1
[The denominator here is needed to avoid imposing
extra conditions on f,(k) for large k.] Of course, as in
X, two functions define the same element of A* if
their difference is proportional to &*.

Instead of sequences A of real numbers, we now
consider real measurable functions A. As before
[compare the remark following Eq. (43)], it will be
sufficient to consider a restricted class of functions,
namely, those which satisfy the condition

Fu®) f4(k) < o (48)

1Ak)] < oo, (49)

f dk

2m*2k° k° +1
although it is not really essential to impose this
restriction. Then for each such function 4 and each
feA*, we introduce a formal vector |f, 1). We say
that two such formal vectors are weakly equivalent,
|fs A) ~ ,lg, w), if and only if f — g € X, and equiv-
alent, |f, 2) ~ |g, u), if and only if, in addition, the
integral

Gilf*g — g1+ 4 — #)
~ f Gy B 1008200

~ £, W] + Ak) — uk)} (50)
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converges. If they are equivalent, their scalar procuct
is given by (44), where the formal exponent now
denotes an integral, while if they are inequivalent it is
zero.

Next we consider the vector space ¥y comprising
all finite linear combinations of these formal vectors,
with scalar product defined by linearity, and finally
we define ¥ to be the completion of this vector
space. The only problem in carrying through this
program is that of proving that the scalar product so
defined on JCy is positive semidefinite. (That it is
positive—definite is then a matter of definition. For,
all vectors of zero norm have zero scalar products
with all other vectors and are by definition the zero
vector.) In fact, however, we can reduce the problem
to a triviality. Since the scalar product between
inequivalent vectors vanishes, it is sufficient to
consider linear combinations of vectors chosen from
one equivalence class, say that of |g, ). But there is a
transformation between the vectors in the equivalence
class of |0) and in that of |g, #) under which scalar
products are preserved, namely,

s 2 —lg + /i 4+ p + Hlgf —f*¢D). (51

Thus it is sufficient to prove the resuit for linear
combinations of the basis vectors |g, 0) with g € XK.
But this amounts simply to a verification of the
positive definiteness of the scalar product in the usual
Fock representation.

Having defined J¢;5 in this way we can of course
define the unitary operators Ug(f) and Vg(4) by
(43) and (36)-(38). In particular this defines a represen-
tation of the operators U(f) for f€ #£ in each of the
subspaces H.5(g, #) spanned by vectors equivalent to
a given |g, u). The properties of these operators may
be established as before.

4. INTERACTION WITH A CLASSICAL
CURRENT

We now wish to discuss the problem of the electro-
magnetic field interacting with a prescribed c-number
current distribution J#(x) according to the equation

0,0"4,(x) — azAu(x) = J, (), (52)
where of course the current must be conserved,
9,J*(x) = 0. (53)

If J#(x) were confined to a finite region of space-
time, then we could solve (52) by standard methods
and obtain a unitary S operator defined on the
Hilbert space of the Fock representation. However if
it does not vanish for large times, the S-matrix
elements so calculated would be infrared divergent,

T. W. B,

KIBBLE

which means that the interaction is capable of taking
us out of this space (in the sense that the in-field and
out-field representations are unitarily inequivalent),
and we must work instead with the nonseparable
Hilbert space ¥y .

We define the Fourier transform of the current to be

JH(k) = f dxe~ %2 1n(x) (54)
and its mass-shell restriction as
(%) = J*({k|, k). (55)

We suppose that j does not belong to X, but that it is
restricted by (48) and so belongs to A*. (We also
later require a restriction on the off-mass-shell part of
J. Both conditions will be fulfilled for physically
reasonable currents.)

Let us now consider the S-matrix element between
two generalized coberent states,

(f, Aout| g, p,in),

— < A [out qut}> (56)

where the subscript J denotes the presence of the
external current.

The simplest way to compute this matrix element is
to use the variational derivative technique developed
by Schwinger.!2 The variational derivative with respect
to the external current is given by

J| s ]g, w

—— (f, A, out | g, g, in);

= Kf, 4, out] 4,(x) |g, , in);. (5T)

The solution of (52) with appropriate boundary
conditions (in the radiation gauge) is

A“(x) - A}‘ll(-)-)(x) + A:\lt(-—)(x)
+ f dyDEC

5-1“( )

x — (), (58)

with

lk tz—y)

RG( __
DRY(x — y) = f(”y,.v() -,

— le€

where y,,(k) is again defined by (4) and (6), but for
k2 # 0. [Of course it no longer satisfies (3).] Inserting
this expression in (57) and integrating, we obtain a
formal solution

(f, 4, out| g, g, in),; = (f, 4, out | g, u, in),
X exp i{ f dx ()G (x) + J" dxFO(004(x)

+ % f dx dyJ*(x) DES(x — y)J“(y)}, (59)

127, Scliwinger, Proc. Natl. Acad. Sci. U.S. 37, 452 (1951).
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where F,(x) and G,(x) are the classical fields defined
in (18), and the constant of integration has been
identified with the value of the matrix element for
J =0, given by (44).

The formula (59) has only a formal significance
because of course the various factors may all diverge.
However we can give it a meaning by adopting a
suitable convention. Any expression of this form is to
be written as the exponential of an integral over x or %,
and all terms are to be summed before doing the final
integration. Then if this integral converges (whether or
not the integrals of individual terms do so) it yields
the required result. If it diverges, the result is zero.
This convention is obviously consistent with our
treatment of scalar products of coherent states in the
preceding section. Moreover it is also consistent with
the intention of finding a solution to (57) and (52);
for one can verify these equations a posteriori.

Proceeding with this program, we now transform
the exponent of (59) to momentum space. In virtue of
the conservation equation (53), we may replace
DBS(x — y) in the last term of the component by
guvDF(x - y)s with

Dp(x ~ y) =f

dk eik-(m—y)
Qmtk® — ie

Then we can separate the real and imaginary parts of
this term in the form

i

JH(—k k
(2 )4 JH(—~ ) ,.( )
i dk JH—IJ,(k) e
Qmt K .[ Gz i B ®
= i(0) — 3(*)), (60)

say, where (o) is a principal value integral and there-
fore real.

It follows that the complete expression for the
matrix element (56) is

(fs &, out| g, u, in); = exp (f*g — 3/* — ig*g
+ if*j + ij*g — 4j* ~ id + iy + io). (61)

This is very similar in form to the results obtained by
Chung.® The matrix element is nonzero if the integral
represented formally by the expression in parentheses
converges, and zero if it diverges. One remark about
the notation here is perhaps needed. The parentheses
signify of course an integration over all 3-momenta k.
Thus in order to accommodate the quantity o within
this scheme, we have to assume that the integration
over k° is performed first, leaving as a term in the
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final integrand the function

di JH= 1), (1)
27 k? )

alk) _

21K (62)

We assume that J* is so restricted that o belongs to the
class of functions defined by (49). Separating the real
and imaginary parts in the exponent of (61) we
obtain

(f, 2, out| g, u,in),
=exp (—3[/* —g* + §* I/ — g —ij]
x exp i(3ilg*f — f*gl + [jY + /]

+ 4j*e + 81— A+ p+ 0l (63)

Thus we see that for a given initial state the possible
final states belong to the weak equivalence class
specified by g + Jj, and that within this class one can
always find one and only one equivalence class for
which the value of A is such as to make the imaginary
part of the exponent converge.

We can express the result (61) or (63) in a much
more transparent form. For comparison with (44) and
(56) shows that

g, u, in) = S(J)|g, pu, out)

= |g + i, 4[j*g + g*1 + u + o, out).
(64)

Thus we see that the scattering operator S(J) defined
on the nonseparable Hilbert space J¢;z maps coherent
states onto coherent states. Indeed it can be identified
with one of the operators we have already introduced.
It is easy to verify, using (38), that the same transforma-
tion is induced by the operator

SU) = Ugi)Vo(0).

The physically important factor here is the first one,
which depends only on the mass-shell part of the
current. The second factor represents a generalized
over-all phase factor and may in fact be dropped in
this case. (However, in the case of interaction with a

(65)

‘quantized field, the corresponding factor is a function

of the external momenta, and cannot be dropped.)

It is interesting to note that we can rewrite (65)
formally in a more familiar form in terms of the in or
out fields,

S(J) = exp if

la " (K)j*(k) + j**(K)al (k)]

dk  JH(—k)J (k)
@»)" k? ’

dk
(27)° (k|

X exp §i
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or, returning to coordinate space,
S(J) = exp ifde"(x)A},n(x)

x exp 31 [dx dy (DG = 00, (66)

where of course D is the Fourier transform of the
principal-value function 1/k?,

This is just the result which would be obtained by
a naive and straightforward calculation. However it
has now been given a precise significance even in the
case where the integrals involved are divergent.

5. DISCUSSION

We have shown that one can define a nonseparable
Hilbert space J;x which contains all the photon
states which are relevant to the infrared problem, and
that for any classical current satisfying physically
reasonable restrictions, a unitary S operator may be
defined on this space. The space Jrz decomposes
into the direct sum of uncountably many separable
Hilbert spaces, in each of which the representations
of the canonical commutation relations for both the
in and the out fields are irreducible, although in
general unitarily inequivalent (since § maps one such
space onto a different one).

We recall that the vectors in J¢;x contain a physi-
cally irrelevant label 4 which serves to distinguish
between different equivalence classes within a weak
equivalence class. Any physical state may be repre-
sented by any one of a large class of different vec-
tors, namely those belonging to a “generalized ray” in
Xy . For consistency we must of course require that
the physical results for such quantities as transition
probabilities be independent of the choice of a vector
from its generalized ray. That this is indeed the case is
ensured by the fact that the S operator commutes with
the operators ¥ g(4) which induce generalized phase

. KIBBLE

transformations. Thus if we alter the choice of the
vector representing the initial state, the vector rep-
resenting the final state also changes, but in such a
way as to correspond to the same physical state. If we
wish to compute the transition probability between
given initial and final physical states we may choose
any vector representing the initial state. Then, if the
transition probability is nonzero there will be some
vector representing the final state which has a non-
vanishing matrix element with the chosen initial state
vector, although there will of course be other such
vectors with zero matrix elements. The transition
probability is then the squared modulus- of this
particular matrix element. We can rephrase this
statement as follows. If we choose arbitrary vectors
|i, in) and |f, out) representing the initial and final
states, then we have to find a value of A for which

(f, out| Vg () [¢, in)

is nonvanishing. When we have done this, the transi-
tion probability is given by the square of the absolute
value of this matrix element. More briefly, what we
have shown is that one can drop infinite-phase factors
represented by Vg () just as one can drop finite phase
factors. (Of course, if we want to consider states which
are linear combinations of the basis states, we can
only drop an over-all phase factor in the complete
matrix element, retaining the relative phases). For
transition probabilities between coherent states, this
observation provides a justification for the methods
used by Chung.®

In a subsequent publication we intend to discuss the
problem of the interaction of the electromagnetic field
with other quantized fields, along similar lines,
choosing asymptotic states from the Hilbert space
Xr @ X,, where X, describes the charged-particle
states.
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Recently we developed a matrix formulation of nonequilibrium statistical mechanics which we applied
to dilute gases (nr§ « 1) and to small momentum transfer interactions (¢o/kT « 1). We now show
that the matrix formulation of the nonequilibrium equations can be extended to the Bogoliubov gas
($o/kT = 1/nr§ K 1). The asymptotic behavior is calculated for times long compared with the plasma
frequency for: (i) the probability distribution functions, and (ii) the Mayer correlation functions. The
collision integrals that determine the higher-order kinetic equations for the Bogoliubov gas are thereby
constructed. The calculations performed directly with the nonlinearly coupled Mayer functions are
shown to be equivalent to those performed with the linearly coupled probability distribution functions.
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In lowest order our theory coincides with a result obtained previously by Bogoliubov.

1. INTRODUCTION

The BBGKY hierarchy of equations of nonequilib-
rium statistical mechanics has been formulated in
matrix notation.! This technique makes it possible to
investigate in detail the solution of these equations to
all orders in a perturbation parameter. In a neutral
short-range gas the natural small parameter is the
number of particles in an interaction sphere. The
short range of the interactions means that binary
collisions will dominate over multiple collisions in
determining the time evolution of the single-particle
distribution function. The lowest-order result is then
the Boltzmann equation. Density corrections should
involve multiple-particle interactions. We have shown
previously? that, in the perturbation solution for the
dilute gas, the asymptotic behavior of the s-particle
distribution function is a polynomial in time. The
lowest-order term in the expansion (i.e., the linear
secularity for the single-particle distribution function)
is the Boltzmann collision integral. Higher-order terms
identify the contributions from multiple collisions
needed for density corrections. Similar considerations
for the Landau gas® (fairly dense, but dominated by
small-momentum transfer binary collisions) have
yielded similar results, with the linear secularity
yielding the Landau collision integral.

In this paper, we extend our technique to the

* This work was sponsored by the Aerospace Research Labora-
tories, Office of Aerospace Research, United States Air Force.

t Present address: Aeronautical Research Associates of Princeton,
Incorporated, Princeton, New Jersey.

1 P. Goldberg and G. Sandri, Phys. Rev. 154, 188 (1967); 154,

199 (1967).
? A. Kritz, S. Radin, and G. Sandri, Phys. Rev. 155, 101 (1967).

Bogoliubov regime, i.e., the regime appropriate to a
gas of electrons in a neutralizing positive background.
The interaction is that of Debye-shielded collisions
with small momentum transfer. Since the Debye
shielding is the result of collective effects, it is clear
that s-electron distribution functions must be con-
sidered. We thus consider the perturbation expansion
of the s-electron distribution function in powers of the
plasma parameter. However, since the BBGKY
hierarchy of equations for the distribution functions
does not allow a systematic decoupling, it has been
useful to use a Mayer expansion to express the distribu-
tion functions in terms of the correlation functions.
This yields another hierarchy for the correlation
functions. The perturbation expansion for the
correlation hierarchy is also considered.

The perturbation expansion in the Bogoliubov
regime is considerably more complicated than for the
Boltzmann or Landau regimes because of collective
effects. We are able, however, to carry out the
perturbation solution, as in the previous cases, and
again obtain asymptotic behavior (for both the
distribution functions and the correlation functions).
The coefficients of the secularities are simply charac-
terized. The lowest-order term coincides with the
Lenard-Guernsey-Balescu collision integral.® Our
results depend on: (i) an expansion theorem for the

3 N. Bogoliubov, in Studies in Statistical Mechanics 1 (North-
Holland Publishing Company, Amsterdam 1962); A. Lenard,
Ann, Phys. (N.Y.) 10, 390 (1960); R. L. Guernsey, Ph.D. thesis,
University of Michigan (1960); R. Balescu, Phys. Fluids 3, 52 (1960);
for a discussion of these and other derivations, see T. Y. Wu,

Kinetic Equations of Gases and Plasmas (Addison-Wesley Publishing
Company, Reading, Mass., 1966).
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propagation function that includes the polarization of
the medium (Sec. 2), and (ii) a general equivalence
theorem that allows us to express the higher-order
collision integrals through either the distribution
functions or the correlation functions.

The secular behaviors of the distribution functions
are obtained in Sec. 2. In Sec. 3 we show that the
molecular chaos initial condition yields directly the
zero values usually assumed for certain low-order
correlation functions. The secular behavior of the
correlation functions is obtained in Sec. 4. OQur
equivalence theorem implies that calculations for the
Bogoliubov plasma may be carried out through the
linearly coupled distribution function hierarchy rather
than through the more usually used nonlinearly
coupled correlation function hierarchy.

2. SECULAR BEHAVIOR OF ELECTRON
DISTRIBUTION FUNCTIONS

The BBGKY equations for the distribution func-
tions can be rewritten in the form of a single matrix
equation.? Since this formulation allows us to treat
the distribution function for s electrons on equal
footing with the distribution function for any other
number of electrons, we refer to the matrix equation
as the cluster equation. If the cluster equation is made
dimensionless by employing for units of length, time,
and potential energy those units which characterize,
respectively, the range of interaction (ry), the duration
of the collision (7,), and the mean potential during the
interaction (¢,), the resulting equation contains two
nondimensional parameters. These are ¢o/kT and
nry, where T is the temperature, and » is the number
density. The quantity ¢/kT is a measure of the
strength of the interaction, and nrd is a measure of the
diluteness of the electron gas.

For a plasma, the range of interaction is the Debye
length, i, = (kT/4wne’)}, and the duration of the
interaction is, on the average, the Debye length
divided by the thermal velocity, i.e., 7, = w}!, where
w, is the plasma frequency. Since the electrons
interact over a distance of the order of the Debye
length, the unit of interaction energy ¢, is taken as
e*{A;,. The two dimensionless parameters are thus
related in a plasma, yielding a single small parameter

€= ¢o/kT = (nip)* K 1. Q.1

We use this parameter to establish a perturbation
solution of the cluster equation. Using molecular
chaos as the initial condition, we investigate the
behavior of distribution functions for times long
compared to the duration of a collision. We are able
to deduce the asymptotic form of the expanded
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distribution functions by extending to a plasma the
previously derived necessary and sufficient conditions
for secular behavior.?

The cluster equation is given by

%Ii + (K — L)F = €IF,
where F is a column matrix whose s element is the
s-body distribution function F*. The operator matrices
K and [ are diagonal and of infinite order when we
allow the number of particles to become infinite. The
(s, 5) element of the K and I matrices are given by

22

=2v'V, (2:3)
i=1
and
18 = I"j ) (2.4)
1Si<y<s
where
I;; = Vi¢i1 * Vv;- + V:'?Su "/ (2.5)
The dimensionless plasma potential ¢,(Ix; — x,|) has

been normalized by ¢, = /4. The L matrix is also
of infinite order, but has the nonzero elements L* only
at the (s, s + 1) locations:

Z L= jdxs+1 Wi lign-  (2.6)

The expansion in e of the matrix distribution
function is given by
F=3 ¢F
v=0
When Eq. (2.7) is substituted into Eq. (2.1) and terms
proportional to € are equated, the following matrix
recursion relation results:
aai + (K = L)F* = [F*
We investigate the long-time evolution of the column
matrix F. The long-time behavior of F” will be denoted
by F*’, and the symbol ~ will be used to mean “is
asymptotic to.” Therefore,

F¥ ~ F**, 29
In obtaining the asymptotic behavior of F* we assume
that the expansion of F is uniform. Consequently, we

require that for large times (measured in units of the
duration of a collision), F” is time independent; i.e.,

OF”|3t ~ 0. (2.10)

Equation (2.10) contains the physical condition that
the system approach equilibrium for large time.
However, when F** is determined by direct perturba-
tion theory, we find that Eq. (2.10) is violated. A main
purpose of this paper is to understand the exact nature

Q2.7

(2.8)
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of the violation so that a method more sophisticated
than direct perturbation (for example, the method of
extension?'?) can be applied to solve Eq. (2.1) in such
a manner that the physical conditions for equilibrium
are, in fact, satisfied.

In obtaining the steady state solution to Eq. (2.18),
we utilize the following operator identities:

C*i(K — L)) = > L4 = f dte B (2.11)
A=0 0

where

I ={*(K)I; L={*(K)L (2.12)
and forv > 1,
II S 141 =3 {LTL (2.13)
i=1 4,;=0 i=0

We have introduced the notation of the curly brackets
to represent the sum over all possible distinguishable
sequences in which the L operator appears i times
and the I operator » — I times. The sum does not
reduce since the operators do not commute. It is
worth emphasizing the significance of the result given
by Eq. (2.11). The integral operator L in the argument
of the propagation function {* represents the collec-
tive shielding effects (polarization) in the charged gas,
and introduces only minor complications when our
matrix approach to the BBGKY hierarchy is applied
to a Bogoliubov plasma.

Employing the identities given in Egs. (2.11) and
(2.13), we find that for a spatially homogeneous
plasma the steady-state solution of the recursion
equation (2.8) is

F¥(1) Ni {LT"1JIF0), »>1, 2.19)

where we have used the result obtained in Appendix A,
Fo(t) = F(0). Molecular chaos has been taken as the
initial condition so that the s element of the column
matrix F(0) is

F(0) = F*%0) = Qf‘:,

where f? is the zero-order one-particle distribution
function for the ith particle. We show in Appendix B
that Eq. (2.14) does express the proper result for
F1* although not all the terms in Eq. (2.8) are nonzero
for the first (s = 1) element. (/' = 0 and KF'* =0
since the plasma is homogeneous.)

In our previous analysis of the asymptotic behavior
of the expanded distribution functions for a dense gas,
the necessary and sufficient conditions for secular

* G. Sandri, in Proceedings of the Second Symposium on Nonlinear
FPartial Differential Equations, Delaware, 1965, W. Ames, Ed.

(Academic Press Inc., New York, 1967).
% G. Sandri, Ann. Phys. (N.Y.) 24, 332, 380 (1963).
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behavior were presented.? It was shown that the
expanded distribution functions grow in time when
the propagation operators (*(iK) act on space-
independent functions. The space-independent func-
tions can be classified in terms of “generalized
collision integrals” A. These integrals represent the
general class of functions in which L;; acts on a
function of x,;, i.e.,

AF(©0) = L GKIx)F©),  (215)

where 3(x;;), the effective interaction operator, is a
sequence of operators in which at least one 7,; must
appear, in which L does not act on a free particle or a
space-independent function, and which depends on
position only through x;;. The simplest form of A is
the Landau collision integral which corresponds to
the phase mixing of two particles that have undergone
a completed collision. In Appendix C we consider the
simplest form of A which, for the Coulomb potential,
is precisely the Landau collision integral. Further-
more, we show that this integral can be expressed in
the Fokker-Planck form
In general, A corresponds to the phase mixing of
two particles that have undergone a number of
collisions. The function A contains a minimum of one
I and one L operator. The term proportional to z»
arises when the function {*A occurs » times. Thus, in
order to have a secularity of order n, a minimum of
n I’s and n L’s is required. Utilizing this requirement,
we find that Eq. (2.14) can be written as a power
series in time,
v
F'~3 Ct.

i=0

(2.16)

Note that the secular behavior is independent of the
cluster index. The secular behavior of F* exhibited in
Eq. (2.16) is directly responsible for the irreversible
behavior of the plasma. It is the growing terms that
describe the changes which occur during the relaxation
of the plasma to equilibrium.

3. EQUIVALENCE OF INITIAL MOLECULAR
CHAOS AND STANDARD ORDERING OF
CORRELATION FUNCTIONS

In the previous section we investigated the pertur-
bation solution of the hierarchy equations for the s-
particle distribution function. In particular, we
determined the secular behavior of the individual
terms in the plasma parameter expansions of the
distribution function. This is an essential step in
obtaining corrections to the lowest-order one-particle
distribution function. However, the lowest-order
plasma Kkinetic equation (the Lenard-Guernsey—
Balescu kinetic equation) is not derived systematically
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from the hierarchy for the distribution functions F°,
but instead, from the hierarchy for the correlation
functions g*.3 The correlation hierarchy is obtained by
substituting the Ursell-Mayer relations for F* in
terms of g° (given in Appendix D) into the hierarchy
for F®. The correlation functions are then expanded
in power series in the plasma parameter. In order
to be able to systematically decouple lower-order
equations, a set of correlation functions is taken to be
identically zero. This allows derivation of the plasma
kinetic equation in lowest order. The justification for
this ordering is based on an analogy with equilibrium
results. We demonstrate below that the vanishing of
this set of correlation functions is a direct consequence
of using molecular chaos as the initial condition.

The hierarchy of equations for the correlation
functions is

ags 8,8 8,8 < s—k
—5—+Kg —el'g’—e 3 1D g8
t 1<i<j<s k=l

8 8
= Lg*' + glLi,s+l glgz)g?:il_)ks 3.1
where gl gi;* means all possible products of k-
partncle and (s — k)-particle correlation functions
formed from the s particles, and in which particle i
is in g}, and particle j is in g{;;*.¢ If now the expansion
in the small plasma parameter € given by

gF=eg" 3.2

v=0

is substituted into Eq. (3.1) and coefficients of e’
are equated, we obtain

(a + Ka) Lsgs+l,v
ot
- ZlLt s+12 Z g g
8—1 v—1 1
=rg+ 3 1,3 3 elen T ()
1<i<j<s k=1 m=0

To solve this set of differential equations, we require
the initial values of the correlations. From the
expressions for the correlation functions in terms of
the distribution functions given in Appendix D, it
follows that as a direct consequence of molecular chaos

g*(0) = {f 0) s=1 and »=0

34
0 otherwise. 34

We solve Egs. (3.3) for g*¥ (v < s — 2) using the

8 M. Green, in Lectures in Theoretical Physics, W. E. Britten,
B. W. Downs, and J. Downs, Eds. (Interscience Publishers, Inc.,
New York, 1961), Vol. III.
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initial conditions of Eq. (3.4). It is seen that the set of
equations for g*¥ (» < s — 2) contains correlation
functions of the form g** (v < s — 2). Thus, the set
of equations for g*¥ (» < s — 2) is decoupled from
the rest of the hierarchy, and may be solved separately.
We solve this set of equations for the initial condition
of molecular chaos and obtain

g’ =0 for v<s5s—2. (3.5

This is precisely the set of correlation functions noted
above as being taken identically equal to zero by
analogy with the equilibrium results.

To obtain the result expressed in Eq. (3.5) we use an
induction method. We first consider the equations
for » =0, s > 1 and show that Eq. (3.5) holds for
this case. Using this result, we then consider the
equations for v = 1, s > 3 and show Eq. (3.5) holds
for this case also. Finally, we demonstrate that, if Eq.
(3.5) is valid for v = n — 1, it is valid for » = n, thus
completing the induction proof of Eq. (3.5).

A. Case vy =0,5s>1

From Eq. (3.3) we observe that the zero-order
correlation functions are decoupled from the remainder
of the hierarchy:

agso
ot

8 s—1
+ K — B = 3 L 3 gl = 0.
=

(3.6)

Applying the initial conditions on the g** given in
Eq. (3.4), we obtain

og™’

ot

Now, differentiating Eq. (3.6) with respect to time,

and applying initial conditions on g*° and dg*°/o¢
for s > 2 we find

=0. (3.7)

=0

az ga,o

ot

= 0.

t=0

3.9)

Clearly, this procedure can be continued with the
result that the initial conditions require that g*® and
all derivatives of g*° are initially zero for s # 1.
Consequently, g*° must remain zero for all time, i.e.,

g% (t)=0 for s 1. 3.9)

The case s = 1 requires special consideration since the
initial condition on g'° is nonzero. It readily follows
that

gro(t) = g»%0) =f°(0). (3.10)
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B.Case v=1,5 >3

Using Eq. (3.9), we find that when » = [, Eq. (3.3)
reduces to, for s > 3,

agsl

+Kssl
ot

Ls gs+1,1

3,1 1,0

- ZlLi,sH[g%;?gf;in + giighinl = 0. (3.1D)

We again can calculate all time derivatives of g*!
(s > 3) at the initial time by successive differentiation
of Eq. (3.11) and substitution of the initial conditions.
We find that all derivatives and the function are zero
initially so that

gl =0 if s>3. (3.12)

C.Case v=n,5s>n+2

The above procedure may be carried through to
higher ». We assume

g t)=0 if s>n+1 (3.13)
and demonstrate that Eq. (3.13) implies
grt)y=0 if s>n+2. 3.19)

Substituting Eq. (3.13) into Eq. (3.3) for s > n + 2,

we find that the only remaining terms are

ags s N
ot

+K8 8,

Lsgs+1,n

- Z L, s+1[g(z} 8(s+1} + g(z} g(s+1}] =0. (3.15)

If we evaluate the derivatives of dg*"/dt (s > n + 2)
at ¢t = 0 as above, we find that all derivatives are zero.
Consequently, Eq. (3.14) is valid.

Clearly, n is entirely arbitrary so that Eq. (3.5)
follows for arbitrary ». This result has been obtained
from the correlation function hierarchy using only the
initial conditions on g** [Eq. (3.4)] deduced from the
molecular chaos initial condition on the distribution
functions [Eq. (A3)]. Thus, we conclude that the
standard assumption of setting certain correlation
functions identically zero is equivalent to using
molecular chaos as the initial value of the distribution
functions.

It is worth pointing out that the induction demon-
stration given in this section is based on the fact that
the equations for the Mayer correlation functions are
first order in time. Thus, the Cauchy-Kowalewski
theorem can be applied even though the equations are
nonlinear as far as their g dependence is concerned.?

7 R. Courant and D. Hilbert, Methods of Mathematical Physics
(Interscience Publishers, Inc., New York, 1962), Vol. 2, pp. 39-56.
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4. SECULAR BEHAVIOR OF THE CORRELA-
TION FUNCTIONS

In Sec. 2 we determined the secular behavior of the
electron distribution functions employing molecular
chaos as the initial value. We then obtained the
equivalent initial value statement for the correlation
functions in order to demonstrate that the result
expressed by Eq. (3.5) is a consequence of the initial
condition of molecular chaos. Using Eq. (3.5), we
now derive the secular behavior of the correlation
functions. We show below that the correlation func-
tions can be expressed as a sum of a special class of
terms, that is, terms whose graphical representation
contains only “connected’ graphs.! This knowledge is
utilized in determining the secular behavior of the
correlation functions. We also demonstrate that the
long-time behavior of g*, obtained from the correlation
function hierarchy, is identical to that deduced from
the asymptotic solution for F*. This result is obtained
using the expressions for g* in terms of F* given in
Appendix D.

The hierarchy for the expanded correlation func-
tions, Eq. (3.3) takes the following form when the
substitution m" = m — k + 1 is made, and the result
given in Eq. (3.5) is utilized:

0
(it )
s—1
— Ls s+1,v + 2 L1 o1 z g?l)]c—lg?:il—}k,v—k+l

s—1 v—s+l
k,m+k—1_s+1—k,v—m~k+1
+ z Lz s4+1 z z g(t} g(s+1}

k=1 m=1
§—1 v—s+1

+ Isgs,v—l + z 1”2 z gl{cl}m+k —1 s—l v——m—k,

1<i<3<s k=1 m=0
4.1

where we have dropped the primes from the m’s.
Equation (4.1) has been arranged so that all g*V
functions are on the left, and all other correlations are
on the right. Inspection of Eq. (4.1) indicates that
interdependence of the correlation functions can be
represented by the array shown in Fig. 1. A given g
depends on all those g*# which lead to it by arrows.
Thus, g'! depends on g¥? and g1, and g2 depends

8
1,0 s,
Z Li,s+lg{i} g?sv-}—l}

glo_,gu_,glz_,gm...

TNGT ON\T

gZ »1 _>g2 2 _>g2 .3 .
U
g4,3 PR

F1G. 1. Dynamical coupling of Mayer correlation functions.
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on g¥2, g?1, gl and g0 To solve Eq. (4.1), we
first fix » — s = —1 and increase s starting from
s = 1. Secondly, » — s is increased in integer steps,
and the process is repeated.

A. Case y —s = —1

Upon elimination of the index », Eq. (4.1) reduces
to

0 2 < -
(é_t + Ks) gt — 21 Ly 1808030

8 8—1
=3 Ly 3 84 B
s—1
+1 <i§i < aI” Icglgﬁ!}k_lgf;)k’s—kvl. (4 2)
For s = 1, Eq. (4.2) yields
d
Yy g’ — Lypgi%2:° = 0. 43)

We have assumed that the plasma is homogeneous so
that g?, which is the one-body distribution function, is
space independent. Since L! operating on a space-
independent function is zero, we observe that g!:® is
constant in time,

g"°(1) = g"%0). (4.4)
For s = 2, Eq. (4.2) becomes
a 2
(a_t + KZ) ght— ;Li,ag}i;)g{zzi}l = I,21%". (4.5
The asymptotic solution for g2 then is
g™t ~ [i(K® — T8t 83", (4.6)
where
i — I = [T 0
0
=A§o[c*(iK2)F2]A§*(iK2) (4.7)
and B
415 = L13gi°Ass + Lysgi4ys. (4.8)

A, is any function of particles 1 and 2. Employing the
expansion for {*[i(K? — I'?)] given in Eq. (4.7), we
obtain
g™ ~ ¥ (K ,g1%g3° + L* (KM * (1K) g1 g3
+ (HGROTH KT K 1sgh °gh + -+
4.9)

I 2

F1G. 2. Zero-order shielding contribution to the two-electron
correlation.
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X
i +
2 3 |

F1G. 3. First-order shielding contribution to the two-electron
correlation.

H

I3 2

We prove below that this expression, expressed in
graph form, contains only connected graphs.

We employ the following graph notation. An
undirected vertical line (no arrow) represents a free
particle; a directed vertical line represents the
propagator operator {*(iK); a horizontal line, the
interaction operator I2, and a horizontal line with a
cross, the phase-mixing operator L!, the cross
indicating the particle which is averaged. By a con-
nected graph we mean that there is a path that
connects all vertical lines. The first term on the right
side of Eq. (4.9) is represented by the connected graph
given in Fig. 2. The second term

C* KT (IK®) 0815
= C*(iKz)[L13~gi'°{*(iK2)I%g;’°g§’°
+Lzsgé'ol*(iK2)113g}’°g§’°] (4.10)

is given by the two connected graphs shown in Fig. 3.
The representation of the third term on the right side
of Eq. (4.9) contains graphs of the form given in Fig. 4.
Again, these are all connected graphs.

Now, consider an arbitrary term in the expansion.
The first two particles, reading from right to left, are
connected by an 7; interaction term. To this point the
graph is connected. The subsequent application of I'?
brings in a new particle which interacts with a particle
previously present through a phase-mixing (L)
operation (with the averaging process over the new
particle). This once again produces a connected graph.
Further I'? terms just add more particles in a similar
manner, always with a phase-mixing interaction
between the new particle and one previously present,
phase averaging over the new particle. Thus, all the
terms in Eq. (4.9) are represented by connected graphs
since all the vertical lines are connected by horizontal
lines (interactions). That g2! is represented by only
connected graphs can also be seen by a counting
argument. There is always one I;; and (n — 2) L,,’s
in a term containing n particles. This is a total of
(n — 1) interactions, and since by our arguments, no

| 2 i 2

F1G. 4. Second-order shielding contribution to the two-electron
correlation.
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interaction occurs between the same two particles as
any other interaction, these (n — 1) interactions
exactly connect all the vertical lines.

For s = 3, the asymptotic solution of Eq. (4.2) is

@ 3
g = go[c*(iK3>F31Ac*<iK3>[gl Ly .ghleh

+ 3 _Letel + g%z;g%;-‘}’)], 4.11)

1<i<j<

where
| A PP
— 1,0
= Ll,n+1g1 Aszse.n
1,0
+ L; 1183 4124

+ L2,n+1g;’0Al3 LR 3
+- -+ Ln,n+1g}{0A1 ceepel
(4.12)

Since g2! has been shown to contain only connected
graphs, the operators L; and L; simply connect
products of correlation functions, producing connected
graphs. By our previous discussion of the effect of the
I' operator, we see that the I'® operator operating on
connected graphs yields only new connected graphs.
Thus, g*2 is represented by only connected graphs.

Consider the case s = n. Clearly, the argument
presented above may be continued to include all
correlations for which s — v = —1 since the right-
hand side of the equation for g""!, by Fig. I,
depends only on terms previously shown to be con-
nected. We show that if g**? (s < n — 1) contains
only connected graphs, then g™"! also contains
only connected graphs.

The steady-state solution of Eq. (4.2) with s = n is

x n—1
£ = SR 3 Lo 3 g gl
n—1
+ 2 ngZ‘J“‘g{;,"”""H]. (4.13)
1<i<ji<n k=1

Note that gk}, gr kb »*, and gfy* %1 all contain
only connected graphs by our assumption. Further-

more, L, .  ekflgp-kiln—k is a connected graph
since L, , connects two connected graphs, and

I;gh¥1gir® %1 is a connected graph because I
connects two connected graphs. The I'* terms then
act on connected graphs. Since, by the arguments
presented in the discussion of g2, the effect of the I'"
operator is to bring in another particle and connect it
to the particles already present, we see that g™n!
contains only connected graphs. Clearly, » is arbitrary,
and so we have shown that g** is represented by
only connected graphs.

The asymptotic expression for g**~1 is not secular,
i.e., g**7* does not contain any time-dependent terms.
This is true since to have a secularity we must have an
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L,; operator acting on a function of x;; as exhibited in
Eq. (2.15). However, this cannot occur because all
graphs have been shown to be connected and because
there are only exactly the correct number of inter-
action terms (L, and I,,,,) to connect all the particles
without any two particles being connected more than
once. Thus, I, cannot precede an L, acting on the

same pair.
B. Case v —s =0

Let us now consider Eq. (4.1) for v = s:

2
(at

38
+ Ks) g — 2 Li,s+1g}é§’g?;iu

81
=Lg™™ + 2 Lisn 2 80 gaw
2 R,k 1-k,s—k 1
+ Z L, s+12 g(z’)g(?;ﬁ R gt
s—1 1
+1<i§j<slnlc§1 mz— g?;;m-k—l {”;)" . (4.14)
For s = 1, Eq. (4.14) becomes
a 1,1

” et = Liaghs - (419)

Since g! is space independent, L, »g,'-°g}" equals zero,
and since L, ,g2;! is independent of ¢, it follows from
Eq. (4.15) that

gt ~ 1L, 5™ (4.16)

Thus, g'! is linearly secular and represented by a
connected graph.

For arbitrary s we have the following asymptotic
solution:

g”° ~ > [[*(iK)I B, (4.17)
A=0

where B is the right-hand side of Eq. (4.14). Clearly,
the L°g**1* and I°g**! terms of B are connected
because of our previous results. But there are also
terms including g"" (n < s — 1). These are connected
to terms of the form g**=! by L, or I,; operators. If
g%" (n < s — 1) is a connected graph, then the entire
term is connected. Thus, if we assume that g™”
(n <5 — 1) is represented by connected graphs, then
B contains only connected graphs, and it follows that
the function g** is also represented by only connected
graphs. Clearly, since we have seen that g'! is
represented by a connected graph, then g2? is
also represented by connected graphs. It follows by
induction that g** will be represented by connected
graphs only.

We note that g** must have a linear secularity, i.e.,
a term proportional to z. This occurs because of the
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L’g**:* term. The g**:* term is represented by a
connected graph, such that there is exactly the number
of connections needed to just fill the spaces. But L*
operating on g** produces a phase-averaging
interaction (L,;) after a direct interaction (/;), result-
ing in a term with an L acting on a function of x;;.
Such a term yields a secularity. Since g*+'* itself is
not secular, the resulting expression for g** has a
term proportional to . Terms proportional to ¢° also
occur because of other terms on the right side of Eq.
(4.17). For the special case of s = 1, where there are
no other terms on the right, there is no time-
independent term.

‘C. Arbitrary » — s

The above arguments for the g** graphs being all
connected can be extended from the cases already
considered to the general case by arguments similar
to those already presented. The general steady-state
solution for g*" is

g~ [[*(KHI*JAL*(iK*)C, (4.18)

40

where C is the right-hand side of Eq. (4.1). Figure 1
gives for any s and », the g#* terms which appear in C.
These g* all come from lower diagonals or from the
same diagonal of which g*” isa member. Consequently,
we may easily see that g'? is represented by only
connected graphs since we have already shown that
g** and g**! are all represented by only connected
graphs. Similarly, since g depends on g2, g**, and
g**, it is also easily seen that it also is represented by
only connected graphs. Clearly, the process may be
continued to show that all g** are represented by only
connected graphs.

The question of what secularities occur in g** may
now be attacked in either of two ways. Since we know
that g*¥ contains only connected graphs we can express
g*¥ in terms of the distribution functions, keeping
only those parts that are represented by connected
graphs. Since we already know the secular behavior of
the distribution functions, we can obtain the secular
behavior of g*'. The second method of attack is
through the correlation function hierarchy directly.
We have already used these to show: that g!® is
nonsecular, that g!-! is directly proportional to ¢ and
has no #° term, that g**! is nonsecular for all s, and
that g* has both #° and 7! terms for s > 2. We shall
continue the derivation of the g** secularities from the
correlation function equations, and then consider
their derivation through the distribution functions.

In our discussion of the secularities of g** we saw
that the highest secularity came from the L’g*t*
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term, and that this term yielded a secularity of order
one higher than that of g*+-%, The corresponding term
in the general expression for g*¥ [Eq. (4.18)] is
L%g*+1'v, By the same argument as presented in the
g"? case, it is clear that the L°%g*:¥ term yields a
secularity of order one higher than that of g+,
Referring again to Fig. 1, we see that the order of the
highest secularity depends only on what diagonal the
term is in, and that counting up from the g**!
diagonal to g**, etc., the order increases by one for
each diagonal. Thus, the highest secularity in the
expression for g®" is proportional to ¥,

We might also ask what other orders of secularities
occur in g**. Since the only term to appear in C [on
the right side of Eq. (4.18)] for s = 1 is Lg%, the
case s = 1 is a special case. But g% contains terms
from ¢° up to £*-1. The L! operator acting on g* then
yields secularities of orders from ¢ to ¢¥, but not 2°
Since there are no other terms which can contribute,
g'" has secularities from ¢ to ¢*, but not ¢°, This is not
true for s > 2 since other terms in C can then con-
tribute secularities of orders from #° to ¢*—*, and the
L’g*1:¥ term contributes secularities of orders from
t%to t*=*+1, Thus, we see that g** contains secularities
of orders from £° to £*~*+! and g'-” contains secularities
of orders from ¢ to ¢*.

As noted above, the secularities of the correlation
functions g** may also be obtained from the secular-
ities of the distribution functions F™* by expressing
g*" in terms of the F™# functions. We present this as a
check on our calculations and as an alternative
approach. Since we have shown that g*¥ contains
only connected graphs, we need consider only those
terms in the expression for F™* which consist of
connected graphs. The only such term is F* since all
other terms are products of F™* functions, and
therefore, are represented by disconnected graphs.
Furthermore, only connected graphs from F**
contribute to g*”. All other terms must cancel. We
must thus consider the connected graphs of F*".

The solution for F** can be written in the form

Fs,v — IvFa,O + {Ll, Iv—l}IFs+1,0

+ {LAIHIF0 4 - (419)

In order to have a connected graph we must have »
at least equal to (s — 1) so as to be able to connect all
particles with an [;;oran L, . If v < s — 1, all graphs
will be disconnected. If v > s — 1, there will be some
spaces with more than one connection; in fact, there
will be (v — 5 + 1) spaces with extra connections. In
some terms these (v — s + 1) extra connections will
be arranged so as to yield secularities of order #¥-*+1,
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These must occur since all orderings of the L’s and
(v — DI’s must occur. The lowest-order secularity,
except for s = 1, is #° because of the I'F*® term. The
s = 1 case is special because the I'F*® term does not
exist. For v > 1, the lowest term is then {L1, P—1}IF>0
which is proportional to 1. For the special case v = 0,
we find F°(t) = F°(0). Thus, we obtain the same
results for the secular behavior of the correlation
functions deduced from the distribution function
behavior as obtained from the correlation function
hierarchy.

5. CONCLUSIONS

We have considered the perturbation solutions for
the electron distribution and correlation functions for
a plasma. We have seen that the perturbation expan-
sion is not uniformly valid, but leads to secular terms
for times long compared to the inverse plasma fre-
quency. In order to apply uniformizing techniques
designed to eliminate these secularities and obtain a
description of a plasma valid for times of the order of
its relaxation time to equilibrium, it is necessary to
analyze the breakdown of the perturbation expan-
sions. In this paper we have determined the secular-
ities which occur in the plasma expansion. The
s-electron distribution function in »th order has
secularities of orders from 0 to ». For the electron
correlation functions we have shown that g*¥(t) = 0,
for v < s — 2 follows from the initial condition of
molecular chaos, and that the s-electron correlation
function in »th order has secularities of orders from 0
to v — s + I (except for the one-particle correlation
function which has secularities of orders from 1 to »).
The secular terms determine the behavior of the plasma
for times long compared to the duration of a collision,
i.e., the inverse plasma frequency. Consequently, it is
these terms which must be understood in order to
describe the irreversible behavior of a plasma. Our
study has classified the secular terms which appear,
and thus forms a foundation for corrections to the
plasma kinetic equation.

APPENDIX A: SOLUTION FOR F(r)

The infinite matrix equation is obtained as the
limit of matrix equations for N electrons as N is
allowed to become infinite. In zero order, we consider
first the finite matrix equation which involves N
electrons [the elements of which are given in Egs.
(A1) and (A2) below]. After this equation is solved,
using as the initial condition molecular chaos, we
allow N to go to infinity, and thus obtain the solution
for the infinite system.

When the number of electrons is finite, Eq. (2.8)
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yields the following equations for F* in zero order:

an'o 38,0 sps+1,0
S HKFO=LF™ (s<N),  (AD
N0
a%t— + KNFNO — o, (A2)

The equation for F¥-° has no source term because
limiting the number of electrons to N causes distribu-
tion functions for more than N electrons to vanish.
The solution for FV-°(¢) under the simple initial value
condition

7
i
FO) =) ° (A3)
I=I1 11
is - N
¥ N
FN’O(t) — e—K‘ szg(o), (A4)

where f? is the zero-order one-electron distribution
function for the ith electron. For a homogeneous
plasma, f? is space independent so that Eq. (A4)
reduces to

N
FN(1) = TTf%0). (A5)
=1
Now, consider Eq. (Al) fors =N — 1,
7] i N—1pN-1,0 NENO
+ KA FY b0 = [NFNO, (A6)

ot

But, since L acting on a space-independent function
yields zero, Eq. (A6) reduces to the same form as Eq.
(A2), and has the solution

N—1
F¥0(1) = l;Ilf 30).

Clearly, the successive equations for N — 2, N — 3,
etc., will reduce to the form of Eq. (A2) so that the
solution for the zeroth order s-body distribution
function becomes

(A7)

8

F(0) =TIfA0) (s < N).

=1

(A8)

The above sequence of logical steps may be applied
to a succession of N-electron systems with N increasing
to infinity. Clearly, the logic follows the same pattern
independent of N, yielding Eq. (A8) as the solution.
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Thus, we see that if the initial state of the plasma is
molecular chaos, it remains so for all time so that for
the infinite-column matrix distribution function

Fo(t) = FY(0) = F(0). (A9)

APPENDIX B: SOLUTION FOR F*

We wish to demonstrate that F1* is given correctly
by the general expression for F*' in Eq. (2.14). The
one-body distribution function in »th order satisfies
the equation

a Flv

Pl LF*. (B1)
From Eq. (B1) it follows that
1y
agt ~ L'F*. (B2)

Therefore, by Whittaker and Watson’s theorem
which states that the asymptotic expansion of an
integral equals the integral of the asymptotic expansion
of the integrand,® we have
F™* = f LF™ 4}, (B3)
0
We note that, since F2*’ depends only on the separa-

tion of particles / and 2, L'F**" is a homogeneous

function. Consequently,
e—K‘AL1F2*v — Lsz*v’

so that Eq. (B3) can be written

(B4)

Fl*v =J; e——Kli.LlFZ*v d}. — Lle*v. (BS)

When F2*", given by Eq. (2.14), is substituted into the
right side of Eq. (BS), we obtain

LS + DLAES Y
+ LII2L2[13]"_1f°j"’f° + - ,

which is the expression for F**¥ given directly by Eq.
(2.19).

APPENDIX C: LANDAU COLLISION INTEGRAL
The simplest form of A is given by
A= I}C*(iKz)Imf(l) 2 (&)

We note that Eq. (Cl) is in the nondimensional form
discussed in Sec. 2. We show that the expression
given in Eq. (Cl) is just the Landau collision

Fl*v o
(B6)

8 E. T. Whittaker and G. N. Watson, 4 Course of Modern Analysis
(Cambridge University Press, Cambridge, England, 1958), 4th ed.,
p- 153.
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integral.® We also put this into the usual Fokker-
Planck form. In expanded form, Eq. (Cl1) is

A= /13( )avl, j vy dx, Bl

X124
X f dA
0

= (9 _ 0 -
D, = - s V2=V, — V¥, Xp =X —X,,
ovy;  Ovs,

0D(|x;2 — Vi2d])

X125

D;fif2s (€2

where

and where we have used

e AD(|xy]) = (%35 — Viahl).

This collision integral expression has been previously
derived and used in this form in the tréatments of
the weakly-coupled gas® and the plasma in a strong
magnetic field.*

The x, integration may be changed into an 1ntegra—
tion over x;, and Parseval’s theorem used to express
(C2) in terms of Fourier transforms. This is

A = (n3) (“’) @n)' 2

kT 2 a o dv2(Djf(1)fg)

o0
x f dkk k (k) f P (o))

where ®(|k|) is the Fourier transform of ®(|x;,|). The
A integration is easily performed, yielding a delta
function,

d}»eﬂk Ti2d — I'-—' 6(k”),

V1

(C4)

where k| is the component of k parallel to v,,.
The k integration is then expressed as

fdk:fdklfdk".

Upon performing the k| integration and part of the
k, integration, we obtain

O\
A = 87°(nid) (k—;) e f dv,

x L (5-'1 - m) D,f2f3 f dk LK Bk ),
[Vial Vs 0
(C6)

where k| = |k, |. With the insertion of the Coulomb
potent1a1 [D(x2]) = 1/|x;5] or D(k) = (2n2%2)1],
and with ®, = €*/1,,, Eq. (C6) takes on precisely the

(C5)

? L. Landau, Zh. Eksp. Teor. Fiz. 7, 203 (1937).
10 5, Radin, A. Kritz, and G. Sandri, Phys. Rev. 157, 150 (1967).
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form of the Landau collision integral® (in non-
dimensional notation):

e’/Ap)* 0 dvz-l- (5'1 _ 012;'”12:‘)
(kT) a Uy | V1ol vl

x [(a%—-av—)ff] f d:j )

The k | integration yields the logarithmic divergence,
and requires cutoffs at k ’s corresponding to the
Debye distance and to the distance of closest ap-
proach.

A slight rearrangement of Eq. (C7) puts it into the
Fokker—Planck form, as follows:

A=2 (,13)(

°
A= —— (4, = B, f? C8
v“( 1f)+2aha 1,( S, (C8)
where
4 /12 *® dk J 0
A= 27rnl3D il 2f —L jdvzfg(— — ——)
(kT) ky dvy;  Ovy,
% 0 — Ulziv12f/l"12|2 (C9)
[ V1]
or
4792 © dk
A, = —8mn ai)e/)“J é——lfd vafs 25 (C10)
(kT) k, [ V1
and
4/12 © dk
= 47mn lD J‘ —L
(kT) k,
fdvzfz 01210121/|v12‘ (Cll)
[¥10]

The Landau kinetic equation is, in nondimensional
form,

ofjot = (C12)

If we write Eq. (C12) in dimensional form, we have
o _ (kTjmp}

™ A, (C13)

where now ¢ has the dimensions of time, and A is still
in the nondimensional form. In completely dimen-
sional form, Eq. (C13) becomes

of o 2(kT)’} ] J‘dvzi(éi, _ vlzivlz,-)
ot (kT) ooy, | V1ol i

a 0 0 @ ko_

x — — — —_—

[(avlj avz;) flf :I o ki

, (C14)
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where we have used the normalization

f dv, f0 = 1. (C15)

APPENDIX D: RELATIONSHIP BETWEEN
CORRELATION FUNCTIONS AND
DISTRIBUTION FUNCTIONS

The s-particle distribution function may be expressed
in terms of a sum over products of correlation func-
tions. Each term in the expansion must involve
precisely s particles, and all possible arrangements of
products of correlation functions involving a total of
s particles must appear. Furthermore, all distinct
permutations of numbered particles must appear.
Thus, for example, the first few are:

Fl — gl
F = g1g3 + 1o,
111

F123 = 218283 + g1g23 + g2g13 + gégﬂ + g?zs-
In general then,

F =3 (g)*(e)(): -, (DD

where there are p single-particle correlation functions,
g two-particle correlation functions, etc., and

p+29+3r+- D2)

The sum is over all p, g, r, - - - which satistfy Eq. (D2)
and over all distinct permutations of the numbered
particles. This set of equations actually serves to
define the correlation functions.

Equations (D1) may also be inverted to obtain
expressions for the correlation functions in terms of
the distribution functions.® Examples are:

g1 — Fl
gfz = F122 - F%F;,
gi’zs = Ffza - F%Fzzs - F%Flzz - F:%Fga + ZF}F;F;-
In general,
gs — 2(_1)D+q+r+---—1(p +g4+r+---— 1)!
(FY(F?(F% -+, (D3)
where
p+29+3r+- (D4)

Here the sum is over all p, g, r, + - - which satisfy Eq.
(D4) and over all distinct permutations of the
numbered particles.
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In this paper an interpretation of the optical scalars 8 2 1d o (the expansion and shear of an irrotational
null congruence) is given in terms of the principal cu.vatures of a two-dimensional subspace of the
instantaneous rest frame of an arbitrary observer. The two space is defined as the intersection of the
observer’s rest frame and the particular null hypersurface the observer is intersecting.

I. INTRODUCTION

The geometrical-optics approximation for a test
electromagnetic field in a given curved space-time
introduces a sequence of null hypersurfaces S(x®) =
const.! These null hypersurfaces have normalsk, = S,
which are null and tangent to an irrotational geodesic
congruence. The optical scalars 6 and o are then
given by

6=}k, 1)
o = [k £+ — 011, @

Sachs? has interpreted 6 and o, respectively, as the
rate of expansion and shear of a shadow cast by some
opaque object placed orthogonally in the beam of
light. The purpose of this paper is to give another
geometrical interpretation of 6 and o. Before proceed-
ing with the interpretation a short review of two-
surfaces is in order.®

Consider an open set of a three-dimensional
positive-definite Riemannian manifold which is
covered by a single coordinate patch. Let the co-
ordinates be x* (o = 1, 2, 3) and the metric tensor
have components in the natural basis g,, . Let f(x%) =
0 or x* = x*(y4), (4 = 1, 2) be a two-surface in this
three space. There are two fundamental structures
defined on this surface, they are the first and second
fundamental forms. The first fundamental form is the
metric and it gives the intrinsic structure of the two
surface. The second fundamental form gives the
relation (at least locally) of the two-space to its embed-
ding three space. Let 7* be a unit normal to the
surface. The first and second fundamental forms are
given, respectively, by*

ox* ox?
84 = gaﬂ ay“ ayB s (3)
0x* on,
Naw=3 555" @

* Research supported by Aerospace Research Labs, OAR, AF-
33(615)-1029.

+ Present address: Southwest Center for Advanced Studies,
Dallas, Texas.

1 A. Trautman, Brandeis Lectures on General Relativity (Prentice-
Hall, Inc., Englewood Cliffs, N.J., 1964), Vol. 1, p. 134.

2 R. K. Sachs, Proc. Roy. Soc. (London) 264, 309 (1961).

3 J. A. Schouten, Ricci-Calculus (Springer-Verlag, Berlin, 1954).

¢ §/dv is the usual invariant differentiation operator.

Because N,p is symmetric it has two orthogonal
eigendirections called the principal curvature direc-
tions and two ecigenvalues K, called the principal
curvatures.

The eigenvalue equation is

N4pEZ = Kg4pEZ, &)
where EE are unit eigenvectors. The eigenvalue
equation (5) can easily be written in the following
form:

o
ds,
where &%, = (0x*/0y4) E4 and the derivative is taken
along a curve in the surface whose tangent is €% .
Equation (6) follows from Eq. (5) when you recall
that (8/0s.)(n*n,) = 0.
Now let x*(s) = x*[y4(s)] be a curve in the surface
through the point p. The curvature of this curve K
is defined by

6

— (-
= R, €,

8%x*
8s?

where N°N, =1 and K > 0.

The curve x*(s) is called normal at p if and only if
N* = 497, ie., the normal to the curve and the
normal to the surface are parallel at p. By expanding
(8/6s)[(dx?[ds)n,] = O for a normal curve x*(s) in a
principal direction it follows that K, (the principal
curvatures) are equal in magnitude to the normal
curvatures in the principal curvature directions. We
are now ready to proceed with the main theorem.

= KN°, (N

II. CONSTRUCTION

Let «* (a =0, 1, 2, 3) be the unit tangent to the
world line of some observer traveling in a given patch
of space-time and suppose the observer intercepts the
null hypersurface S(x*) = 0 (electromagnetic wave
front) at some point p. At p we now construct the
instantaneous rest frame of the observer. It is defined
to be the locus of all geodesics through p which are
orthogonal to #*. The intersection of the null hyper-
surface S = 0 with the instantaneous rest frame of the
observer forms a two-dimensional subspace X. This
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two-space is a surface in the instantaneous rest frame
and therefore at p has two principal curvatures k.
We now relate these principal curvatures to the optical
scalars by the following.

Theorem: 0 + o) + (k°uk, = 0. 8)

The theorem® shows how simply the optical scalars
are related to the curvature structure of the electro-
magnetic wave fronts.

Before presenting the proof it may be instructive to
consider a simple example. Consider an observer in
Minkowski space a distance d away from a source of
light; everything is at rest in the observers rest frame.
Suppose the light source emits a single pulse of light.
The null hypersurface is then a spherical shell traveling
out from the source. When it strikes the observer the
intersection of his instantaneous rest frame and the
null hypersurface is a sphere of radius d. The two
principal curvatures for a sphere are both equal to 1/d.
The expansion and shear are given by

0 = 2mv/d,
o =0, 9
where
k*u, = —2mv.

All of which is in agreement with the above theorem
which we now prove. Let #* be the unit normal to the
instantaneous rest frame of the observer. ¥, = —1
and »* is equal to the four velocity of the observer at p.
Let 7 be the unit normal to Z which is orthogonal to
#®. This is the normal drawn in the instantaneous
rest frame of the observer. Because the two surface is
contained in S = 0, it follows that %* is not linearly
independent of k° and »®. In fact

k“)
Uy

An important observation to make at this point is
that the second fundamental form of the rest frame
vanishes at p. To see this we go to a set of geodesic
normal coordinates adapted to the rest frame. The
metric becomes

= — (u + (10)

ds® = —(dx")® + g,; dx” dx* (11)
and u® = &%.
The second fundamental form is given by
a 5(6 )
N, ap = 6 % 8ap0- (12)

5 The signature is taken to be (—, +, 4, +) and —k%u, the

angular frequency of the electromagnetic radiation seen by the
observer.
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Because the hypersurface is defined as the locus of all
geodesics normal to u* at p we will see that g, ;=0
at p. Let x"(s) be one of the geodesics. Then

dx® dx

{bc} -, = (13)
But x°(s) = 0 and Eq. (13) implies
dx® dx°
{& = = (14)

Because Eq. (14) must be satisfied at p for all dx®/ds
orthogonal to u* we have

{o?ﬂ}|v =0 _"gaﬂ,olp =0 (15)

and we conclude that the second fundamental form
at the point p vanishes. This is equivalent to saying
that
du’
ov |

for all derivatives taken tangent to the instantaneous
rest frame.

Now let ¢ be unit vectors which are tangent to the
two-surface and point in the principal directions and
let k. be the two principal curvatures. If x% (s,) are
two curves through p in the two principal directions
then it follows that at p,

on*

(3si

=0

(16)

o amn
The invariant derivative is computed using the full
metric, however, at p the second fundamental form of
the rest frame vanishes and the derivatives in Eq. (17)
involve only the metric of the rest frame. Equation
(17) is easily established by using the geodesic normal
coordinates and recalling the definitions of principal
curvatures and principal curvature directions given in
the Introduction.

Now letus compute Eq. (17) using the representation
of n* in terms of the u* and k°, Eq. (10):

on® —4 k?
—=—(u"+ . 18
3s., asi(“ kbu,,) (18)
Recalling Eq. (16) we have
ok® 1 k[(8k®[8s.)a,)
_——— —— == k 2 M
s, k'u, (k°u,)? theews (19)

¢% are not only orthonormal but also normal to k®
because they are tangent to the null hypersurface of
which k¢ is the normal.

Transvecting Eq. (19) with % we obtain
a 6ka
@ e

S+

+ (k'up)k, = 0. (20)
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If we are dealing with a congruence of null rays we can where m°k, = +1, m,e%, = mym®* =0, we observe

write that
ok 0 = —Kluy(k, + k—)/2,
¢ 8 Ok b .
€ 6s:t e;[:ka,be:t (21) g = —kbu,,(k+ _ k—)/2
or
By writing the metric in the following form: 0 £ 0) + (Koupk, =0 (23)

g” = 2k"“m® + eie_’; + e, (22) and the theorem is complete.



	JMP, Volume 09, Issue 02, Page 0181
	JMP, Volume 09, Issue 02, Page 0186
	JMP, Volume 09, Issue 02, Page 0193
	JMP, Volume 09, Issue 02, Page 0205
	JMP, Volume 09, Issue 02, Page 0206
	JMP, Volume 09, Issue 02, Page 0212
	JMP, Volume 09, Issue 02, Page 0222
	JMP, Volume 09, Issue 02, Page 0232
	JMP, Volume 09, Issue 02, Page 0241
	JMP, Volume 09, Issue 02, Page 0246
	JMP, Volume 09, Issue 02, Page 0255
	JMP, Volume 09, Issue 02, Page 0260
	JMP, Volume 09, Issue 02, Page 0269
	JMP, Volume 09, Issue 02, Page 0284
	JMP, Volume 09, Issue 02, Page 0299
	JMP, Volume 09, Issue 02, Page 0305
	JMP, Volume 09, Issue 02, Page 0315
	JMP, Volume 09, Issue 02, Page 0325
	JMP, Volume 09, Issue 02, Page 0336

